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Abstract. In this paper, we study an infinite-dimensional Lie algebra B,
called local area-preserving algebra for the Klein bottle and introduced by Pope
and Romans. We show that B is a finitely generated simple Lie algebra with a
unique (up to scalars) symmetric invariant bilinear form. The derivation algebra
and the universal central extension of B are also determined.
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1. Introduction

Infinite-dimensional Lie algebras and their representations play an increasingly
important role in several branches of mathematics and physics (cf. [12, 17, 21]
and references therein). In his seminar work(cf. [3] or [4]), V. Arnold has studied
the infinite-dimensional Lie group (algebra) of area-preserving diffeomorphisms of
the two-torus in order to study a simplified model of atmospheric motion. The
area-preserving algebra L for the two-torus is a Lie algebra over C with a basis
{Lm|m € Z?/(0,0)} subject to the relation:

where
m
= n= . ()= (50 00)

It is also called the Virasoro-like algebra by many authors [13, 18, 20]. In fact, £
is a special case of the Lie algebras defined by R. Block [6] in 1958. For the more
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general case, we refer the reader to [9]. From [9, 16] we know that the universal
covering algebra of L is L @® Cey @ Cey with the following Lie bracket:

L=
[Lma L - det ( ) m-+n + 5m+n O(mlcl + m202) v m,n € Zz/{(oa 0)7
[E,Ci] = , 1= 1, 2.

Furthermore, we extend £ by two derivations d; and ds to get L= ﬁ@Cdl @ Cds
with

[dia Lm] = miLm7 [dla dQ] = [dla ci] = [d27 Ci] = 07 1= 17 2.

It was shown in [18] that £ is a finitely generated simple Lie algebra. The deriva-
tion algebra of £ was determined by Jiang and Meng in [15]. The structure of the
automorphism group of £ and £ were studied in [8] and [16]. The investigations
of the structure and representation theory of these Lie algebras are still under way,
though much progress was made in the references [14, 13, 19, 20].

Partly motivated by the membrane theory, groups of area-preserving dif-
feomorphisms of a 2-dimensional surface (including the two-sphere, the two-torus,
and the tetrahedron) and their Lie algebras have recently been the focus of much
attention in the physics literature [2, 5, 11, 22, 23, 24, 25, 26]. In particular, Pope
and Romans [22] introduced some infinite dimensional Lie algebras associated to
two non-orientable surfaces: the Klein bottle and the projective plane. The object
of our study will be the local area-preserving Lie algebra for the Klein bottle.

Following Pope and Romans (cf. [22]), let § : £ — L be the linear map
defined by

Q(Lm) = _(_1)m2Lﬁ1 Vme ZQ/(O, 0)7 (2)

where m = (my, mg) and m = (—my, my). It is clear that € is an automorphism
of £ such that 6% = id. The local area-preserving algebra B (Klein bottle Lie
algebra) for the Klein bottle is the fixed point subalgebra of the Lie algebra L
under the automorphism 6:

B={xzeL]|0(x)=uz}. (3)

This paper is mainly concerned with the structure of the Klein bottle Lie
algebra B. Next we shall describe the contents and main results of our paper.

In Section 2, we find a basis of B and show that B is a finitely generated
simple Lie algebra. In Section 3, we show that this Lie algebra possesses a
unique symmetric invariant bilinear form, up to a scalar. In Section 4, using
a result of R. Farnsteiner in [10] on derivations of finitely generated graded Lie
algebras, we give an explicit description of all derivations of B. It turns out
that dimH'(B,B) = 1. In the last section, we determine the second cohomology
group with trivial coefficients for B. Tt turns out that dimH?*(B,C) = 1. As a
consequence, the universal covering algebra B = BaCC is equipped with the
bracket:

m na m B
[Bm; Bn] = det (n)Bm+n — (—]_> det (ﬁ)Bm+n
+ m2(6mino — (=1)"6mino)C, V¥V m,n € Z?/(0,0).
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where C' is a central element and By, = Ly — (—1)™* L. It is clear that the
Lie algebra B is Z-graded. We plan to investigate the representations for the Lie
algebra B and further applications in later work.

Throughout the paper, we shall use C,Z, N and Z, to denote the sets of the
complex numbers, the integers, the nonnegative integers, and the positive integers,

respectively, and denote Z* = Z/{0} , C* = C/{0}, G = Z?, and G* = Z*/(0,0).

2. Klein bottle Lie algebra

Let £ be the area-preserving algebra (Virasoro-like algebra) for the two-torus
defined in (1), and B the Klein bottle Lie algebra defined in (3). In this section,
we shall prove that B is a finitely generated simple Lie algebra over C. For
m = (mq,my), m = (—mq,my) € G*, set

Bm=Lm—(—1)"Lp. (4)
Then we have the following fact:

Lemma 2.1.  The Klein bottle Lie algebra B is spanned by {Bm |m € G*} and
has multiplication:

[Bm, Bn] = det (I::) Bmin — (—1)" det (I;l) Bmis, VmmneG". (5)

Proof. Forany =) . amLlm € B, we have 0(z) =z, ie.,

0(x) =0( > amlm)=— Y (~1)™amLin = Y mLm = 1.

meG* meG* meG*

It follows that

r=> %am(Lm—(—l)mZ’Lm) =y %amBm. n

meG* meG*
It follows that we have a basis of B:
Lemma 2.2.  The Klein bottle Lie algebra B has a basis
{Bm|lmeG" m € Z,}U{By, |n € 2Z+ 1}.
Theorem 2.3. B is a finitely generated simple Lie algebra.

Proof. Let B’ be the Lie subalgebra of B generated by By, By _1, and B .
Since
[Bo,1, Biol = —2B11, and [By, Big| = —B21 — Bog,

then we get Bj 1, Ba;1 € B'. By induction and

(B, Bio] = =Bm+t11 — Bm-11, me€Z,
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we get B,,1 € B’ for any m € Z . Similarly one has B,, _, € B’ for any m € Z.
It follows from

[Bml,m27 BO,I] - 2m1Bm1,m2+17 and [Bml,—mga BO,—I] - _2mle1,—m2—17

that
Bn€B, forall meZ" xZ.

Moreover, the relation
[Bin1, Bin—1] = m(n — 2)Bap — (1) 'mnBy ., m,n € Z*

implies that By, € B, for all n € Z*. Hence B’ = B. That is, B is finitely
generated.

Let Z be a nonzero ideal of the Lie algebra B. We shall first show the
following claim:

Claim 1. There exists B,,, € Z for some (m,n) € Z* x Z.
In fact, suppose that

k
0#x= ZaiBmi,m €T,

i=1

where (m;,n;) € G* and a; € C*. Without loss of generality, we may assume x is
chosen such that %k is minimal and (m;,n;) € Z* x Z. Otherwise, since

k
[[CL’, BO,l]a BO7,1] = Z —4alml23m“m c I,
i=1
we have
b aim?
Y= Z—Qlez',m €l
— M

=1

It is clear that the element y —x € 7 and the minimality of k£ implies that

2 _ 2 _ _ 2

Hence we may assume that
k
T = ZaiBm,nw for a; € C*,(m,n;) € Z* X Z.
i=1

Next we shall show that
Claim 2. Y0 a;Byp, n, €T
In fact, this is obvious for ny = 0. If ny < 0, by

k k
[Bo,1,x] = Z bi[Bo,1, B, = _szaiBm,ni-l—la

i=1 i=1
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then (adBy,) ™ () € Z, which implies that S | a; By, n, € Z. Here adz(y) =
[z,y] for any x,y € B. Similarly, if n; > 0, then (adBy_;)™(xz) € Z, which
implies that Zle ;B nj—ny €.

JFrom the claim 2, we have

k k
Z = [[Z aiBm,nifnl, Bm,o 5 BO,I == Z 4aim2 (nl — ni>BQm,nifn1+l c T.
i=1 i=2
The minimality of £ implies that
n1:n2:...:nk'

Hence claim 1 holds.
Claim 3 B, € 7 for any (r,s) € G*.
In fact, we can assume that B,,,, € Z for some (m,n) € Z* x Z. Since

(adBo 1) (Bmn) €I, (adBo_1)(Bmn) €Z, foralll e Z,.

we have
Bn,€Z, forany [€Z. (6)

By

Y1 = [Bmo, Br—ms| = msB,s — (—1)*msBay,_,.s € T,
Y2 = [Bma, Br_ms_2] = (ms — 2r)B,., — (=1)**(ms + 2r — 4m) By, ., € T.

for any (r,s) € Z x Z* and r # m, we have
msys — (ms + 2r —4m)y; = 4ms(m —r)B, s € .

Hence
B,s€Z, forr#m,sel". (7)

By [By1, Bo-1] = —2rB, € I, we have
B,o€Z, forr#m. (8)

¢From (6), (7) and (8), claim 3 is true, which implies Z = B. ]

3. Invariant bilinear forms

In this section we shall determine all C-valued symmetric invariant bilinear forms
on Lie algebra B. Let g be a Lie algebra over C. A symmetric bilinear forms ¢
on g is called g-invariant if ¢ satisfies

(2, yl,2) = o(x, [y, 2]), Vo, y,2 €g.

Let Inv(g) denote the set of all C-valued symmetric g-invariant bilinear forms on
Lie algebra g. Assume that ¢ € Inv(B). We have the following lemmas.
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Lemma 3.1. ¢(By1,Bm) =0, foranymeZ* xXZ.
Proof.  This follows from ¢([Bo.1, Boil, Bmyms—1) =0 = —2m1¢(By1, Bm). ™
Lemma 3.2.  ¢(Bm,Bn) =0, for any m,n € G*,m?} # n}.

Proof.  Without loss of generality, we can assume that m; € Z*. By Lemma 3.1,
?([Bo,1, By my—1]s Bn) = =2m10(Bm, Bn) = ¢(Bo1, [Bmymy—1, Ba]) = 0. ®

Lemma 3.3. ¢(Bm,Bn) =0, foranymmn € G*,m; = ny € Z* and ms +
ny € Z*.

Proof. By ¢([Bms B-2m,.0]; Bn) = ¢(Bm, [B-2m,.0, Bn]), m1 = ny € Z* and
Lemma 3.2, we have

M29( Bz, Bn) = —120( B, By ns)-
It follows that
(m2 - (—1)m2+"2n2) ¢(Bm, Bn) =0, formy =ny € Z%,
Hence
#(Bm, By) =0, for any m,n € G*,m; =n, € Z*, m2 # n2.

Furthermore, it is clear that ¢(Bm, Bn) = 0, for any my; = ny,my = ny € Z*.
Therefore

®(Bm, Bn) =0, foranymne G*,m; =n; €Z*, my+ny €Z". [ |
Lemma 3.4. ¢(Bpm,Bn) =0 for anym,n € G*,m; =ny =0, ma+ny € Z*.

Proof. Since gb([Bme BL()], Bo7n2> = ¢(B1,m27 [Bl,(b Bo7n2]), for Mo + Ng € Z*,
by Lemmas 3.2 and 3.3, one has ma@(Boym,, Bon,) = 0 for ma+ny € Z*. It follows
that

¢(Bm, Bn) =0 forany m,n € G*,m; =n; =0, and my + ny € Z". [

Lemma 3.5.  ¢(Bm, B-m) = ¢(B1o,B-10), for anym € G*,m; € Z*.

Proof. Assume m = (mqy,mg),n = (ny,n) € Z* X Z and my + ny € Z* .
Then
¢([Bm7 Bn]7 B—m—n) - ¢(Bma [Bn7 B—m—n])-
By Lemma 3.2,
(m1n2 - m2n1)¢(3m+n, B—m—n) = (m1n2 - m2n1)¢(3m, B—m)- (9)

Let ny =0 in (9).

m2¢(Bml +n1,m2 B_ml_nl ,_m2) - m2¢<Bm1 ;M2 B_ml ;M2 ) °
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It follows that, for mq,ny,mq +ny, my € Z2*,
O(Bans Bm) = 6By mas By ) = 6B tmunss B o). (10)
Let my =0 in (9). Then
120(Brny tn1.mz > Bomy—n1,—nz) = 120(Biny 0, B-m 0)
for mq,ny, m1 +nq € Z*. It follows that
(B tnynas Bomy—ny,—nz) = OBy 0, By 0)- (11)
for mq,nq,my + nq,ny € Z*. By (10) and (11), we have
&(Bmymags Bomy—my) = &(Bmy.0, B—my0), for my € Z*. (12)
Let m; =1 in (11). Then
O(Bi4nyngs Bo1—ny —ny) = ¢(B1o, B_1p), for ny,ng,14+ny € Z*. (13)
By (12) and (13), one has
(B, .0y Bomy0) = ¢(Big, B_1o) for any my € Z*, (14)
and by (12) and (14) that
G (Bumymy Bomy.—ms) = &(Bio, B_19), forany m; € Z*. n
Lemma 3.6.  ¢(Bo2k+1, Bo—2k-1) = 2¢(B1o, B_10), for all k € Z.
Proof. Assume that m; € Z* and k € Z. Since
O([Brmy 26415 B,y 0], Bo,~2k-1) = &(Bumy 2k+1, [Bmy 0, Bo,~2x-1])

and it follows from Lemma 3.1, Lemma 3.5 and the fact B,,, —op—1 = B_n, —2k-1
that we have

(2k + 1)¢(Bo 2k+1, Bo,—2k—1) = 2(2k + 1)p( By 26415 By —2k—1)
= 2(2k + 1)¢(B1 0, B-1y),

which 1mphes that ¢<BQ72k+1, BO’_Qk_l) = 2¢(Bl70, B—l,O) for any keZ. |

Theorem 3.7.  Let ¢ be any a C-valued invariant non-degenerate symmetric
bilinear form on Lie algebra B. Then, up to scalars, we have

®(Bm; Bn) = 0mino — (—1)™0min0, for any m,n € G*. (15)

Proof. This follows from Lemmas 3.2-3.6 and Theorem 2.3. n
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4. The Derivation Algebra

The determination of derivations is an important problem in Lie algebra theory,
mainly due to the fact that one has deep connections with low dimensional co-
homology groups which frequently provide insight into the structure of the Lie
algebra(cf. [1, 6]) . In this section we shall determine the derivation algebra of the
Lie algebra B. Let us first recall some results about derivations.

Let I' be an abelian group and suppose that g = @ g, a I'-graded Lie
~yel'

algebra. A g-module V is called I'-graded, if

V:@V;/’ g?’VW’ g‘/v—&-v’a V’}/,’)/GF.

vyel

Let g be a Lie algebra and V' a g-module. A linear map D : g — V is called a
derivation, if for any =,y € g,

Dix,y] = x.D(y) — y.D(z).

If there exists some v € V such that D : z — z.v, then D is called an inner
derivation. Denote by Der (g, V') the vector space of all derivations, Inn (g, V") the
vector space of all inner derivations. Set

H'(g,V) = Der (g,V)/Inn (g, V).

Next we present a theorem of R. Farnsteiner [10] on derivations of graded
Lie algebras with values in graded modules.

Theorem 4.1 (R. Farnsteiner).  Let ' be an abelian group and suppose that
8= D, cr 9o 15 a finitely generated I'-graded Lie algebra.
(1) If V is a T'-graded g-module, then

Der (g,V) = €D Der (g, V)a.

ael

(2) Suppose V is a I'-graded g-module such that

(i) H'(go,Va) =0, a€l/(0),
(i) Homg, (g, V,) =0, for 3 +#~.

Then Der (g,V) = Der (g,V)o + Inn (g, V).

Let g = B and V = g (as the adjoint g-module). It is clear that B is
equipped with a Z-grading: B = ,,., B, where

B, =P CBy..

meN

By Theorem 2.3 and Theorem 4.1, we have
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Lemma 4.2.  Let Der B = Der (B, B). Then the derivation algebra of B

DerB = @(Der B),

nez

is Z-graded, i.e., (Der B),,(Der B),, C (Der B)min, YV m,n€Z.
Lemma 4.3. H'(By, B,) =0 for any n € Z*.

Proof. Let d,, € Der (By, B,,) for n € Z*. Without loss of generality, we can
assume that

dn(Bl,()) = Zaini’m a; €C, 0< k1 < <k,
=1
If ky > 1, let
d. = d, + Zad(By,_1,).
n

It follows that

s s—1

dn(Bl,O) - aini,n - asBks,n - asBks—Q,n - aini,n - a'sBks—Q,ny

i=1 i=1

where k; < kg for i = 1,...,s — 1 and 0 < k; — 2 < k,. Hence we can assume
0<ks;<1and
d,(Bi) = agBy, + a1 B .

Set ) a
d; = o+ 5-0d(Bo,).
Case 1 n is an odd number. Then d/(Bi) = aoBy,. By
d[Bm.o, Bio] = [d;,(Bmo), Bio] + [Bmo, d,(Bio)] =0, for m € Z*,
we get

[d!(Bmo), B1o] + 2aomnB,,,, =0, for m € Z*. (16)

For m = 2 in (16) we have
[dZ(BQ’O), Bl,O] + 4a0nBQ,n =0. (17)

Let .
d;;(Bzo) = ZbiBhi,n where 0 < hy < -+ < hy,b; € C*.

i=1
It follows from (17) that

t
Z bi(Bh,+1,n + Bn;—1,n) — 4aoBay, = 0.

=1
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Hence h, =1, which implies d,,(Bs ) = byBo,, + b1Bi,,. However,
[boBo,n, + b1B1,, B1o| = —nby By, — nby By, — 2nby By ,, = —4agnBa,,,

which implies ap = by = by = 0. It follows from (16) that [d!(Bpmo), Bio] = 0.
That is d = 0.

Case 2 n is an even number. It follows from By, = 0 that d(Bg) =
a1 By ,,. Since

d;;[Bm,(b By ] = [dZ(Bm,o), By o] + [Bm.o, Z(Bl,o)] =0, formeZ",

we have

[d;;(Bmp), BLO] -+ [Bmp, alBl,n] = 0, for m € Z*. (18)

Then
[d;;(Bm,(]), Bl,O] + almn(BerLn — Bm—l,n) = O, fOI' m € Z* (19)

For m = 2 in (19) we have
[dlé(Blo), Bl,O] + 2@1%(33771 — Bl,n) =0. (20)

Set t
d(Bao) = Y biBhn, bi €C*, 0< hy <+ < hy.

=1

Then it follows from (20) that

t
Z bi(—nBp, 41, — nBp,—1n) + 2a11n(Bs,, — By ) = 0.
=1

Therefore h; = 2. It follows that d//(Bsg) = b1 By, + baBs,,. However,
(01815 + b2Bay, Bio] = —2a1m(Bs, — Biy),

which implies a; = 0. It follows from (19) that [d](B.0), Bi,o] = 0, which implies
d;, = 0. That is, d,, = —5*ad(By,). Hence d, is an inner derivation of B, with
the coefficients in By-module B,,. It follows that

H'(By, B,) = 0 for n € Z*. n
Lemma 4.4. Homg,(B,,,B,) =0 for m # n.
Proof. Let dp,,, € Homg, (B, By,). Then
[Bs.0s A (Bhm)] = dimn|[Bsos Bum|, forany s e Z* heZ. (21)

Case 1 Let m = 0 and n # 0. Then in (21), [Bso,don(Bro)] = 0. It
follows from dy,,(Bno) € By, that dg,(Bpo) = 0. Therefore

Hompg, (By, B,) =0 forn € Z".
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Case 2 Let m # 0 and n = 0. Then

[Bs,Oa dm,O(-Bh,m)} =0= dm,O [Bs,Oa Bh,m]-

Hence
dimo(Bsthm) + dmo(Bhsm) =0, VseZ' hel. (22)
Let s =1 in (22), we have
Amo(Bim) = —dmo(Bsm) = - = (—=1)*dpno(Bags1.m),
dm,O(BO,m) - _dm,O(B2,m) == (_1)kdm,O(B2k,m)-
Let s =2 in (22), we have
dm,O(-Bl,m) - _dm,O(B5,m) == (_]-)kdm,O(B4k+1,m)7
dm,O(BO,m) = _dm,O(B4,m) == (_1)kdm,0(B4k,m)-

Hence d,,o(Bhm) = 0, which implies d,;, o = 0.
Case 3 Let m # 0 and n # 0. Since

[Bl,Oa dm,n(-Bl,m)] - mdm,n(B2,m) + mdm,n(BO,m)a

ie.
1
dm,n(BQ,m) = [Bl,Oa Edm,n(Bl,m)] - dm,n(BO,m)7
we have
1
[Bl,Oa dm,n(BQ,m)] = [Bl,O; [Bl,(b Edm,n(Bl,m)H - m[l - (_1)m]dm,n(Bl,m)
= mdm,n(B?),m) + mdm,n(Bl,m)-
Hence
1
dm,n(B&m) = W[Bl,ov [Bl,Oa dm,n(BLm)H - [2 - (_1>m]dm,n(Bl,m)-
Let .
(Bim) =Y a;iBgn, where 0 < ky < -+ < k.
i=1
Then
[BZ,(); dm,n(Bl,m)] - dem,n(Bi’),m) - (_1)m2mdm,n(Bl,m)
2
- E[Bl,m [Bl,(b dm,n(Bl,m)]] - 4mdm,n(Bl,m)-
That is

t
2n Z a;i(Br, 420 + Bri—2.)
i—1
2n? !

t
= — > ai(Br,+o.m + Br,—am + 2Bp,n) — 4m 2_; a; By, -
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Hence
m? o
(2n — W) Zl a;(Bi,+2.n + Br,—2n) + (dm — — Z a; By, », = 0. (23)
Subcase 1 If k, > 1, the coeflicient of By, 0, is (2n — —)at = 0. For

n#m, a; =0, it follows that dimpn(Bim) =0.
Subcase 2 If k; = 0, then d,, ,(B1m) = aoBo,. If n is an even integer,
then dp,,(B1m) = 0. If n is an odd integer, it follows from (23) that

2n? 4n?
<2TZ — —)2@032 n T (4m - ﬂ)aoBom =0.
m m
Since n # m, it follows that ag = 0. Hence d, ,,(B1,,) = 0. Since

[Bs,(b dm,n(Bl,m)] =0= 3mdm,n<Bs+1,m) + Smdm,n(Blfs,m)u

we have
dm,n(Bs—i-l,m) = (—1>mdm7n(Bs_1,m) fOT S € 7.
Hence
Apn(Bori1m) = (=1)*"dpn(Bim) =0, Y k€EZ.
Since
[Bl,07 dm,n<B2k,m)] = mdm,n(B2k+1,m) + mdm,n(B2k:—1,m) = O,
we have
dm7n(B2]€,m) = O, VkeZ.

Therefore we have d,,,, = 0. [ ]

By Lemma 4.3, Lemma 4.4 and Theorem 4.1, we have
Proposition 4.5.  Der B = (Der B)g + Inn B.
Lemma 4.6.  For 3 € C*, the linear operator Dz on B defined by
D()(Bmn) = BnBu,n. (24)
Then D) is an outer derivation of B.

Proof. It is clear that D) is a derivation of B. If it is not an outer derivation
of B, then there exists x € B such that Dz = adx. Let

T = E mnBmn, for an,, € C".

Since
adz(Bo,) = Z 20,y M By i1 = D) (Bo) = BBo1,

we have 3 = 0, which is impossible. Hence D3 is an outer derivation of B. =
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Theorem 4.7.  The derivation algebra of B is
DerB = ad B ® CDy),
where Dy is defined as (24) for 3= 1. In the language of cohomology, we have
H'(B, B) = CDy).

Proof. Let d' € (DerB)y . Since [Bi 0, Bo1] = 2mB,,1 for m € Z*, there
exists x € By such that

(d —adx)(Bo1) = aBy1, for some a € C*.

Let d' =d —adx. Then
d”(Bo’l) = (IBO’l.

Since
[Bo,1, Bo,-1] =0,
and
[d"(Bo,), Bo,-1] + [Bo, d"(Bo,-1)] = 0,
we have

d//(BO7_1) = bB07_1.

For m € Z*, let
d/,(Bmp) = chBk,O-

Since
[Bimo, Bo1) = 2mBy, 1, [Bmz1, Bo,—1] = —2mB,,

2md"(Bp1) = [d"(Bumo), Boa) + [Bmo,d"(Bo1)| = Y _ 2ckkBy + 2amBy, 1.

Hence, for m € Z*, we have

1
d"(Bp) = o Z kB + aBp 1.

Since
_de”(Bm,O) = [d”(BmJ), BO7—1] + [Bm,la d,/(BO7_1)], for m € Z*,
1
—2m Z ckBro = [E Z ckkBya + aBp,1, Bo—1] 4+ [Bm,1, 0B, -1]
1
= — Z —QCkk‘szy() — 2amBy, o — 2bm B, .
m
Therefore, k* = m? and a = —b. Since By, = (—1)"™ B_,.0,

d,/(Bm’O) = C(m) Bm,0~
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Let d = d” — D(,. Then
d(Bo1) =0, d(Bo-1)=0, d(Bno)= Ccm)Bmo-
Now we will prove d = 0. Since 2mB,, 1 = [Bu,0, Bo1] for m € Z*, we have
d(Bm) = comyBma, m € Z*.
Since 2m By, n+1 = [Bmn, Boa], by induction, we have
d(Bmn) = ¢(m)Bmn-
Since
—2mBy, —1 = [Bmo,Bo-1] and —2mB,,,,—1 = [Bmn, Bo-1]

for m € Z*, we have
d(Bm,n) = C(m)Bm,n-

Hence d(By, ) = Cm)Bmn for m #0.
If m > 1, then

d([Bm,o, B1a1]) = md(Bims1,1) + md(Bm-1,1) = MCmi1)Bmy1,1 + MCm-1)Bm-11.
(25)
On the other hand,

d([Bm,o, B11]) = [d(Bm,0), B1.1] + [Bm,o,d(B11)] = (C(m) +C(1))m(Bm+1,1 +Bpn-11).

Comparing (25) and (26), we have 20
Cm+1) = Cm) T €1)s Cm—-1) = C(m) T C(1)-
Hence ¢(,) = 0. Then
d(Boy) =d(By-1) =0, d(B,,) =0, formeZ' neclZ.
It follows from the fact
d([Bm.ns Bmo)) = d(—mnBay,,, — mnBy,) = 0,d(By,) =0
that d = 0. ]

5. The universal central extensions

In this section, we determine the universal central extension of B. Let us recall
some basic concepts. Let g be a Lie algebra over C. A bilinear function
Y gxg — C is called a 2-cocycle on g if for all z,y,2z € g, the following
two conditions are satisfied:

%ZJ(»T,@/) = _w(y7$)v (27)
U(lz,y], 2) +U(ly, 2] ) + 9([z, 2], y) = 0. (28)
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For any linear function f: g — C, one can define a 2-cocycle ¢ as follows

Vi(w,y) = f([z,9]), Va,yeg.

Such a 2-cocycle is called a 2-coboudary on g. Denote by C?(g,C) the vector
space of 2-cocycles on g. The quotient space

H2(97 C) = CQ(ga C)/B2(97 (C)

is called the second cohomology group of g.

A central extension of g is a Lie algebra g with a surjective homomorphism
m : g — @, whose kernel lies in the center of g. There exists a one-to-one
correspondence between the set of equivalent classes of one-dimensional central
extensions of g by C and the second cohomology group H?*(g,C). A central
extension (g,m) of g is called a universal central extension if for every central
extension (g',7’) of g there is a unique homomorphism ¢ : g — ¢, for which
7' = . It is known that each perfect Lie algebra has a universal central extension.

Let D = Dy € Der (B) in (24) for 8 = 1 and ¢ defined by (15). Then,
VY m,n € G*, we have

¢(D(Bm), Bn) + ¢(Bm, D(Bn)) = ¢(m2Bm; Bn) + ¢(Bm, n2Bn)
= <m2 + n2)(5m+n,0 - (_1)m26m+ﬁ,0) = 07

which implies that D is a skew derivation with respect to ¢.

Lemma 5.1.  Let ay : Bx B — C be the bilinear form defined by

ag(z,y) = ¢(D(z),y) Vuw,y€eB.

Then
Oz¢(Bm, Bn) = m2(5m+n70 — (_1)n25m+ﬁ70), \V/ m., n - G*,

s a nontrivial 2-cocycle of B.
Proof. It is straightforward to check that oy is a nontrivial 2-cocycle of B. =

Remark 5.2. By examining its embedding in the area-preserving algebra for
the torus, Pope and Romans [22] constructed this 2-cocycle for B.

Let o be any a 2-cocycle on B and f : B — C a linear function on B

defined by

LO/(Bmhmzfla BO,I)a my € Z*,m2 € Z;

f(Bm) = { 2

_mL2O/(Bl,m27 BI,O) — ia,(‘827m2—17 B(]’l), my = 07 mo 1S Odd
Let ¢y : B x B — C be a bilinear form on B defined by
Y ¢(Bm, Bn) = f([Bm,Bn]), Vm,neG".

It is clear that 1y is 2-coboundary of B. Let o = o — ;. Then we have the
following lemmas:
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Lemma 5.3.
a(Bm,Bo1) =0, VYm=(my,my) € Z" X Z,
a(Big, Biog) =0, V keZk is odd.
Proof. For my € Z*, mqy € 7Z, we have
By my» Boa) = & (Bumy iy, Box) — f(2mi By myt1) = 0.
If k£ is odd, we have
a(Biy, Bio) = & (Big, Bip) + kf(Bog) — & (Big, Bip) — kf(Bi) =0. =

Lemma 5.4. «(Bpy,Bn) =0, VYmmneG" m €72 n =0.

Proof. Let no =2k + 1,k € Z. Then
Q([Bmth*la BO,l]a BO,2k+1) + &([30,2k+17 Bml,mzfl]a BO,l) = O:
a(2my By, gy Bo2k+1) + a(—2mq (2k + 1) By, my+2k, Boa) = 0.
By Lemma 5.3, we have (B, m,, Bogk+1) = (2k + 1)a( By mo+2k, Bo1) =0. =

Lemma 5.5. «(Bn,Bn) =0, Vm,nec G m?+#n

Proof. By Eq. (28),
a([Bm; By ns—1)s Boa) + a([Bny na—1, Boils Bm) + a([Bo1, Bm); Bnyna—1) = 0.
Then

(mang — many — m) (B, 40y matna—15 Bo1) + 2n10( By ny, Bm)
+(—1)"*(myng + many — m) (B, —ny matna—1: Bo1)

_lea(Bm1,m2+1a Bn1,n2—1> - O
By Lemma 5.4 and m? # n?, we have

a((ming — many — M) By 0y matna—1
+(=1)"2(myng + many — M) By —ny matna—1, Bo1) = 0.

Then
nla(Bnl,nm Bm) = m1a<Bm1,m2+17 Bn17n2*1)' (29)

By Eq. (28),
a([Bmy ms-+1, Bu], Bo,—1) + a([Bn, Bo,-1], Bmymot1) + @([Bo,-1, Bmymat1], Bn) = 0.
By Lemma 5.4 and m? # n?,
110( By ma+1, Bryna—1) = M10( By ms s Bryns)- (30)
Combining(29) with (30), we have
&(Bm,Bn) =0, ¥Ym,n¢& G m?+#nl. ]
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Lemma 5.6. 04(31,%, BLO) = O, V keZ.

Proof. The case k =0 is clear. Let k € Z*. By Eq. (28),
o([Ba, Bi], Bro) + a([Bik, Biol, Bax) + a([Bio, Bax), Bik) = 0.
By Lemma 5.5, we have
—(=1)*3ka(Bi gk, B1o) — ka(Bay, Bay) + ka(By g, Biy) = 0.
Hence
a(Byak, Bip) =0, keZ. [ |

Lemma 5.7. «(Bm,Bn) =0, VYmmneG m; =n; =0, and my +ny € Z*.

Proof. By Eq. (28),
a([B1,ms, B1,0)s Bos) + a([Bi,0, Bons|, Bims) + ([ Bong, Bims)s Bio) = 0,
where my and ns are odd. Then

a(—maBa m, — MaBomys Bony) + @(neBiyn, — (—1)"n2B1 pny, Bims,)
+a(_n231,m2+n2 + (_1)n2n2Bl,m2+n27 Bl,O) == 0

By Lemma 5.4 and Lemma 5.6, we have
Mo (Bomys Bon,) = 2n20(Bi 1y, Bim,)-
Similarly, one has
n20(Bo nyys Bomy) = 2mac(Bim,, Bin,).
Then
a(Bomys Bon,) =0, mg+ng € Z". [

Lemma 5.8.  a(B_p;mes Bmio) =0, my € Z,my € Z*.

Proof. If m;y =1 or m;y = —1 , the claim is clear by Lemmas 5.3 and 5.6.
Hence we can assume m; # +1. By Eq. (28),

a([B—ml—l,mQa Bl,O]a Bml,O) + a([Bml,(b B—m1—17m2]7 Bl,D) = 0.
Then

a(_m2Bfm1,m2 - m2B7m172,m27 Bml,O)

+ a(mimeB_1m, — (=1)"*mimaBay, +1,m,, Bro) = 0.
Since —my — 2 # +mq,2my + 1 # +1, Lemma 5.5 implies
a(B_ iy mys Bmy o) = mia(B_1m,, B1o).
By Lemma 5.3 and Lemma 5.6, we have a(B_1 ,,, B1o) = 0. Hence

OC(B—ml,mw Bml,O) =0, formq € Z,my € Z". u
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Lemma 5.9. «a(By,Bn) =0, VmmneG* m;+n =0, mg+ny €Z".

Proof. If m; = 0, this follows from Lemma 5.7. Next we assume m; € Z*.
By Eq. (28),

O‘([Bmhmza B—2m1,0]’ Bml,nz)
+ a([B—2m1,07 Bml,nz]a Bml,mg) + a([Bml,nza Bml,m2]7 B—2m1,0> =0.

Then

a(2m1mgB_ml,m2 — 2m1m233m1,m27 Bml,nz)
+ Q(_ZmanBfml,nz + (_1)n22m1n23*3m1,n27 Bm1,m2)

+  a(mi(ma — n2)Bamy motns, — (—1)"2m1(ma + n2) Bomytngs B—2my.0) = 0.
By Lemma 5.5,

2m1m2a(B—m1,m2 ) Bm17n2)

— 2mynoc(B_my.nys Bimyms) + mi(ma — n2)(Bamy matnss B—2m,0) = 0.

By Lemma 5.8,
a(32m1,m2+n27 B,tho) = 0.

Hence
_mQQ(B—ml,mzv Bm17n2) + HQQ(B—ml,nm Bml,mz) = 0.
Since By = (—=1)™"'Bg, Vm € G*,
_(_1)m2+n2m2&(3m17m2’ B*mhnz) - nQa(Bmme B*mlynQ) =0.

That is
[(_1)m2+n2m2 + nﬂ]&(Bmhmw B—mlmz) = 0.

Therefore
a(Bm1,m27 B—m1,n2) = 07 for Mg + Ng € 7. n

By Lemmas 5.3-5.9, we have
Proposition 5.10.  «(Bu, Bn) =0, Vm,n € G*,m? # n} or my +ny € Z*.
Theorem 5.11.  For the Lie algebra B, we have H?>(B,C) = Ca, where
a&(Bm, Bn) = m2(dmino — (—1)™0min0), VYV m,ne G
Proof. By Eq. (28),
&([Bm, Bul, B-m-n) + @([Bn, B_m-n), Bm) + @([B_m_n, Bm)], Bn) = 0,

for m,n € G*. Assume that mq,n; € Z* and m;+n; € Z*. Then, by Proposition
5.10,

(ming — many)[(Bmins B-m-n) — &(Bm, B-m) — a(Bn, B_n)] = 0. (31)
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In (31), we assume myny — mong # 0. Then
a(Bmin, B-m-n) = &(Bm, B_m) + &(Bn, B_p).
In particular, let ny =0 and m; =1 in (32). Then we have
(B, +1mys Bony—1.-my) = A(Bimy, Bo1,—m,), 11+ 1,mg € Z".

Assume that mag, ng, ms 4+ ny € Z*. Then by (32) and (33),

a(Bl,m2+n27 B—l,—mz—nz) - a(Bl,mza B—l,—mz) + a(-Bl,nQa B—l,—nz)'

Hence
Oé(Bl,m, B—l,—m) = mOé(Bl,h B—l,—l)-

It follows from (33) and (34) that

(B mgs By —my) = mea(By1,B_1_1), for any my € Z*,ms € Z.

By Eq. (28) again,

a([Bmthv Bm170]7 BO,—m2)
+ a([Bml,OJ BO,—m2]7 Bml,mg) + a([BO,—mzu Bml,mz]v Bml,()) =0

for m € G*. Assume that mo is an odd number and m, € Z*. Then
_m1m2a(B07m27 BO,—’mg) + 2m1m2a(Bm1,m27 B’m1,—m2) - 0
By (35), we have

O[(B()sz, B07_m2) = 2m2a(3171, B_17_1), for any 1ms < Z*

Hence
m2a(B1,17 B—l,—l) mq ?é 0
(B, mgs By —ms) = 7
2moa (B, Bo1,-1) my = 0.
That is
OZ(B B ) _ (—1)m2+1m204(31,1, B—l,—l) my 7é 0
mi,mzy Pmy,—ma 2m20z(B1,1, B—l,—l) my = 0.
Hence

CY(Bm, Bn) = m2<5m+n70 — (_1)n26m+ﬁ70), V m, nec G*

119

(32)

(33)

Now we consider the vector space B=Be&CC equipped with the bracket:

m

[Bm, Bn] = det ( )Bm+n — (_1)77,2 det (rfl) Bm+ﬁ
n n
+ m2(5m+n,0 — (-1)”2(5m+ﬁ70)0, v m,n c G*

where C' is a central element. Tt is clear that B is a Lie algebra. Let ¢ : B—B

be the projection, then (B, ) is a central extension of B and ker o = CC'.
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Theorem 5.12. (B, ) is the universal central extension of B.

Proof. It follows from ker ¢ ~ Hy(B,C) ~ H*(B,C)* and

dim H*(B,C) = 1. m
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