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Abstract. We construct canonical frames and find all maximally symmet-
ric models for a natural generic class of corank 2 distributions on manifolds of
odd dimension greater or equal to 7. This class of distributions is characterized
by the following two conditions: the pencil of 2-forms associated with the corre-
sponding Pfaffian system has the maximal possible first Kronecker index and the
Lie square of the subdistribution generated by the kernels of all these 2-forms
is equal to the original distribution. In particular, we show that the unique, up
to a local equivalence, maximally symmetric model in this class of distributions
with given dimension of the ambient manifold exists if and only if the dimension
of the ambient manifold is equal to 7, 9, 11, 15 or 8/ — 3, ¢ € N. Besides,
if the dimension of the ambient manifold is equal to 19, then there exist two
maximally symmetric models, up to a local equivalence, distinguished by cer-
tain discrete invariant. For all other dimensions of ambient manifold there are
families of maximally symmetric models, depending on continuous parameters.
Our main tool is the so-called symplectification procedure having its origin in
Optimal Control Theory. Our results can be seen as an extension of some clas-
sical results of Cartan’s on rank 3 distributions in R® to corank 2 distributions
of higher odd rank.
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1. Introduction

1.1. Distributions and their Tanaka symbols.. A distribution D of rank [
on a n-dimensional manifold M or an (l,n)-distribution is a subbundle of the
tangent bundle TM with [-dimensional fiber. The corank of an (I,n)- distribution
by definition is equal to n — [. Obviously corank is equal to the number of
independent Pfaffian equations defining D. Distributions appear naturally in
Control Theory as control systems linear with respect to controls and in the
geometric theory of ordinary and partial differential equations.
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The general problem is to determine equivalence for germs of these geo-
metric objects with respect to the natural action of the group of germs of diffeo-
morphisms of M. Except for several cases such as line distributions, corank one
distributions and rank (2,4)-distributions generic distributions have functional,
and, thus, non-trivial differential invariants.

In his classical paper [4] Elie Cartan constructs a canonical coframe for
non-degenerate (2,5) and (3,5)-distributions. This is a first example of an ex-
plicit solution for the equivalence problem of vector distributions with non-trivial
functional invariants. Cartan’s method of equivalence was successfully applied to
other classes of low-dimensional distributions, for example, for (3, 6)-distributions
by R. Bryant ([2, 3]).

N. Tanaka and his school ([19, 20, 16, 21]) systematized the Cartan equiv-
alence method by introducing the notion of a symbol of a distribution at a point
(which is a graded nilpotent Lie algebra) and its algebraic prolongation. This ap-
proach allows to translate the Cartan prolongation procedure to the language of
pure Linear Algebra.

To define the Tanaka symbol, set D = D! and define recursively D7 =
Di7Y + [D,D’7Y, j > 1. The space D'(q) is called the jth power of the
distribution D at a point q. Clearly DI C D’*1. The filtration {D7};cy is
called the weak derived flag of a distribution and the tuple of dimensions of the
subspaces of this filtration at a given point is called the small growth vector of the
distribution at this point. A point of M is called a regqular point of a distribution
if the small growth vector is constant in a neighborhood of this point.

Further, let g='(q) % D(q) and g~i(z) & Di(q)/Di~\(q) for j > 1. If
a point ¢ is regular, then the graded space m, = > _ | g’(¢) can be naturally
equipped with a structure of a graded nilpotent Lie algebra called a symbol of the
distribution D at a point ¢. Indeed, let p; : D’(q) — g7(q) be the canonical
projection to a factor space. Take Y; € g7%(¢q) and Y3 € g77(q). To define the Lie
bracket [Y1,Ys] take a local section Yy of the distribution D? and a local section
Y, of the distribution D? such that p; (171((1)) =Y and p, (%(q)) =Y,. It is clear

that [Y3,Y3](q) € D™ (q). Put

V1, Ya] & pi; (I3, Val(9)). (1.1)

It is easy to see that the right-hand side of (1.1) does not depend on the choice of
sections Y; and Y. Besides, 9 1(q) generates the whole algebra m(q). A graded
Lie algebra satisfying the last property is called fundamental.

In [19] Tanaka considered distributions of constant type m, i.e. distributions
with symbols at any point isomorphic to a given graded nilpotent Lie algebra m.
Another important notion introduced there is the notion of flat (or standard)
distribution of type m, which is an equivalence class of a left-invariant distribution
on the corresponding Lie group. Namely, let M (m) be the simply connected Lie
group with the Lie algebra m and let e be its identity. One can define the canonical
left invariant distribution Dy, on M (m) such that Dy(e) = g~'. Note that D, has
constant symbol m. A distribution D is called a flat (or standard) distribution of
type m if its germ at any point is equivalent to a germ D,, at e (or, equivalently,
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at any point of M (m)). Note that later (independently and for different purposes)
flat distributions and similar objects for sub-Riemannian geometry appeared in the
Control Theory literature (see surveys [1, 15]) and PDE literature (for example,
[18]) under the name of nilpotent approzimations.

The main idea of the Tanaka approach is that the construction of the
canonical (co)frame for all distributions of constant type m can be imitated by the
construction of such canonical (co)frame for the flat distribution of type m. The
latter can be described purely algebraically in terms of so-called universal algebraic
prolongation of the symbol m, which is in essence the maximal (nondegenerate)
graded Lie algebra, containing m as its negative part. Moreover, the algebra
of infinitesimal symmetries of flat distribution of type m is closely related to
this universal algebraic prolongation. In particular, as it was proved in [19],
for any fundamental symbol m with finite dimensional algebraic prolongation
the flat distribution of type m has the algebra of infinitesimal symmetries of
maximal dimension among all distributions of constant symbol m and this algebra
is isomorphic to the universal prolongation of the symbol m.

1.2. Symbols of corank 2 distributions and pencils of skew-symmetric
forms. Now consider corank 2 distributions D on n-dimensional manifold M
with n > 5 and assume that D? = TM. The case of (3,5)-distributions, was
treated already by Elie Cartan in [4]. Such distributions have the prescribed
symbol and the flat distribution is nothing but the standard Cartan distribution
on the space J'(R,R?) of the 1-jets of functions from R to R%*. So it has the
infinite dimensional group of symmetries. Besides, there exists the unique rank
2 subdistribution D C D such that D? C D. Moreover, the subdistribution D
is integrable if and_only if D is flat. If the sub-distribution D is not integrable,
then the germ of D at some point satisfies D? = D and the small growth vector
of D is (2,3,5) . So the equivalence problem for D is reduced to the equivalence
problem for 5 The subdistribution D has constant symbol and the universal
Tanaka prolongation of this symbol is equal to the exceptional Lie algebra Gs.
Now consider the case of an arbitrary n > 5. First question is: What
is the set of all Tanaka symbols of (n — 2,n)-distributions D with small growth
vector (n — 2,m) ¢ Obviously, the Lie algebra structure of the symbol m(q) =
D(q) & T,M/D(q) is encoded by the map A, € Hom(/\zD(q),TqM/D(q)) such
that
A(XY)=[XY], XY € D(q),

where the Lie brackets in the right-hand side are as in the symbol m(q). Equiva-
lently, one can consider its dual A} € Hom ((T,M/D(q)*, N> D(q)"),

Ai(p)(X,Y) =p([X,Y]) X,Y €D(q), pe (T,M/D(q))", (1.2)

which can be seen as the pencil of skew-symmetric forms on D(q). This pencil is
called the pencil associated with the distribution D at the point q. So, all Tanaka
symbols of such distributions are in one-to-one correspondence with the equivalence
classes of pencils of skew-symmetric forms on (n — 2)-dimensional linear space.
The canonical forms of pencils of matrices are given by the classical theorems of
Weierstrass and Kronecker (see [11, Chapter 12]). For pencils of skew-symmetric
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bilinear forms they are specified in [12, Section 6]). With the help of these forms
it was shown recently ([5]) that for any symbol of (n — 2,n)-distributions the
corresponding flat distribution has an infinite dimensional algebra of infinitesimal
symmetries.

1.3. Genericity assumptions and description of main results. From now
on we restrict ourselves to the case of corank 2 distributions D on a manifold
M of odd dimension equal to 2k + 3 such that D? = TM. In this case, by
analogy with the case & = 1, one can distinguish a natural generic subclass of
(2k + 1,2k + 3)—distributions having finite dimensional algebra of infinitesimal
symmetries and one can construct the canonical frame for all distributions from this
subclass. For this we specify a subdistribution D of D (may be with singularities),
satisfying D>cC D. A generic subclass of corank 2 distributions will be defined
according to the weak derived flag of D.

Let us fix an auxiliary volume form Q on D and for any p € (T,M/D(q))",
define a vector X, € D via the relation

ix, Q= A"A%(p), (1.3)
Then the following subspace D(q) of D(q)
D(q) = span{X,(q) : p € (T,M/D())"} (1.4)

is well defined independently of the choice of €2. The subspaces 5((]) define a
subdistribution (may be with singularities) of D and it plays the crucial role in
our paper. Its construction strongly relies on the assumption that the rank of
distribution is odd. The theory of distributions of even rank and of corank 2 is
quite different and it is a subject for a separate study.

The subspace D(q) of D(g) can be also defined in terms of co-generators of
D i.e. two independent one-forms w; and wy such that locally D = ker wy Nker woy
([13]). It is straightforward to see that D(q) = span{Yy(q), ..., Yxr(q)} where vector
fields Yy, ..., Y, are defined by the following formula

iy, Q = wy Awy A (dwy)' A (dws)". (1.5)

Note that the space (T,M/D(q))* is naturally isomorphic to the space {p €
TyM | p(D(q)) = 0}, and thus any p € (T,M/D(q))* can be uniquely written

as p = prw1(q) + paw2(q). We get that X, = Zf:o Pips~Y;(q) and the following
statement is immediate

Lemma 1.1.  The assignment p — X, 1s a vector-valued degree k homogeneous
polynomial on (T,M/D(q)* and dim D(q) < k+1.

It is easy to observe that B
D*CD (1.6)

(see [13, Proposition 2]). This implies that for a flat distribution D the subdistri-
bution D 1is integrable. Note that, in contrast to the case k =1, for k > 1 the fact
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that subdistribution D is integrable does not imply that the distribution D is flat.
Moreover, the fact that the subdistribution D 1is integrable and the distribution D
has an infinite dimensional infinitesimal symmetries algebra does not imply that
D s flat (see section 5 below for more detail).

In the present paper we will consider (2k + 1,2k + 3)-distributions D with
D? = TM , satisfying the following two genericity assumptions:

(G1) dmD=k+1.
(G2) D?>=D.

Note that if (G2) is satisfied, then distributions D are not flat but the
equivalence problem for them is reduced to the equivalence problem for the sub-
distribution D. The two conditions have already appeared in [13] in connection
to a problem of determination of D by its so-called singular curves (abnormal
trajectories).

Condition (G1) can be described in terms of the so-called first minimal index
or the first Kronecker index of the pencil associated with D. Since dim D(q) is
odd, this pencil is singular, i.e. each form in it has a nontrivial kernel. Moreover,
there exists a homogeneous polynomial map B, : T,M/D(q) — D(q) such that
B,(p) € kerA;(p) and B, # 0. The first minimal index or the first Kronecker
indez of the pencil associated with distribution at ¢ (and also of the distribution
D at q) is by definition the minimal possible degree of such polynomial map.

Lemma 1.1 implies that the first Kronecker index is not greater than k.
Further, from the Kronecker canonical form for pencils of skew-symmetric matrices
[12, Theorem 6.8] one can get

Proposition 1.2.  The following four conditions are equivalent:

1. The distribution D satisfies condition (G1);

2. The first Kronecker index of D is equal to k at any point, i.e. it is mazimal
possible at any point;

3. For any q € M and for any p € T,M/D(q), p # 0, the kernel of the
corresponding form A*(p) is one-dimensional or, equivalently, the kernel is
spanned by the vector X,(q), defined by (1.3).

4. The distribtuion D has constant symbol isomorphic to the following graded
nilpotent Lie algebra g~ @ g~2, where g~ = span{Xg, ..., X, Y1,---, Y&},
g2 = span{z,n}, and all nonzero products are

(Xi, Vi) =2, [Xit1,¥k—) =1, V0<i<k-—1. (1.7)

The item (2) of the previous proposition explains the terminology used in
the title of the paper. Furthermore, under condition (G1) the projectivization of
the assignment p — X, at any point ¢ € M defines a rational normal curve in

the projective space P(D(q)) (or the Veronese embedding of the real projective



312 KRYNSKI AND ZELENKO

line RP' into P(D(x))). This rational normal curve describes the directions of
all singular curves (abnormal trajectories) starting at ¢ (see [13] or subsection 2
below).

Note that under condition (G1) if D is not integrable and D? is strictly
contained in D then from item (4) of Proposition 1.2 it follows that D3 is not
contained in D so that in general D is not recovered from D. Therefore, if one
wants to study D via D one must to assume (G2). Note also that the conditions
(G1) and (G2) imply that D has small growth vector (k+ 1,2k + 1,2k + 3) and
therefore for k > 1 the distributions D are of codimension infinity among all
(k + 1,2k + 3)-distributions. In other words, we reduce the study of the generic
class of (2k + 1,2k + 3)-distribution to the study of infinitely degenerated class of
(k + 1,2k + 3)-distributions.

If k> 1, can we solve the equivalence problem for the class of distributions,
satisfying both (G1) and (G2), in the frame of Tanaka theory, applied for subdis-
tribution D ¢ For k = 2 the subdistribution D may have 3 different symbols.
These symbols can be characterized as follows: The distribution D has the dis-
tinguished rank 2 subdistribution D C D, satisfying D?> C D. Further, the above
mentioned curve p — X, is of order 2 in this case and it defines the sign-indefinite
quadratic form @ on D. Then, depending on the signature of the restriction of
Q to the plane D(q), one has 3 symbols: parabolic, hyperbolic, or elliptic. They
are explicitly written in [14] (algebras m7.3_3 (parabolic case), m7_-3.6 (hyper-
bolic case), and m7_3_6r (elliptic case) in the list there). It can be shown that a
(5,7)-distribution corresponding to the square of the flat D with parabolic symbol
is the unique, up to the local equivalence, maximally symmetric among all (5,7)-
distributions satisfying conditions (G1) and (G2): the universal prolongation of
parabolic symbol is 9-dimensional, while the universal prolongations of hyperbolic
and elliptic symbols are 8-dimensional. The graded Lie algebra of parabolic sym-
bol is described as follows: m = g~' ® g2 @ g~3 where g~! = span{xg, x1, X},
g2 = span{yy,y2}, 97> = span{z,n} and all nonzero products are

[Xz’7 Y272‘] = Z, [Xi+1> nyi] =1, 1 =0,1;

[Xo,Xl] =Y, [Xo,Xz] =Y.

(1.8)

In local coordinates the corresponding distribution is defined by the following
Pfaffian system

dz — x1dy; — xodys — Tox2drg = 0, dn — xody; — x1dys = 0.

Starting from k = 3 the set of symbols of D depends on continuous
parameters. So in order to apply Tanaka’s theory to the considered class of
distributions one has to classify all this symbols and to generalize this theory
to the distribution with non-constant symbol.

Instead, we use the so-called symplectification of the problem or the sym-
plectification procedure. This procedure was already successfully used for other
classes of distributions such as rank 2 and rank 3 distributions of so-called max-
imal class ([22, 23, 6, 7, 8]). It allows to overcome the dependence on symbol in
the construction of the canonical frames.
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The important object here is the so-called annihilator D+ of D, which
is the subbundle of the cotangent bundle T*M with the fibers Dt(q) = {p €
TyM | p(D(q)) = 0}. By PT*M denote the projectivization PT*M of the cotan-
gent bundle T*M | i.e. the fiber bundle over M with the fiber over ¢ equal to the
projectivizations of T M. In the same way let PD+ be the projectivization of
D+ . For a corank 2 distribution D the bundle PD* has one-dimensional fibers.
Besides, PD* is foliated by the so-called abnormal extremals (the characteristic
curves of PT*M ). Thus PT*M is equipped with two rank 1 distributions V' and
C': V is the distribution tangent to the fibers and C' is the distribution tangent
to the foliation of abnormal extremals. Besides, the rank 2 distribution V & C' is
bracket generating. So, the distributions V' and C' define the so-called pseudo-
product structure on PD+. In this way the equivalence problem for the original
distribution is reduced to the equivalence problem for such pseudo-product struc-
tures.

In the sequel the subdistribution D will be denoted by Dyyq in order to
emphasize its rank. The main results of the paper is the construction of the
canonical frame for all (2k + 1,2k + 3)-distribution D with & > 1 satisfying
assumptions (G1) and (G2) (Theorem 3.1) and the description of all maximally
symmetric models for k£ > 2 (Corollary 4.6). In particular, we show that the
dimension of the algebra of infinitesimal symmetries of such distributions is not
greater than 2k + 6 if £ 21 mod 4 and k > 2, it is not greater than 2k + 7 if
k=1 mod 4 and k > 1, and it is not greater than 9 if £k = 2 . The latter case
k = 2 also follows from the analysis of the list of 7-dimensional non-degenerate
fundamental symbols in [14], but even in this case our construction of the canonical
frame is unified for all (5,7)-distributions, satisfying conditions (G1) and (G2),
independently of the symbol of the corresponding subdistribution Ds. Note that
the normal form for the maximally symmetric (5,7)-distribution (as the square
of the flat dsitribution with the symbol with the product table as in (1.8)) can
be obtained from the analysis of our frame as well, but it is too technical to be
included here (the case k = 2 is exceptional as shown in Corollary 2.5 and it needs
a separate analysis, while all k£ > 2 can be treated uniformly).

Now let us shortly describe our results from section 4 on the maximally
symmetric models in the case £ > 2. All maximally symmetric models are given
as the left invariant distributions on Lie groups corresponding to certain bi-graded
nilpotent Lie algebras. The unique, up to a local diffeomorphism, maximally
symmetric model exist for k = 3, k=4, k =6 and kK = 1 mod 4. Further,
if k=8 (i.e. the dimension of the ambient manifold is equal to 19), then there
exist two maximally symmetric models, up to a local equivalence, distinguished
by certain discrete invariant. Finally, for kK = 7 and k£ > 9 with £ £ 1 mod 4
there are continuous families of distributions having maximally dimensional (i.e.
(2k+6)-dimensional) algebras of infinitesimal symmetries (for details see Corollary
4.6 below). In the case & # 1 mod 4 the maximally dimensional algebras of
infinitesimal symmetries are solvable and they are certain semidirect sums of the
algebra t3(R) of upper triangle 2 x 2 matrices and the symbol of the distribution.
For k =1 mod 4, k > 5 they are certain semidirect sums of gl,(R) and the
symbol of the distribution (see the end of this section for detail). Note that for
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k =1 the maximally dimensional algebra of infinitesimal symmetries is isomorphic
to the exceptional Lie algebra G5 as shown by E. Cartan in [4].

Now let us give an explicit description of the maximally symmetric model
for all k£, when it is unique. We will prove the uniqueness in Section 4. The
structural constants of Lie algebras below are solutions to linear systems (4.10)
and (4.11).

1) The case k = 3. A (7,9)-distribution satisfying conditions (G1) and
(G2) with maximal (i.e 12-dimensional) algebra of infinitesimal symmetries is
locally equivalent to the square of the flat distribution with the symbol algebra

m=g'®g?dg? where g7' = span{xg,x1,Xs, X3}, g% = span{y1,y2, ¥},
-3

g ° = span{z,n} and all nonzero products are
[%i,y3-i] = (—1)'z, Xit1,y3-i] = (1) (i+1)n, i=0,1,2;
(1.9)
[X07X1] =Y, [XOaXQ] =Y [XOaX3] = 3y3a [X17X2] = —2}’3

In local coordinates the distribution is defined by the following Pfaffian system:

dz + xgdyl + .Tldyg + xodyg — 31‘01’361513’0 + %xoﬂﬁgdl’l — %l’o%ldl’g + %x%dxgo =0

dn + 3z3dy; + 2xadys + v1dys — (3xyw3 — 22) dTg + (gxoxg + xlxg) dxy
— (woz2 + 23) dxsy + 3xow1das =0

2) The case k =4. A (9,11)-distribution satisfying conditions (G1) and
(G2) with maximal (i.e. 14-dimensional) algebra of infinitesimal symmetries is
locally equivalent to the square of the flat distribution with the symbol algebra m =
g @ g ®g® where g7 = span{xo, X1, X2,X3,X4}, §7° = span{y1,y2,¥s, Y4},
g2 = span{z,n} and all nonzero products are

xi,yasi] = (—1)'z,  [Xp1,ya] = (=)™ (i+1n,  i=0,1,2,3;
(X0, X1] = y1, [X0,X2] =¥y2, [X0,X3]= —QY:;, (X0, X4] = —4yu4, (1.10)
[x1,Xo] = = [x1,X3] = é

1, X2 = 2}’3, 1, X3 = 2}’4-

The corresponding Pfaffian equations can be easily written as in the previ-
ous cases, however the formulas are quite long and we left them to the reader.

3) The case k = 6. A (13,15)-distribution satisfying conditions (G1)
and (G2) with maximal (i.e. 18-dimensional) algebra of infinitesimal symme-
tries is locally equivalent to the square of the flat distribution with the sym-
bol algebra m = g=' @ g2 @ g~ where g~! = span{xg, X1, X2, X3, X4, X5, X6 } ,
g2 = span{y1,¥2,¥3,¥4,¥5, Y6}, 9 ° = span{z,n} and all nonzero products are
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[xi, V6] = (—1)'z, [Xit1,¥6-i] = (—1)' (i + 1)n, i=0,1,2,3,4,5;
10 10 3
[Xo,Xl] = —7}’17 [Xo,X2] = —7}’2, [X07X3] = —§Y37
4 25 60
(%0, X4] = §Y4, [x0,%5] = 7}’5, (%0, X¢] = 7}’&
(X1, %0) = —ys, [x1,X3] = =y, [x1,%4) = =3y5, [X1,%5] = =Dy,
[Xz, X3] = 2ys, [XQ, X4] = 2ys.
(1.11)
4) The case & = 1 mod 4. The unique, up to a local equivalence,

maximally symmetric models in the case £ = 1 mod 4 can be described using
the theory of sly(R) representations. For this let Vj be the (k + 1)-dimensional
irreducible sly(R)-module, V;, = Sym*(R?). Recall that the sly(R)-module V, @V,
with | < k decomposes into the irreducible sly(R) submodules as follows:

Vi@V @ Virias, (1.12)

0<s<l

while the sly(R)-module AV, decomposes into the irreducible sl;(R) submodules
as follows:
NV B Varoaoas, (1.13)

0<s<i5t

(see, for example,[10]). Let o4 : Vi @ Vi = Viyi—os be the canonical projection
w.r.t. the splitting (1.12) and 74 : /\2 Vi — Voi_9_4s be the canonical projection
w.r.t. the splitting (1.13). Note that the k-dimensional subspace appears in the
splitting (1.13) if and only if £ = 1 mod 4. In this case it corresponds to the
index s = % in the decomposition in the right-hand side of (1.13).

Let mp = Vi, @ Vi1 @ V;. Then in the case Kk = 1 mod 4 the space my
can be equipped with the structure of the graded Lie algebra: First, let g=! =V,
g 2="Vi_1, 9% = V. Second, define the Lie product on m,, by the following two
operators:

2
U= Vi = Vi1,  Okk—1k-1: Ve @ Vi1 — V1.

Let us show that this product satisfies the Jacobi identity i.e. that the map
J : A3V, — V) defined by

J(v1,v2,v3) = Z Uk,k—l,k—l(Tk,%(Ul,UQ),03),

cyclic

is identically equal to zero. First note that by constructions the map J is a
homomorphism of sly(R)-modules, i.e. it commutes with the actions of sly(R)
on A*V, and V. Assume that .J is not identically zero. Then J has to be
onto, otherwise its image is a proper sly(R)-submodule of V; which is impossible.
Therefore the kernel of J is a sly(R)-submodule of A3V} of codimension 2. On the
other hand, A%V, does not contain such submodule, because the 2-dimensional
module V; does not appear in the decomposition of A%V, into the irreducible
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sly(R)-submodules. To prove this recall that the number of appearances of the
module V; in this decomposition is equal to Ni(l) — Ni(l + 2), where

Nk(l) = #{(ilyi%ii’)) € ngd c—k S 2.1 < Z.Q < i3 S k‘, il —f-22+13 = l}

and Zoqq denotes the set of odd integers. In other words, N(I) is the number
of non-ordered triples of pairwise distinct odd integers between —k and k with
the sum equal to [. The module V; does not appear in this decomposition for
k=2s+1, s € N, because in this case Ng(1) = Ni(3)(= @) As a matter of
fact, we have proved more general fact that any homomorphism of sly(R)-modules
A3V, and V), is identically equal to zero.

Further, the square of the flat distribution ®; with the symbol algebra
my;, has (2k + 7)-dimensional algebra of infinitesimal symmetries isomorphic to
the natural semi-direct sum of gly(R) and mg. Indeed, the algebra g% of all
derivations of the symbol m; preserving the grading contains the image of the
irreducible embedding of sly(R) into gl(Vg) and the grading element. Therefore
g’ is at least 4-dimensional and by [19] the algebra of infinitesimal symmetries of
the distribution ®© (and also of its square) is at least (2k + 7)-dimensional. On
the other hand, by Theorem 3.1 below this algebra is at most (2k-+7)-dimensional.
By Corollary 4.6 the distribution ®©; is the unique, up to the local equivalence,
maximally symmetric model of distributions from the considered class for k£ = 1
mod 4.

2. Symplectification procedure

2.1. Characteristic rank 1 distribution on P(D+). Let us describe the
process of symplectification of the problem. For this first let us recall some
standard notions from symplectic geometry. Let 7 : T*M +— M be the canonical
projection. For any A € T*M, A = (p,q), ¢ € M, p € Ty M, let c(\)(-) = p(7.-)
be the canonical Liouville form and o = d¢ be the standard symplectic structure
on T*M. Given a function H : T*M +— R denote by H the corresponding
Hamiltonian vector field defined by the relation izo = —dH. Given a vector
field X on M define the function Hy : T*M — R, the quasi-impulse of X, by
Hx(X\) = p(X(q)), where X = (p,q), ¢ € M, p € TyM. The corresponding
Hamiltonian vector field Hy on T*M is called the Hamiltonian lift of the vector
field X . Tt is easy to show that F.Hy =X.

As before, let D be a (2k + 1,2k + 3)-distribution with D* = TM. If B
is a smooth vector bundle over M, then the sheaf of all smooth sections of B is
denoted by I'(B). For any vector field Y € I'(D) and any A = (p,q) € D+, where
q € M, p € T;M, the vector ﬁy(x\) depends on the vector Y(q) only. This
implies that that for any A € D+ we set

Hp(\) = span{Hy(\) : Y € I(D)},

then the map 7|z, Hp(\) — D(#(\)) is an isomorphism. The space Hp(\)
is called the Hamiltonian lift of the distribution D at A\ € D+,
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Further, since D+ is an odd dimensional manifold, the restriction o(\)|p.
of the standard symplectic form o on D has a nontrivial kernel for any \ €
DL . This kernel can be described in term of the Hp()\). Note that the space
(T,M/D(q))* is identified canonically with the space (D+)(q). Therefore the map
Ay from (1.2) can be seen as an element of Hom((D+)(q), A’ D(¢q)*). Then it is
not hard to show that for all A = (p,q) € D+ one has

kero(\)|pr = Hp(A\) NTA(D*) = {v € Hp(\) : 71,0 € ker A% (p)}. (2.1)

Hence from items (2) and (3) of Proposition 1.2 it follows that for corank 2
distributions with maximal first Kronecker index ker o(\)|p. is one dimensional
at any point p € Dy, where D denotes the annihilator of D without the zero
section. In other words, ker o|p1 defines a rank 1 distribution C on Dy . Besides,
from (2.1) it follows that

7.0(0) = {RX,(0)},  Dinalg) = spam{7.(C(V) 1 A € (Do(g)}.  (22)

Let, as before, P(D+) be the projectivization of the annihilator. Since o
is preserved by the flow of the Euler vector field on D+ | the rank 1 distribution
C on Dy is well projected to the rank 1 distribution C' on P(D*). This rank
1 distribution is called the characteristic distribution associated with D. Integral
curves of C are called characteristic curves or abnormal extremals of D. The
reason for the latter name is that by the Pontryagin Maximum Principle in any
variational problem on M with non-holonomic constraints defined by D these
curves are exactly the extremals with zero Lagrange multiplier near the functional.
In view of above, Dy is a distribution spanned by the tangent lines to so-called
singular curves or abnormal extremal trajectories of D, which are projections
of characteristic curves. For a detailed analysis of singular curves of corank 2
distributions we refer to [13] and references there.

2.2. Canonical filtrations on TP(D1). Now let 7: P(D1) — M be the
canonical projection. Define the lifts of D and Dy, to P(D+) by the formulae

H =7(D), Hyp1 = 7 (Dgpa)-

Note that by constructions the characteristic distribution C' is contained in Hy
(see (2.2)). Set
V =7.0).

In other words, V is the vertical distribution on P(D*). Note that V has rank
1, because the fibres of P(D*) are homeomorphic to a circle. By definition of V
and relation (1.6) we have

[Vv, Hk+1] C Hk+1, [V, H] C H, [C, Hk+1] C H. (23)

An important observation is that for each A\ € P(D+) the spaces Hyy1(A)
and H(\)/Hyy1(\) are equipped with the natural filtrations. The filtration on
Hy. 1 is described by the following recursive formula

Lo(A) =V(A) @ C(A),  Liyi(A) = Li(A) + [V, Li](N). (2.4)



318 KRYNSKI AND ZELENKO

Given a vector v in a linear space denote by [v] its equivalence class in
the corresponding projective space. Using (2.2) one gets easily that for any
A = ([p],q) € P(D*) the projectivization of the space m,L; coincides with the
i-th osculating subspace at the point [p] to the curve [p] — [X,], p € Dg(q) in
P(Dy+1(q)). Since the latter is a rational normal curve in P(Dg11(q)), we obtain
the following filtration of Hy ()

LoCcLiC---C Ly CLk:HkJrl, (25)

where dim L;(\) =i+ 2.

Now let us describe the natural filtration on the spaces H(A)/Hpi1(N).
Recall that there is the canonical quasi-contact distribution A on P(D+) induced
by the Liouville form ¢ on T*M as follows

A = pr, (kerg) C TP(D1),

where pr: Dy — P(D?) is the quotient mapping. Since ds = o and C = kero|p.,
the distribution C' is the Cauchy characteristic of A, i.e. [C;A] C A and C is
the maximal subdistribution with this property. Since by constructions H C A,
it implies that [C, H] C A.

If h € T'(C) is a locally non-vanishing section of the characteristic distribu-
tion C' then by (2.3) the Lie brackets [h, -] at A define the following morphism

First note that this map is onto. Otherwise, ., (C’ (/\)) is the common kernel for
all forms A*(p), p € D*(w())), of the pencil associated with D at w(\), which
contradicts the assumption of maximality of the first Kronecker index. Note that
rank H/Hy1 = k and rank A/H = 1. Therefore the kernel of ad,: H/Hg.1 —
A/H hasrank k—1 and it defines a corank one subdistribution K C H. Note that
the morphism in (2.6) is multiplied by a nonzero constant, if one chooses another
h € I'(C). Therefore the distribution K does not depend on this choice.

We have a similar picture on the base manifold M. For any p € D*(q)
consider the morphism ady, : D(q) — ker p. Then the codimension of kerady, in
D(q) is equal to 1 and

mK(\) =keradx,, A= (p,q) € P(D").
Further, let Y, = (keradx,)/Dy41(p) C D(q)/Dy+1(q) and

Zy, ={¢ € (D(q)/Di11(q))" : o(Y,) = 0}.

Note that dim Z, = 1. Then, using the normal form of the symbol from the item
(4) of Proposition 1.2, it is not hard to get that the assignment [p] — [Z,] defines
a rational normal curve in P((D(q)/Dy+1(q))*)-

Now let us construct the filtration on K inductively using kernels of natural
mappings generated by the iterative brackets with V. Namely, set K, = H,
K1 = K, and assume by induction that
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Ki(\) = {x € Kitt(N) 0 b et [‘j’ XI0) € Koy () } i<k—1 (27

By constructions Hyy1(A\) C K;(A) for any i. Set F;(A\) = K;(A)/Hg1(N). It
turns out that the m,K;(\)/Dyy1(q) can be described in terms of the (k—1—1)-
th osculating space of the curve [p] — [Z,]. Namely, 7, K;(\)/Dyy1(q) is exactly
the space of all vectors, annihilated by all elements of these osculating space (recall
that the latter space belongs to P((D(g)/Dy11(q))*)). Since the curve [p] — [Z,)]

is the rational normal curve, we get that the flag {F;(\)}Z! is complete, i.e.

0C FA(\) C--- CFe1(N) C Fy=H\)/Hg1(A), dim F;(\) =i. (2.8)

To summarize, filtrations (2.5) and (2.8) are obtained with the help of osculating
subspaces to two rational normal curves: [p] — [X,] in PDyyy and [p| — [Z,] in
P((D(q)/Dr+1(q))") -

Till now we used assumption (G1) but not (G2). Now we will assume the
following condition weaker than (Gs): the distribution Dy, is not integrable.
From this we can extract an additional information from filtrations (2.5) and (2.8)
in the form of certain integer-valued invariants, which will be important in the
sequel. First let

A (N) = Hpp1(A) +span{[Ls, Li)(A) : s+t <7r,0 < s,t < k} (2.9)

Obviously, A, (A) C A,.1(\). Since Dy, is not integrable there exists an integer
r, 1 <r <2k —1 such that

AN # Hya (V).

Let
w(A) = min{r | A,(A) # Hi1(A)},
and
() = minfi | Auy(N) € K(A).
Given g € M let
wp(g) = min{w(X) | X € P(D+)(q)}
and

ip(q) = max{i(\) | A € P(D*)(q)}

The numbers wp(q) and ip(q) are integer-valued invariants of the distribution
D at g. A point ¢ € M is said to be reqular if wp and ip are constant in a
neighborhood of ¢. By constructions, the function w(\) is upper semicontinuous
and the function i()\) is lower semicontinuous. It implies that the set of regular
points is open and dense subset of M. Also let Ry = {\ € P(D*) : w()\) =
wp(m(A)),i(A) =ip(m(X))}. Then the intersection of Ry with any fiber of P(D*)
is open set in the Zariski topology of this fiber.
We list several properties of the numbers wp and ip.
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Lemma 2.1. The number wp s odd.

Proof.  Let ¢ be a section of V and h be a section of C'. By (2.4) and (2.5),
the subspaces L; are spanned by vector fields ¢, h,ad.h,...,ad h. Assume that

[ad’h,ad? > "'h] € Hyyy for any s = 0,..., %] on an open set of the fiber of

P(D). Applying ad. and using the Jacobi identity we get
[adth,ad” 5 'h] + [ad®h, ad¥ *h] € Hj 4 (2.10)

Assume that w is even. Then substituting s = § — 1 into (2.10), we get that

[adg%_lh, ad§+1h] € Hj1. Then using (2.10) consecutively we get [adih, ad? *h| =

0 mod Hyyy for any s =0,..., 5. Therefore w < wp and thus wp can not be
even. u

Remark 2.2. Note that from the similar arguments as in the previous lemma
one can show that for every section € of V' and h of C' we have

[h,ad?Ph|(A) = (—1)*[adih, ad?P " h](A) modHy1(N), X € Ry.

This implies that
dimA,,(\)/Hga(AN) =1, AeRy (2.11)

Lemma 2.3. Ifip =1 then [Dyi1, Dyi1] = D.

Proof. 1If ip = 1 then K;(\) C [Hyi1, Hii1](A) for every X € P(D4). Tt
follows from the constructions that

swan{  |J ()} = D(r()

AeB(DL) (r(3)

(as a matter of fact, the curve [p] — [m.(Ki(p,q))/Dri1(q)], p € D*(q), is a
rational normal curve in P(D(q)/Dy+1(q))). Hence [Dyy1, Dyy1] = D. [

Lemma 2.4. Ifwp=1 thenip#k—1.
Proof. Let ¢ be a section of V' and h be a section of C'. Denote

g1 = [h, €], go = [h,e1].
First of all notice that e5 is a section of H \ Hyyi since wp = 1. By (2.3)
[e,e9] € I'(H). Our aim is to prove that [e,e5] € K provided that e, € K. By
definition of the spaces Kj;, this statement implies that ip # k — 1. Assume that
g9 € K and let Y = [h, [e,£5]]. We will prove that Y € I'(H).

If Y ¢ I'(H) then Y spans A modulo H. We will show that it leads to the
contradiction. The Jacobi identity and (2.3) imply that

le1,62] = [h, [e,e2]] =Y mod H,
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since [h,e3] =0 mod H. Moreover we have
le1, [e,€2]] = [[hy €], [e,€2)]) = —[e, Y] mod A
and from above we obtain
€9, [, €1]] = [e1, [, €2]] — [&, [e1,€2]] = —2[¢, Y] mod A.
We use the Jaccobi identity once again and we get
[h, [e1, [e, e1]]] = [e2, [e, e1]] + [e1, €, €2]] = =3[, Y] mod A.

On the other hand [y, [e,£1]] € ['(H) and therefore [h, [e1, [e,£1]]] = ¢Y for some
function c¢. We conclude that

[£,Y]=0 mod A.

But it means ¢ is a Cauchy characteristic vector field of A, ie. [e,A] C A.
It implies that ¢ is a section of C', which is not the case. Thus we get the
contradiction and the proof is completed. |

Corollary 2.5.  If D is a (5,7)-distribution with maximal Kronecker index then
itp = 2 or Ds is integrable.

Proof. Let h,e,e1,e9 be as in the proof of Lemma 2.4. First let us prove that
if D3 is not integrable then wp = 1. Assume by contraqgdiction that wp > 1, i.e.
that

[h,e1] € T'(Hj3). (2.12)
Applying ad. to the last relation and using the Jacobi identity, we get that
[h, [e,e1]] € T'(Hs). (2.13)
Applying ad. and the Jacobi identity once more we get that
—lev [ a]]l + [hy [e, [e,e1]]] € T'(H3) (2.14)

On the other hand, [e, [¢,e;]] € Hs = span{h, ¢, e, [, 1]}, which together with
(2.12) and (2.13) implies that [h,[e, [c,e1]]] € T'(Hs). Hence (2.14) implies that
[e1,[e,e1]] € T(H3). So, Hj is integrable and therefore Dj is integrable. We get
the contradiction.

Thus if D3 is not integrable, then wp = 1. Since k£ = 2, by the previous
lemma ip # 1 therefore ip has to be equal to 2. This completes the proof. ]

Further let 7%/2 be a subset of R; consisting of all points A such that for
any r the dimension of subspaces A, is constant in a neighborhood of A (in R;).
Obviously, R, is an open and dense subset of P(D+). Now we will assume that

the condition (G2) holds, i.e. D ; = D. Then for any A there exists an integer
r such that K;(\) C A, (A). Clearly r(\) > w(\). Let

r(A) = min{r : K1(\) C A.(\)}. (2.15)

Note that the function r(\) is lower semicontinuous on the set R,. Therefore, if
R, denotes a subset of R, consisting of all points A such that r(A) is constant
in a neighborhood of A, then R, is open and dense in P(D1). Note that the
intersection of Ry with any fiber of P(D+)(q) for any q € 7(R,) is an open set in
the Zariski topology of this fiber.
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3. Construction of canonical frames

Now we formulate and prove our main result on the frames for distributions from
the considered class.

Theorem 3.1.  Assume that a (2k + 1,2k + 3) -distribution D with k > 1 has
the mazimal first Kronecker index and the square of the subdistribution Dy 1 s
equal to the distribution D. Let Ry and Ry be the open dense subsets of P(D>)
defined in the previous sections.

1. If wp 1is not equal to %, and ip = 1, then there exists a canonical frame

on rank 2 bundle over Rq;

2. If wp = % and ip = 1, then there exists a canonical frame on rank 3

bundle over Rq;

3. If ip 1s greater than 1 then there exists a canonical frame on rank 1 bundle
over a neighborhood of any point of Rs.

Two corank 2 distributions D and D' satisfying conditions (G1) and (G2) are
equivalent if and only if there is a diffeomorphism (of the corresponding bundles)
sending the canonical frame of D to the canonical frame of D’.

Note that Lemma 2.1 implies that wp = % does not hold unless k£ = 1
mod 4. If we take into account Corollary 2.5, then Theorem 3.1 implies immedi-

ately the following

Corollary 3.2.  Assume that a (2k + 1,2k + 3) -distribution D has the mazimal
first Kronecker index and the square of the subdistribution D1 is equal to the
distribution D. Then the dimension of its algebra of infinitesimal symmetries
does not exceed

1. 2k+6, if k#1 mod 4 and k > 2;
2.2k+7,if k=1 mod4 and k > 1;
3.9,if k=2.

In section 4 we show that the upper bounds for the algebra of infinitesi-
mal symmetries from the previous Corollary are sharp and describe all corank 2
distributions from the considered class for which these upper bounds are attained.

Proof of Theorem 3.1. Recall that V and C' are rank 1 distributions on P(D").
Let Vi and Cj denote the corresponding bundles with zero section removed.
Obviously, they are principal R*-bundles, where R* is the multiplicative group of
real numbers. Further, recall that the fiber D1(q) of D+ over a point ¢ € M is a
plane and the fiber of P(D*(q)) is a projective line. Fix a point A = (p,q) € P(D1)
and consider all homogeneous coordinates [z1 : 23] on P(D*(q)) such that the
point [p] is equal to [1 : 0] in these coordinates. Let B denote the rank 2 bundle
over P(D+) with the fiber over \ consisting of all such homogeneous coordinates
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on P(D*(q)). In other words, the fiber of B over A = (p,q) is the set of all
projective mappings from RP' to P(D*(q))) sending the point [1 : 0] to [p].
Obviously, B is a principal ST'(2,R)-bundle, where ST'(2,R) is the group of 2 x 2
upper triangular matrices with the determinant 1. The following 2 bundles over
P(D+) play an important role in the sequel

Blz‘/oXC(), BQIBXCO.

Here B is the bundle over P(D+) with the fibers equal to the Cartesian product
of the corresponding fibers of V and Cy; the bundle Bj is understood similarly.
Obviously, B is a principal R* x R*-bundle, and By is a principal T'(2,R)-bundle,
where T'(2,R) is the group of 2 x 2 upper triangular matrices.

The group actions define fundamental vector fields on bundles B; and Bs.
Let us choose bases in the space of fundamental vector fields as follows.

First, let b denote the vector field on Cj generating the flow (A, h) —
(A, e*h), for any (A, h) € Cy, where A € P(D+), h € Cy()). Since the fibers of Cj
appear as factors for the fibers of B; and By we can define the analogous vector
field on these bundles as well (just by defining the corresponding flow such that
it acts trivially on the remaining factors). We will denote this vector field on By
and B, by b as well.

Secondly, let a denote the vector field on B; generating the flow

(/\7 (g, h)) — (/\, (e’e, h))

for any (X, (g,h)) € By, where A € P(D*), € € Vo()), h € Co()). By the same

letter a denote the vector field on B, generating the flow
(A, ([z1 2 2], b)) = (A, ([21 : e °x2), ),

where A\ = (p,q) € P(D1), [z1 : x5] are homogeneous coordinates on P(D*(q))
such that [p] = [z, : 0], and h € Cy(N).
Finally, let ¢ denote the vector field on By generating the flow

(A, ([z1 1 2], h)) = (A, ([1 — s22 : 22], h)),

where A, [z7 : x5], and h are as above.
It is easy to show that we have the following relations on Bs

[a,b] =0, [c,b]=0, Ja,c]=—c, (3.1)

and the first relation holds on B; as well.

Let II; : B; — P(D*) be the canonical projection. We say that a vector
field E on the bundle B; is a lift of the distribution V' to By, if for any p; =
(X (g,h)) € By, where A € P(D4Y), € € Vo(A), h € Cy(A), one has

(M) E () = e

To define the analogous notion on the bundle B, first define it on the bundle
B. Take p = (A [z1 : 22]) € B where A = (p,q) € P(D') and [z7 : x,] are



324 KRYNSKI AND ZELENKO

homogeneous coordinates on P(D*(q)) such that [p] = [z; : 0]. Then ¢t =

defines coordinates on P(D*(q)) and a lift of the distribution V to the bundle B
is a vector field £ on B, satisfying the following relation for any such u:

(0. B () = {1z

where II : B — P(D%) is the canonical projection. Finally a [lift of the distribution
V' to the bundle By is a vector field on By such that (B).F is a lift of V to B,
where P : By — B is the canonical projection.

To define the lift of the distribution C' to the bundle B; first define the lift
of C to Cy: it is a vector field $) on Cy such that if IT : Cy — P(D+), then for any
(A h) € Cy, where X € (D), h € Cy()\), one has (I1),5((\, h)) = h. Then the
vector field $) on the bundle B;, ¢« = 1,2 is called a lift of the distribution C' to
B; if (B,).H is a lift of C' to Cy, where B; : B; — () is the canonical projection.

Now let W;, i = 1,2 be the distributions of the tangent spaces to the fibers
of B;, i.e.

W; = ker(IL;)..
Distributions W; are also called the wertical distribution on B;. Lifts £ and $

are defined modulo vertical distributions W;. By constructions, all lifts £ and $
of V and C', respectively, satisfy the following relations

[a, E|=F mod W;, [b,E]eT'(W;), Ic, E]eTl'(W,),

b9 =% mod W, [a,9H]ecT (W), [c,H] el (W) (3.2)

Here the formulas containing c¢ are related to the bundle B, only.

Our goal is to choose the lifts £ and $) in a canonical way. Once it is done
one can complete the tuple consisting of the fundamental vertical vector fields
and the canonical lifts to the canonical frame on the corresponding bundle B; by
taking appropriate iterative L1e brackets of these canonical lifts.

In the sequel V L], Y)kﬂ, A], H and A denote the pull backs of
distributions V', L;, H, k—{—l iy Ajs H and A, respectively, to the corresponding
Bi, 1= 1, 2.

Step 1. The canonical lift of V. First we will work on the bundle
B;. Let E be alift of V and $ be a lift of C' to B1 By constructions, vector
fields E., 9, adEﬁ adE.ﬁ span L modulo W; and Lk Hy.. It implies that
adi e € F(Hk+1) Therefore there exist a function 7 such that

add™ 9 =nadssH mod L (3.3)
First, we are looking for a pair of lifts £ and $ satisfying the condition
ad® 9 =0 mod Ly, (3.4)

For this start with some lift £ of V' and § of C' and assume that they satisfy
(3.3) for some function 7. Take other lifts F and $). Then there exist functions
a, B,7, 0 such that

E=FE-+aa+pb, $=§+~a+db. (3.5)
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By direct computations, using relations (3.2), one gets

ad'gl% = (77 + (k+ 1)(%04 + B))ad%ﬁ modfk_l (3.6)

Thus, a pair of lifts £ and § satisfies condition (3.4) if and only if

k U

Further, from Remark 2.2 it follows that [Lo, Ly, |(A) € Hy1(A) for A €

~

Ri. Hence there is a section G of K; on IT;'(R1), unique modulo Hy,;, such
that for any lifts £ and $ of V' and C one has

ad?™'G = [9,ady”$H]  mod K1 (3.8)
Now assume that g, i € II;*(R,),

= ()\, (¢, h)), = ()\, (ae, bh)), (3.9)

where € € V5(N), h € Cy(A), and a,b € R*. Then from (3.8) it follows immediately
that

(IL).G(f) = a“P P+ W2 (I1,),G(p) mod Hyy,. (3.10)

Assume that A € Ry and 7(\) = r in a neighborhood U of A. Choose a

local basis of ./TT,I in Hfl and complete it to a local basis of ./Zl\r by a tuple of
vector fields {[ad%ﬁ,adg_sﬁ]}ses, where § C {0,...,7}. Since by (2.15) G is

a section of ./zl\,, but does not belong to A,_; , there exists § € S such that the
coefficient c; near one of the field [ad%$,ad}, °$)] in the expansion of G in the
chosen basis does not vanish at any point of Ry over a neighborhood U C U of
A. Let U = 7=} (U). If points pu, i € U are related as in (3.9), then using (3.10)
it is easy to see that

(i) = a0 e () (3.11)

Note that by constructions » > wp. So, if ip > 1 then the power of a in the
transformation rule (3.11) is positive. So, we can distinguish the codimension 1
submanifold Bs of II;'(U), consisting of all points of II; (i) with ¢ = 1 if
r—wp+ip is even and with |cs| = 1 if r—wp+ip is odd. As a matter of fact Bs
is a R*-bundle over U, which is a reduction of B;. One can naturally identify Bs
with Cy (over U). Now we can consider only lifts of V' and C which are tangent
to Bj or shortly lifts of V' and C to Bs. If E and E are lifts of V to Bs and $
and $) are lifts of C' to Bs then instead of transformation rule (3.5) we have

E=FE+fb, $§=2+db. (3.12)

So, the normalization condition (3.7) transforms to the condition 8 = —; and
gives the canonical lift of V' to Bs.

On the other hand, if ip = 1 then by definitions » = wp. Therefore from
(3.11) it follows that c¢; is constant on the fibers of B; (actually it is identically
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equal to 1) and we cannot make the above reduction of the bundle B;. Instead,
we are looking for an additional condition for the lifts to B;. Again fix some lift
E and .6 to By of V and C respectlvely and G is a vector field defined by (3.8)
modulo Hk+1 By constructions, K = Hk+1 + span{G, adgG, ... ,ad%'G} and
and Ky, = H. It implies that ad%G € T'(H ) Therefore there exists a function v
such that

ad G =vad'G mod K1 (3.13)

We are looking for a pair of lifts £ and $ such that
ad® G =0 mod K;_, (3.14)

For this as before take some pair of lifts £/ and $ and assume that they satisfy
(3.13) with some function v. Take other lifts £ and $). Then relation (3.5) holds
for some functions «, 5,7, §. By direct computations, using relations (3.2) and
(3.10), one gets

ad%G = (U + k((% +wp)a + 25)>ad%_1G modKj,_, (3.15)

Thus, a pair of lifts £ and §) satisfies condition (3.14) if and only if

(k;+wD)a+25— 2

. o (3.16)

We see that linear equations (3.7) and (3.16) (w.r.t. « and /) are linearly
independent if and only if wp # % Hence in the case ip = 1 and wp # %
conditions (3.4) and (3.14) fix uniquely the lift of V' to the bundle B;.

It remains to consider the case ip = 1 and wp = % In this case in general
V' cannot be lifted to B; canonically, but one can find the canonical lift of V' to Bs.
First define the canonical lift of V' to the bundle B. Take p = (X, [z1 : 22]) € B
where A\ = (p,q) € P(D1), [z1 : x3] are homogeneous coordinates on P(D*(q))
such that [p] = [z1 : 0]. Then ¢([p]) = 22 defines coordinates on P(D(q)).

Counsider the curve

T,(t) = ((go_l(t),q), [z1 @ (22 — ta:l)]). (3.17)
Then the canonical lift £ of V' to B is defined by

E(n) = ST (0o (3.15)

Now we are ready to define the canonical lift of V' to B,. For this let as
before P : By — B be the canonical projection and consider all lifts E' of V' to
By such that B, (F) is the canonical lift of V' to B. If E and E are two such lifts

then they are related as in (3.12) for some function b. By analogy with above the

normalization condition (3.7) transforms to the condition 3 = —5 and gives the

canonical lift of V to By. By this we have completed to lift V' to the corresponding
bundles B; in all possible cases.
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Note that by direct computation one has that the canonical lift £ to By of
V' satisfies the following relations:

[a,E]=E, [b,E]=0, [c,E]=—2a (3.19)

Note also that the first two relations are valid for the canonical lift of V' to By as
well. For this, using (3.2), it is enough to show that the line distribution generated
by the canonical lift F is invariant with respect to the flows generated by the
vector fields a and b. The latter follows from the normalization conditions (3.4)
and (3.14) and the fact that the distribution Ly_; is invariant w.r.t. to these flows.

Relations (3.1) and (3.19) imply that the vector fields a,c, £ form the Lie
algebra isomorphic to sly(R), and together with b they form the Lie algebra
isomorphic to gly(R).

Step 2. The canonical lift of C'. We assume that £ is the canonical
lift of V' to the corresponding bundle B; defined in Step 1 and $ is a lift of C' to
the same B;. As before, let G be a section of K satisfying (3.8). Define

F = [E,[$,ad5 ).

Then F' is a vector field not contained in A. Indeed ad%'G is out of f( and
thus [$,ad% *G] is out of H, but in A. Then [E,[$,ad% *G]] is out of A since
[V,A] = TP(D%). There exists a function & such that

adgF = & F  mod A. (3.20)
We are looking for a lift §) of C' (to one of the bundles B;) satisfying:
adgFF =0 mod A. (3.21)

For this start with some lift ) to B; or By and assume that it satisfies (3.20) for

some function &;. Take another lift $ of V. Then in the case of a lifting to B;
there exist functions v and ¢ such that

H=9+~a+db, (3.22)
while in the case of a lifting to By there is an additional function p such that
H=9H+ ~va + db + pc. (3.23)
Then in both cases by direct computations, using relations (3.2), we get
adﬁﬁzadﬁF%—((k%—wD—iD+1)7+35)f mod A,

where F' = [E, [$,ad%'G]]. Thus, the lift § satisfies condition (3.21) if and only
if
If ip > 1 then we have proved in Step 1 that the bundle B; is reduced to Bs and

then $ is defined uniquely modulo b. Therefore, if ip > 1 then equation (3.24)

is reduced to § = —%O, which determines the canonical lift of C'.
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If ip = 1 then we are looking for one more normalization condition in

addition to (3.21) in the case wp # % and two more normalization conditions

in the case wp = % Let us assume first wp = 1. Then wp # % since k > 1.

Moreover, we can take G = [, [E, $]]. Then, since k > 1, [9,G] € T(H). The
distribution H modulo _Hk+1 is spanned by G,adgG, . d]’C 'G. If we consider
another lift $ and the corresponding G then ad%,G = ad EG mod Hj., for any
. Therefore the sub-distribution

M = span{ady,G | i=1,....k—1} + H,yy C H (3.25)
is well defined. We stress that G is not a section of M. Since G € T'(K), there
exists a function & such that

adgG = G mod M. (3.26)

Our additional normalization condition for a lift $) is
adgG =0 mod M. (3.27)

Clearly adyG = —ad}E . If we take another lift 9, then it satisfies (3.22) or
(3.23) for some functions v, §, and p. By direct computations we get

ad%E =adjE—3(y+6)G mod His.

Therefore the lift § satisfies condition (3.27) if and only if

&
ER

Equations (3.24) and (3.28) are independent if and only if k£ # 2 (recall that we
assume here that wp = ip = 1). However, Corollary 2.5 says that if £ = 2 then
ip > 1. In this way conditions (3.21) and (3.27) determine the canonical lift of C
to By in the case wp =ip = 1.

If ip =1 and wp > 1 then [$,[H, F]] € Hkﬂ. By Lemma 2.1 wp > 3.
Similarly to the previous case of ip = 1 we have a sub-distribution

Y+ = (3.28)

M = span{ady$ | i = .,k:}+‘A/CI:Ik+1.
There exists a function & such that
ad%E = &adg ' mod M. (3.29)
Our additional normalization condition for a lift $ in this case is

adE=0 mod M. (3.30)

If we take another lift §) then it satisfies (3.22) or (3.23) for some functions 7, d,
and p. By direct computations, using relations (3.2), we get

1 ~
ad} E = adj E + 2 (y + 55) adgE mod V.
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Therefore the lift § satisfies condition (3.30) if and only if

1
THg0=—3 (3.31)

Equations (3.24) and (3.31) are independent if and only if k¥ + wp # 6. On the
other hand, if k+wp = 6 and wp > 1 then k = wp = 3. However, this situation
cannot occur if [Dgy1, Diy1] = D. Indeed, assume that k = wp = 3. Let ¢ be a
section of V and h be a section of C'. Then

[h,ad.h] =0 mod Hy, [h,ad’h] =0 mod Hy. (3.32)

Applying ad. to the last relation, we get that

[ad.h, ad?h] + [h,ad?h] € H,. (3.33)
Applying ad. to (3.33) and using the fact that

ad’h € H, = span{h, ¢, ad.h, ad*h,ad*h}

and relations (3.32), we get

[ad.h,ad’h] € R[h,ad?h] + H,. (3.34)
Finally applying ad. to the last relation and using (3.33) we obtain that

[ad?h, ad?h] € R[h,ad?h] + H,.

Thus dlm[H4,H4]/H4 =1 and [H4,H4] 7é H, which 1mphes that [D4,D4] 7é D
in contradiction to our genericity assumption (G2). So, the case k = wp = 3 is
impossible.

As a conclusion, in the case when ip = 1, wp > 1, and wp # %
conditions (3.21) and (3.30) determine the canonical lift of C' to the bundle By,
while in the case when ip = 1 and wp = % the same conditions determine a lift
of C to the bundle By, modulo Rc. It remains to kill the freedom in the latter
case by introducing one more normalization condition. For this take a lift $ of C'
to B, satisfying conditions (3.21) and (3.30). One can take G = [§), (adg)"% £).
Since k=1 mod 4 and k > 1, then k£ > 5 and therefore [$), [F, G]] is a section

of H. Hence there exists a function &3 such that
9, [E,G]] = &G mod M, (3.35)

where 90t is defined by (3.25) Our last normalization condition for a lift § in the
considered case is
(9, [F,G]]=0 mod M. (3.36)

If we take another lift §) satisfying satisfying conditions (3.21) and (3.30), then
there exists a function p such that

H=95H+pc (3.37)
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k4+1 =~

Let G = [0, (adg)'= $]. Then by direct computations, using relations (3.19), we
get - ~
[‘67 [E> GH = [*67 [Ev GH - (k + 1)pGHk+1-

Therefore the lift § satisfies condition (3.36) if and only if p = ]f—ﬁl Hence,
conditions (3.21),(3.30), and (3.36) fix the lift of C' to the bundle By uniquely. By
this we have completed to lift C' to the corresponding bundles B; in all possible
cases.

Finally it is not hard to show that the canonical lift §) (either to B; or to

B,) satisfies the following commutative relations:

(2,9 =0, [b,H]=9H, [c.H=0. (3.38)

To prove these relations one can use arguments similar to those used at the end
of step 1 for relations (3.19): the distributions A, 9%, and 91, appearing in
the normalization conditions (3.21), (3.27), (3.30), and (3.36), are invariant with
respect to the flow generated by vector fields a, b, and c.

Step 3. Construction of the canonical frame. Now let E and $ be
the canonical lift constructed in the previous steps. We can complete E, $ and
the tuple consisting of the fundamental vertical vector fields of the corresponding
bundle B; to the canonical frame B; by taking appropriate iterative Lie brackets
of £ and $.

More precisely, if ip = 1 and wp is constant and not equal to % as a
canonical frame associated with our distribution on the bundle B; we can take
the tuple of vector fields

(E,9,adp$,...,adp9, G, ... ad} 'G, [9,ady 'G], [E,[H,ad} 'G]],a,b),
(3.39)
where G = [9,adz”$H]. If ip = 1 and wp = % then as a canonical frame
associated with our distribution on the bundle By we can take the tuple of the
vectors

(E,9,adg$,...,adp9, G, ..., ady 'G, [9,ady 'G], [E,[9,ady 'G]],a,b,c),
(3.40)
Further, if ip > 1, since H} 1 = H, we can complete the tuple

(E,9,adp$, ..., adk 9, b)

to the canonical frame on Bs by k vector fields of the type [ad%$, ad’,$)] for some
integer s, t, a vector fields of the type [$), [ad};$),ad}$] and a vector field of the

type [E , [.6, [ad‘i;ﬁ, ad%ﬁﬂ for some integers 5 and ¢. By this we have completed
the construction of the canonical frame for corank 2 distributions of the considered
class in all 3 cases.

Finally, since the fundamental vector fields and the vector field £ constitute
the frame on each fiber of the bundle 7w o Il; : B; — M and these vector fields are
the part of the canonical frame, a diffeomorpism of B;, sending the canonical frame
of a corank 2 distribution D to the canonical frame of a corank 2 distribution D’
(by the pushforward) is fiberwise. Therefore it induces the diffeomorphism of M .
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The latter diffeomorphism induces the equivalence between the distributions D
and D', because (7 o II;).span{$),adp9, ...,adpH} = Dyy1 and D?,, = D. The
proof of Theorem 3.1 is completed. u

4. Symmetric models

In this section given k > 2 we find all maximally symmetric models for (2k +
1,2k + 3)-distributions satisfying conditions (G1) and (G2) with respect to the
local equivalence. We show that the algebra of infinitesimal symmetries for this
models is (2k + 6)- dimensional if £ # 1 mod 4 and (2k + 7)-dimensional if
k=1 mod 4, i.e. the upper bounds of Corollary 3.2 are sharp. By Theorem 2
it may occur only if ip = 1. Note that the case k = 2 is exceptional, because
by Corollary 2.5 in this case ip has to be equal to 2. As was already mentioned
in the Introduction, the most symmetric model for k = 2 (given by (1.8)) can be
obtained from the analysis of our canonical frame on Bj described in the proof of
Theorem 3.1 but this model can be also recognized without difficulties from the
list of 7-dimensional non-degenerate fundamental graded Lie algebra given in [14],
thus we omit this analysis.

So, let k> 2, ip =1, and wp = w. Then the canonical frame is given by
the tuple of vector fields (3.39) if w # 21 and by the tuple of vector fields (3.40)

if w= % For shortness let

xj:adi;f), 0<j <k,
Y= ad‘glG, 1< <k,
z=[9,ad'G], n= [E, [, ad ).
Then in the new notation
B, xj] =xj41, 0<j<k-—1,

[XOan] =Y, [E7 YJ] = Yj+17 1 S] S k - 1a (41)
(x0,¥x| =2, [E,z]=n.

Denote by MS(k,w) the set of all equivalence classes of germs of (2k +
1,2k + 3)-distributions D, satisfying conditions (G1) and (G2), relations ip = 1
and wp = w, and having the algebra of infinitesimal symmetries of the dimension
equal to the dimension of the bundle, where their canonical frames are constructed.
Take a distribution D representing an element of MS(k,w). This happens if and
only if all structural functions of the canonical frame of D are constant. In other
words, the vector fields of the canonical frame of D should form the Lie algebra over
R (that is isomorphic to the algebra of infinitesimal symmetries of the distribution
D). Denote this algebra by g. What properties does this algebra have? First,
combining (4.1) with (3.19) and (3.38) (with $ replaced by xg) and using the
Jacobi identity, one gets

[av Xj] = JX;, [a’ Yj] = (w +J- 1>Yja [a> Z] = (w + k- 1)Z7

[a,n] = (w+k)n, [b,x;]=x;, [b,y;=2y;, [b,z]=3z [b,n]=3n
(4.2)
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This motivates the introduction of the following natural bi-grading on the algebra
g by assigning to each element of the tuple (3.39) or (3.40) two integer numbers
as follows:
Xj = (_jv _1)7 yjt— (_(w +J - 1)7 _2)7
z— (—(w+k—1),-3), n— (—w—k,—3)
E+— (-1,0), {a,b}+~ (0,0), c~(1,0). (4.4)

(4.3)

The above assignment for elements in (4.3) is given by the following simple rule:
the first integer in the bi-degrees given by (4.3) is the number of appearance of F
in the representation of the corresponding vector field from the canonical frame as
the iterative brackets of E and $) multiplied by —1 and the second integer there is
the number of appearance of § in this representation multiplied by —1. Let g;, j,
be the linear span (over R) of all elements of the canonical frame corresponding to
the pair (ji,j2). Then using relations (3.19), (3.38) and the Jacobi identity, one
gets that

[gj17j2> gl1,l2] C Gji+l1,jotos
ie g= @ 9,4, is indeed the bi-grading of the Lie algebra g.

(j1,J2)€Z?

Definition 4.1. Given £ > 2 and odd w , 1 < w < 2k — 1 , a bi-graded Lie
algebra g is called a bi-graded Lie algebra of the type (k,w) if the following two
conditions hold

1.
_ span{E,Xq, ..., Xk, Y1,---,¥Yk, %, 1,a,b} if w %, (4.5)
Span{E7X07---,Xk;Yh---,YkaZan,a,b,C} lfw:%

such that the commutative relations (4.1), (3.1), (3.19), and (3.38) (with $
replaced by xq in the latter) hold;

2. the bi-grading on g is given by (4.3)-(4.4).
So we have shown that if the distribution D representing an element of

MS(k,w) then its algebra of infinitesimal symmetries symm(D) is a bi-graded Lie
algebra of type (k,w).

Now let
m= @gjm = span{Xo, ..., Xk, Y1, - -, Yk, %, 0}, (4.6)
j2<0
g, = @gjth‘
J220

Note that g’ = span{F, a, b} if wp # ! and g’ = span{E, a,b,c} if wp = £,
Also note that m is a bi-graded nilpotent subalgebra of g. Besides,

g=g ®m. (4.7)
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By the standard arguments the distribution D is locally equivalent to an invariant
distribution on the homogeneous space G/G’, where G and G’ are the connected,
simply-connected Lie groups with the Lie algebras g and g’, respectively. More-
over, from the splitting (4.7) it follows that the distribution D is locally equivalent
to the left invariant distribution Dy on the simply connected Lie group M with
the Lie algebra m such that

Dg(e) :Spa‘n{XOJ"'7Xk7y17"'7yk}7 (48)

where e is the identity of the group M. Moreover, we have the following

Proposition 4.2.  The correspondence between the set MS(k,w) and the set of
all bi-graded Lie algebras of type (k,w), given by D — symm(D), is a bijection.

Proof. First we prove the following lemma, which will be also useful for other
purposes in the sequel:

Lemma 4.3. (A) If g is a bi-graded Lie algebra of type (k,w) with the basis
as in Definition 4.1, then

xi, ¥k = (-1)'z, 0<i<k—1
%i, Yi—iv1] = (1) in, 1<i<k (4.9)

[Xia Xj] = CijYitj—wt1,

where c¢; ; satisfy the following four properties (in addition to the evident
antisymmetricity ¢; ; = —c;; ):

1. ci;=0ifi+j<wori+j>k+w—-1;

2. Cow = 1;
3.
Cij = Cit1,j + Cij+1; (4.10)
4.
(_1)i60,k+w—1—i - (_1)k+w_1_i007i = Cik+w—1—i (411)

(—1) o — (—DF (k4w — i), = 0.

(B) Conversely, if w # % and the tuple (E,Xq,...,Xk,¥1,---,Yk, %, 0,a,b)
satisfy relations (4.1), (3.1), (3.19), (3.38), and (4.9) with antisymmetric
matriz (c; ;) satisfy (4.10) and (4.11), then this tuple spans the bi-graded
Lie algebra of type (k,w).

(C) The matriz (c; ;) defines the bi-graded Lie algebra of type (k,w) uniquely,
up to an isomorphism.

Proof. Throughout this proof we use the fact that by (4.3) and (4.4) the
spaces @;,;, are at most one-dimensional if (ji,72) # (0,0). Therefore using
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the compatibility of the Lie brackets with the bi-grading we get that there exists
constant a;, b; and ¢; ; such that

[XiaYk’—i] =bz, 0<i<k-—1
[Xi, Vioiv1] =am, 1<i<k
[Xia X]] = CijYitj—w+1-

Constants a; and b; can be found by applying the Jacobi identity to
[E, [xi,¥k—i]]. On the one hand, we get [E,[X;,yr—i)] = bn and on the other
hand

(B, [xi, Ye—il]l = [Xit1, Yr—il + [Xi, Ye—ir1] = (@i + aipa)n.

Hence we get the equation a; + a;11 = b; which holds for any ¢ = 1,...,k — 1.
Moreover, if i@ = 0 we get a; = by. Similarly we consider [E,[x;,yx_i—1]] and
by the Jacobi identity we get the equation b; + b;;1 = 0, which holds for any
i=0,...,k —2. By definition by = 1. In this way we get b; = (—1)" and then
a; = Z(-l)wrl

In order to get the relation ¢;; = ¢iq1,; + ¢ j41 we consider the Jacobi
identity applied to [E, [x;,X;]], whereas in order to get relations (4.11) we consider
the Jacobi identity applied to [Xo, [X;, Xg+w—1-4]] and [Xo, [X;, Xg1w—i]]. In this way
the part (A) of the Lemma is proved.

Let us prove now the part (B). From the part (A) we know that (4.10) and
(4.11) are satisfied for any bi-graded Lie algebra of type (k,w). We have to show
that there is no other relation on structural constants a;, b; and ¢; ;. For w # %,
an additional possibly non-trivial relation can be obtained from the Jacobi identity
applied to [x;, [x;,x;]], where [+i+j=k4+w—1or l+i+j=Fk+w. Wewil
show that all these relations are consequences of (4.10) and (4.11).

We can assume that [ <7 and [ < j. The proof is by induction: we assume
that the Jacobi identity is satisfied for [x;_1, [x;,%;]] where [—1 < iand [—1< .
The case [ = 0 corresponds to (4.11). If [ > 0 then x; = [F,x;_1]. Thus

X1, [xi,x5]] = [E, [xi-1, (%, 5] =[x, [B) %, %5]]]
= [E, [xi1, [xi, X5]]] = [xi-1, [Xiv 1, X5]] = [Xi-1, (%3, X544])-

We used here (4.10), which is equivalent to the Jacobi identity of brackets in-
volving E. By our assumption, we know that the Jacobi identity is satisfied by
(xi-1, [%i, %5]], [Xi—1, [Xis1, X5]] and [x;_1, [Xi,X;41]]. Therefore

xi, [xi,x5]] = [E, [[xi-1,xi], x5]] + [, [xi, [xi-1, %5]]]
_[[Xl—h Xi—i—l]? Xj] - [XH—I: [Xl—lv Xj“

—[lxi-1, xil X ] = i, i1, %]
But, if we use (4.10) for Lie bracket involving E we get
1B (a1, %], 35]) = [Bbaas xigal x5] = [, xal %] = [l xi], x5
and

(B, %4, (Xm0, X5]]] = [Xign, [Xim1, X5]] = [xa [xim1, X54]] = x4, [x0, %]
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This completes the proof of part (B).
To prove part (C) let us take another basis of the algebra g as in Definition
4.1 and let E, x; and y; be the corresponding elements of this basis. Then
E = aF and X, = (8xo for some a and A. This together with (4.1) implies
that x; = a?fx;, y; = a1 5%y;. Then using the last relation of (4.9) we get
that ¢;; = ¢;j, where ¢;; denotes the corresponding constant for the new basis.
So, each ¢;; is an invariant of the bi-graded Lie algebra of type (k,w), which
completes the proof of the last part of the lemma.
n

Now fix a bi-graded Lie algebra g of type (k,w). Let m be as in (4.6),
and let Dy be the left-invariant distribution on the Lie group M with the Lie
algebra m, defined by relation (4.8). Then by the first two relations of (4.9) it
satisfies condition (G1). Further, assume by contradiction that Dy does not satisfy
condition (G2). Then from the last relation of (4.9) it follows that there exists ,
w < | < k+w—1 such that ¢; ; = 0 for all ¢, j such that i4+j = [. But from relation
(4.10) it follows that ¢; ; = 0 for all 4,7 such that i+ j <! in contradiction with
condition (2) from Lemma 4.3. Conditions (1) and (2) from Lemma 4.3 also imply
that wp, = w. Tt is also clear by constructions that the group G is a subgroup
of the group of symmetries of Dy. This together with Corollary 3.2 implies that
the algebra symm(D,) of infinitesimal symmetries of Dy is isomorphic to g as a
Lie algebra. Moreover symm(D,) has natural grading ([19], [21]) and the algebras
symm(D,) and g are isomorphic as graded Lie algebras, where the grading on g
is considered with respect to the second bi-degree. Besides, using Definition 4.1
and relations (4.2) it is not hard to show that symm(D,) and g are isomorphic as
bi-graded Lie algebras. It shows that the correspondence D — symm(D) between
the set MS(k, w) and the set of all bi-graded Lie algebras of type (k,w), given by
D — symm(D), is a bijection (with the inverse given by g +— D). This completes
the proof of the proposition. [ |

Now let £, denotes the set of all bi-graded Lie algebras of type (k,w).
Let & = | JChw, if k # 1 mod4 and & = € r0 if k=1 mod 4. From

Propositionw4.2 it follows that if the set £, is not empty, then the problem of
finding of all maximally symmetric models of (2k + 1,2k + 3)-distributions from
the considered class is reduced to the description of the set £;. In the sequel we
will do a little bit more, describing the sets £, including the case when k£ =1
mod 4 but w # k—;“l In particular, the set £ is not empty for any k& > 2 so that
Proposition 4.2 gives a way to describe the maximally symmetric models. Set

d@ﬂo:{V@H] ifh=20+1 (4.12)

[Ee=l] if k=21

The main result of this section is the following

Theorem 4.4.  The set of bi-graded Lie algebras of type (k,w) is d(k,w)-
parametric famaily.
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Remark 4.5. In particular, if d(k,w) = 0, then there exists the unique bi-
graded Lie algebra of the type (k,w), while if d(k,w) < 0, then the set of bi-graded
Lie algebras of the type (k,w) is empty.

The proof of this theorem together with Lemma 4.3 will give a rather explicit
description of all these Lie algebras. As a direct consequence of Theorem 4.4 and
Proposition 4.2 we have the following

Corollary 4.6. Let k> 2

1. If k=1 mod 4 and w = % then there is a unique, up to a local equiva-
lence, (2k + 1,2k + 3) -distribution D satisfying conditions (G1) and (G2),
which have (2k + 7)-dimensional infinitesimal symmetry algebra.

2. If w is odd and w # =21, then the set of (2k + 1,2k + 3)-distributions D
from the considered class that satisfy wp = w and have (2k+6)-dimensional
infinitesimal symmetry algebra is a d(k,w)-parametric family.

If k #1 mod 4 the families of distributions from the item (2) above are the
only distributions from the considered class with (2k+6) -dimensional infinitesimal
symmetry algebra.

Proof of Theorem 4.4. By Lemma 4.3 in the case w # % the proof of
the theorem is reduced to the search of all antisymmetric matrix (c; ;) satisfying
conditions (1)-(4) of Lemma 4.3, while in the case w = 21 Lemma 4.3 guarantees
that all bi-graded Lie algebras of type (k,w) are obtained from a subset of such
matrices. In a series of lemmas below we bring conditions (3) and (4) of Lemma
4.3 in more convenient form. By relation (4.10), all coefficients ¢; ; are completely

determined by cy_14i—; for ¢ =0,...,k —w + 1. Denote
k+w-—1
i= . w1, k—i- 4.13
x <z+w—1>c+ Lk (4.13)

Since (¢;;) is antisymmetric, we have

(4.14)

k — 1
Ti+ i1 =0, 2=0,1,..., {L}

2

Lemma 4.7.  Systems (4.10) and (4.11) imply
i\ ~ (k=
T S 3 ) s
=0 =0 J
fori=0,....k—w—+1.
Proof. Denote y; = Citw—14-i- We will use (4.11) and express c¢p; in terms

of y;. At the beginning ¢yr = o, as follows from the first equation of (4.11)

with i = w — 1. Then the second equation of (4.11) gives co, = 2(—1)Fy,.
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In the next step we again use the first equation of (4.11) with ¢ = w and get

Cok—1 = —Y1 — £Yo- Then we proceed by induction and get the formula:
7 (k+ﬂu—1)
i j+w—1
Cok—i — (_1> Z i+w_1 Yj-
§=0 (H—w—l)

On the other hand it follows from (4.10) that

it w—1
Cok—i = Z <] - 1>yj'
=0

k+w—1

o 1)cwrw 1,k—i, compare the two expressions for ¢g;

Now, if we substitute z; = (
and use the formula

i+w—1\(k+w—-1\ [(k+w—-1\(k—7
jrw—-1)\i+w—-1) \j+w—-1)\i—j
we get the desired system (4.15). n

Remark 4.8. From the proof of Lemmas 4.7 it is not hard to see that the space
of common solutions of systems (4.14) and (4.15) is in one-to one correspondence
with the space of antisymmetric matrices (¢; ), satisfying conditions (1), (3), and
(4) of Lemma 4.3 and the correspondence is given by relation (4.13).

Now we analyze the solution space of system (4.15).

Lemma 4.9.  The solution space of (4.15) is isomorphic to the solution space
of the system
i—1 :
> (w N Z.)xj ~0, (4.16)
o \w +J
for 1 =2,4,6,...,2 [%} . Moreover, the isomorphism preserves the solution
space of (4.14).
Proof. If we sum equations corresponding to the indices ¢ — 1 and ¢ from the
system (4.15) for : =1,...,k —w + 1, we get the following system of equations
1—1 k—Fl-—
( . j)ﬂy-+’ﬁ$i=:0, @Ll?)
7=0

where 7; = 0 if 7 is even and ~; = 2 if ¢ is odd. The first equation from the system
(4.15) with ¢ = 0 is trivial and we can cross it out. If k is odd we consider the
additional equation with ¢+ =k — w + 2

k—w—+1 .
k+1—3j
i =0. 4.1
2 (k—uw%l—j)% 0 (4.18)

J=0
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We will show later that this equation is a consequence of the other equations from
the system (4.17).
For any [ =0,..., [’“_Tw] the following tuple

2[k—w+2]_1

2[k=wt2] (k—=20+2 2

) ~{0,...,0,{(-1y 41

(ks R {CH ity | (4.19)
2l times

is the solution of the system (4.17) (note that if %k is even, then xp_,41 is not
involved in system (4.17)). Indeed, substituting it to this system we get

i . s . ¢ ) _ |
S - £ e
) J J +1 et (k—i+1DlG—20+ D —j5)!

(4.20)
But the right-hand side of the last identity is equal to 0. To prove this fact
express tF 272 = (t — 14 1)*72%2 and expand (¢t — 1+ 1)*72*2 into the trinomial
expansion. Then the right-hand side of (4.20) is equal to the coefficient of #*~i*!
in this expansion multiplied by —1. Therefore it is equal to 0.

It implies that the rank of the system (4.17) (with additional equation (4.18)
in the case of odd k) is at most [*=%+2]. On the other hand, from the block lower
triangular structure of this system it follows that the equations (4.17) with even 4
(together with equation (4.18) in the case of odd k) are linearly independent. So,
the rank of this system is equal to [%} and all equations of (4.17) with odd i
can be dropped.

Finally, the substitution

E+w+1
X = ( 0t ] )xj (4.21)

for j = 0,....,k —w + 1 transform system (4.17) to system (4.16). Moreover

(k’z‘gl) = (w +(kktzzi—:llfj))' Hence, the substitution preserves system (4.14). ]
Lemma 4.10.  The solution space of (4.16) is isomorphic to the solution space

of the system

2i—1 we1 .
- T
2 (__ . j)asj - (4.22)

j=0 \ 2

for i =1,2,..., [k_g’”], where (Z) =0 i b < 0. Moreover, the isomorphism

preserves the solution space of (4.14).

Proof. From (4.19) and the substitution (4.21) it follows that the solution
space of (4.16) is spanned by the following tuples

. k—w—+1
0,....0,d (=1 Wt (4.23)
N—— w + 2[ — 1 j=21

21 times
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with [ =0,..., []“_Tw} . We claim that (4.22) has the same solution space. For this
first prove the following identity

Q- e
= J m m—1
where (Z) =01if b <0 or b > a. Consider the following polynomial f(t) =

(t+ 1)*t". On the one hand, the coefficient of t™ in f is equal to (ms_l) On the
other hand,

f)=0+1)°(t+1)— 1)’ = Z<_1)j (j) (t+ 1),

so that the coefficient of ™ in f is equal to the left-hand side of (4.24). The proof
of identity (4.24) is completed.

Now we substitute a vector (4.23) from the solution space of (4.16) to
system (4.22) and use identity (4.24) with [ = s = wT_l +i, j— “’T“ —1+ 7 and
m=w+ 2l —1. We get

221(_1)]. wl g w+ g - Sy wol g w+ j
wH ) \w+20 -1 wil ) \w+20—1

= EN = R

w—1 .
w—1 . R
wel 49

which proves the lemma. [ |

Lemma 4.11.  The following identity holds

06206 e

Proof.  Consider the function g(t) = (1+¢)“(1+ ¢+ {)*. On the one hand,

g(t) = (1 + t)w<(1 )+ %)“ - i: (’;) (1+ t)w+i%

and the coefficient of tY~* in the expansion of ¢(t) into the powers of ¢ is equal
to the left-hand side of (4.25). On the other hand,

o) () 50 (1) e

and the coefficient of t¥”* in the expansion of ¢(t) into the powers of ¢ is equal
to the right-hand side of (4.25). ]

Proposition 4.12.  The solution space of system (4.14)-(4.22) is (d(k,w)+1)-
dimensional, where d(k,w) is as in (4.12).
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Proof. First we prove the following

Lemma 4.13.  The solution space of system (4.14)-(4.22) is at least (d(k,w) +
1) -dimensional.

Proof. We treat the cases k = 2[4+ 1 and the case k = 2l separately.
1) Case k =2l + 1. Fix an integer s such that 0 < s < d(k,w) and let

144 k — 2 k—2 1-6
_wh s mg = w —s—as = W ) (4.26)

as : , = —
2 2 2

For ¢ > a, multiply the ith equation of system (4.22) by (ZTQ) and sum up all
the obtained equations. Taking into account (4.26), we get the following equation

ms 2i—1 w—l |
Mg + Qg - T

E E = 0. 4.27
<i—as)j:0(as—28—i+j)% (4.27)

1=as

Substituting i — i + as into (4.27) and taking into account (4.26), we can write

(4.27) as follows
ms 2i+2as—1 .
Mg w+2s+1
i =0. 4.28
Z(Z) 2 (j—QS—i)% (428)

i=0 =0

Identity (4.25) with p =m,, w =w + 2s and y = j — 2s implies that the
coeflicient of x; and the coefficient of o, +wt6s—; in (4.28) coincide. Note that by
(4.26) one has 2mys+w+6s—j = k—w-+1—j. So, the coeflicient of of x; and the
coefficient of x_,41—; in (4.27) coincide. Thus for any s, 0 < s < d(k,w), the
equation of (4.22) with ¢ = W — s is a linear combination of other equations
from the system (4.14)-(4.22), which implies the statement of the lemma for odd
k.

2) The case of k = 2[. This case can be treated similarly. For this fix
again an integer s such that 0 < s < d(k,w) and let

w+ 3+ 4s kE—w+1 k—2w—2—06s
= MmMygi=—————— — S — Qg = )
2 2 2

g

then as before for ¢ > a, multiply the ith equation of system (4.22) by (ZTZ)
and sum up all the obtained equations and use identity (4.25) (with u = ms,
w=w+1+2s,and y = j —2s — 1) to get that the coefficient of z; and the
coefficient of xj_,41—; in the considered linear combination of equations from
system (4.22) coincide. Thus for any s, 0 < s < d(k,w), the equation of (4.22)
with ¢ = % — s is a linear combination of other equations from the system

(4.14)-(4.22), which implies the statement of the lemma for an even k. n

By the previous lemma Proposition 4.12 is equivalent to the fact that the
system, obtained from the system (4.14)-(4.22) by crossing out the last [=%+] +1
equations from the system (4.22), has the maximal rank. We call this system the
reduction of system (4.14)-(4.22). For this let us show that if zj_,41-9s = 0 for
every s such that

0<s<dk,w), (4.29)
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then the reduction of system (4.14)-(4.22) has the trivial solution only.

Indeed, if x;_,+1 = 0 then the first equation of (4.14) implies that xy = 0.
Consequently, the first equation of (4.22) implies that x; = 0 and the second
equation of (4.14) implies that zx_, = 0. In a similar way one can show by
induction that from the fact that x5 .11 25 = 0 for all s satisfying (4.29) it follows
that z; = 0 for every j such that 0 < j < 2d(k,w)+1 or k—w—2d(k,w) < j < k—
w+1. But then the remaining variables z;, 2d(k,w)+2 < j < k—w—2d(k,w)—1
satisfy the system (4.14)-(4.22) with k and w replaced by k and @,where

k=k—2d(kw)—2, @=uw+2dk w)+2. (4.30)
It is easy to see that

E+1
¢z>§g— if & is odd (4.31)
ko
w > — if k is even (4.32)
Note also that if k is even but k—2w is not divided by 6 then the inequality
(4.31) holds as well. So if £ — 2w is not divided by 6 our proposition follows from

Lemma 4.14. If w > ¥ then system (4.14)-(4.22) has the trivial solution
only.

Proof. By Remark 4.8 it is enough to show that in the considered case the
antisymmetric matrix satisfying conditions (1), (3), and (4) of Lemma 4.3 vanishes.

As was already mentioned before, condition (3) of Lemma 4.3 implies that
¢;; are uniquely defined by ¢; pyy—1-; for i =w—1,...,k (ifi+j>k+w—1
then ¢; ; = 0). In particular, we can define the mapping

¢: (Cw—l,ka Cw,k—15 - - - 7Ckz,w—1) = (CO,k—w—i-la Clk—w; - - - 7Ck—w+1,0)'

To prove the lemma it is enough to prove that the mapping is bijective. By
condition (1) of Lemma 4.1 ¢;; = 0 for i+j < w. If w > £ then k—w+1 < w.
Therefore, if ¢ is bijective then ¢; y1—1-; = 0, and consequently the whole matrix
(¢;j) vanishes as desired.

The map ¢ is the composition of the following two maps

G111 (Co1ks Cowhm1s - - > Chyw—1) > (COJ> Cl—15 - - - » Ch0)
and
G2t (Coks Clk—1s- -+ Ch0) > (COk—wt1s C1k—ws - - - » Ch—w+1,0)

defined inductively by recursive relations (4.10).
It is easy to see that

1 1 1
$1((0,...,0,1,0,....0) = [o..,0. () (YT ) (YT ) 0,0
—_—— = ~—— 0 1 w—1) ~—~—~

3 k—w+1—1 7 k—w+1—1
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which implies that ¢, is injective. Besides, ¢ is surjective, because it is a
composition of the maps

B2,51 (Cof—ss Clt—1=s5 - - - Chms,0) 7 (COk—s—1,Clk—2—51- - -+ Ch—s—1,0), 085 <w—2

defined by relations (4.10) and each of this map has a one dimensional kernel and
therefore surjective. Moreover, by simple induction

ol DL

Finally identity (4.24) (with | = w — 1, m = i and s = 2i) implies
that spaces Im¢; and Ker ¢, are perpendicular with respect to the standard
scalar product in R**! (in this case the right-hand side of (4.24) vanishes because
m—1=1i—w+1<0). Therefore the image of ¢; is transversal to the kernel of
¢o .This implies that ¢ is bijective and completes the proof of the lemma. ]

It remains to prove the proposition in the case when k — 2w is divided by
6. In this case the corresponding k and @ satisfy w = g and the proposition will
follow from the fact that if w is odd and w = &, then system (4.14)-(4.22) has the
trivial solution only. For this consider the following system of equations

2i—1 .
y+1 , k—w

=0 =0,1,... |—— 4.33

;(%H—j)‘”] T { 2 } (4.8

depending on a parameter y (here (Z) is defined for any a € C and integer b as

usual: (§) := w if b>0and (§) =0if b < 0). Note that system (4.33)
coincides with system (4.22) for y = wTH It can be shown that the determinant
of the matrix of the system (4.14)-(4.33) is a nonzero polynomial with respect to
y such that the set of its roots is the union of the following two sets: the set of

all integers between — [%] and “’T’l and the set {—% : [’Z"] +3 < s < w}.

In particular, y = “’TH is not a root of this polynomial, which proves the last
statement.
The proof of Proposition 4.12 is completed. [ |

To complete the proof of Theorem 4.4 it remains to prove that the set
of solutions of system (4.14)-(4.22), for which the corresponding antisymmetric
matrix (¢;;) (see Remark 4.8) satisfies also condition (2) of Lemma 4.3, is an
affine subspace of codimension 1 in the solution space of system (4.14)-(4.22). For
this let us prove that zj_,41 # 0 if and only if ¢y, 7# 0. Indeed, by definition,
Tp—wt1 7 0 is equivalent to cg—1 # 0 and hence to c,_1, # 0. Then, it is
equivalent to ¢ # 0 as follows from (4.10) and finally to ¢, # 0 as follows from
the last equation of (4.11). By the same arguments there exist a unique ¢ # 0 such
that xy_,4+1 = c if and only if ¢y, = 1. Thus {z4_,+1 = ¢} is the affine subspace
in the solution space of system (4.14)-(4.22) we are looking for. In this way the
theorem is proved in the case w # % It also shows that for w = % there is at
most one bi-graded Lie algebra of type (k,w) (note that d(k,w) = 0 in this case).
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On the other hand, from the constructions at the end of the Introduction, using the
theory of sly-representation and Proposition 4.2 we know that there exists at least
one such bi-graded Lie algebra. These proves the theorem in the case w = % as
well. .

Corollary 4.6 implies that for £ > 2 the unique maximally symmetric model,
up to the local equivalence, for the distributions from the considered class exists
if and only if k=1 mod 4 or £k # 1 mod 4, d(k,1) =0, and d(k,3) < 0. The
latter occurs exactly in the following cases: k = 3, 4, 6. The nontrivial products
in the corresponding bi-graded Lie algebras given by (1.9) in the case k = 3,
by (1.10) in the case k = 4, and by (1.11) in the case k& = 6 can be directly
obtained from conditions (1)-(4) for ¢;; listed in Lemma 4.3. Finally, the set of
maximally symmetric models is discrete and consists more than one element if and
only if d(k,1) = 0 and d(k,3) = 0. This occurs in the case k = 8 only and there
are exactly two nonequivalent models with 22-dimensional algebra of infinitesimal
symmetries: one model with w = 1 and one model with w = 3. In all other cases
the set of maximally symmetric models depend on continuous parameters.

5. Appendix. Some remarks about the case of integrable D

For the sake of completeness, we briefly discuss here the case when the assumption
(G1) holds and the subdistribution D is integrable. As was already mentioned in
subsection 1.2 for £k = 1 all such distributions are equivalent to the flat one, but
the situation for k > 1 is completely different. On each integral manifold S of
D one has the following nontrivial structure: for any point ¢ € S the assignment
p — X,, given by in (1.3), defines a rational normal curve in the projectivization
of the tangent space to S at ¢. For k = 2 these rational normal curves are
quadrics. Therefore each integral manifold of D is endowed with the canonical
conformal structure of signature (2,1). For k& > 2 the field of rational normal
curves induces the so-called paraconformal structure [9] on each integral manifold
of D. Such structures have nontrivial invariants that produce nontrivial invariants
of the original distribution D.

Consider the case £k = 2 in more detail. In this case, we have (5,7)-
distributions D such that its subdistribution D is of rank 3 and integrable. How to
construct such distributions D? Take a 4-dimensional manifold M and consider
the bundle P : Gro(M) — M such that its fiber over the point § € M is the

Grassmannian of 2-dimensional subspaces of TqM . Then dim Gre(M) = 8 and

—~

Gry(M) is endowed with the natural corank 2 distribution D, defined as follows:
if @ = (¢,A) € Gro(M), where § € M and A is a 2-dimensional subspace of

T; M, then D(Q) = {v € TQGrQ(]T/[/) : P.w € A)}. The distribution D is locally
equivalent to the standard Cartan distribution on the space J'(R2 R?) of the 1-
jets of functions from R? to R?. Further, recall that the Grassmannian Gr(2,4)
of 2-planes in R* is endowed with the natural conformal structure of signature
(2,2): the tangent space to Gr(2,4) at any point can be identified with the space
of 2 x 2-matrices and as a null cone of the conformal structure one takes the set

corresponding to the set of singular2 x 2-matrices. Thus, on each fiber of Gry(M)
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one has the canonical conformal structure of signature (2,2).

Let F be a codimension one submanifold of Gre(M) transversal to the
fibers such that if F; is an intersection of F with the fiber P~!(q) over ¢, then
the canonical conformal structure of the fiber induces the canonical conformal
structure Confr, of signature (2,1) on F;. Then a distribution Dr induced
on F by D is a (5,7)-distribution satisfying condition (G1), the corresponding
subdistribution D is exactly the subdistribution of tangent spaces to the fibers
F; and the canonical field of quadrics coincides with the field of null cones of the

canonical conformal structure Confz, on JF,. Choosing hypersurfaces F; and JF,

of Gry(M) with non-equivalent germs of the canonical conformal structures on
the corresponding fibers one produces non-equivalent germs of (5, 7)-distributions
with integrable subdistributions D of rank 3.

As a matter of fact, any (5,7)-distributions D such that its subdistribu-
tion D is of rank 3 and integrable is locally equivalent to a distribution Dz for
some codimension 1 submanifold F of Gry(M) (which in turn corresponds to a
single partial differential equation of order 1 on 2 functions of 2 varianles). If M

is endowed with a symplectic structure and Fy is the subbundle of Gry(M) with
the fiber over ¢ consisting of all Lagrangian subspaces of TqM , then the distribu-
tion Dy, is the flat (5,7)-distribution satisfying assumption (G1). The canonical
conformal structures on the fibers (Fy); are flat. Any symplectomorphism of M
induces its own symmetry of the distribution Dy, , i.e. the group of symmetries of
the flat distributions with maximal first Kronecker index is infinite dimensional.

Does there ezist other (up to the equivalence) germs of (5,7)-distributions
with maximal first Kronecker index and integrable subdistribution 13, such that its
algebra of infinitesimal symmetries is infinite dimensional? The answer is positive.
First, one can take a nondegenerated 2-form w on M such that for any non-zero
smooth function f on M the 2-form fw is not closed. Then take a subbundle
F., of Gro(M) with the fiber over ¢ consisting of all Lagrangian subspaces of
Tqﬂ with respect to the skew-symmetric form w(g). From the choice of w it
follows that the distribution Dz, s not locally equivalent to the flat distribution
(despite the fact that all canonical conformal structures on the fibers (F,)g are
flat). On the other hand, any diffeomorphism of M preserving the form w up to a
multiplication by a nonzero function induces its own symmetry of the distribution
Dz, . A 2-form w with the properties above can be chosen such that the group of
such diffeomorphisms is infinite dimensional. For example, take

w = x1dxo N\ drs + dry N dry + drs A dxy (5.1)

on R*"\{z; # 0}. First, there is no nonzero function f such that fw is closed.
Indeed, the latter question is reduced to the question of existence of an exact
1-form o such that

aANw = dw. (5.2)

(then the required function f is obtained from the equation dIn(f) = —«). For w
as in (5.1) the only form satisfying (5.2) is a = i<d$1 + dz3) and this form is not
closed. Finally, the algebra of infinitesimal symmetries of the form w is infinite
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dimensional. For example, it contains the vector fields 90($3)3%2 for arbitrary
smooth function ¢ of one variable.

Similar constructions with the same conclusions can be given in the case

k> 2.
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