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Abstract. A degree stable Lie algebra is defined in the paper [14]. The Lie
algebra automorphism group AutLie(S

+(2)) of the Lie algebra S+(2) is found in
the paper [14]. The Lie algebra automorphism group of the Lie algebra W (1, 0, 2)
is also found in this paper [2]. We find the algebra automorphism groups of the
Lie algebras W (12, 1, 1) and W (12, 2, 0) in this work. We show that the Cartan
subalgebras of W (12, 1, 1) and W (12, 2, 0) are one dimensional.
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1. Introduction

The automorphism groups of some self-centralizing Lie algebras are studied in
the papers [9], [10], [12]. Rudakov found the continuous automorphisms of the
topological Cartan type Lie algebras in the paper [16]. The automorphism group
AutLie(S

+(2)) of the Lie algebra S+(2) = S(0, 0, 2) is found in the paper [14].
In this work, we find the automorphism groups AutLie(W (12, 1, 1) and AutLie
(W (12, 2, 0)) of the Lie algebras W (12, 1, 1) and W (12, 2, 0) which contain S+(2) =
S(0, 0, 2) (see [13]). We show that there is no automorphism θ of W (12, 1, 1) such
that θ(∂1) = c1∂1 + c2∂2 where ci are non-zero scalars for i = 1, 2. We also show
that Tor(W (12, 1, 1)) and Tor(W (12, 2, 0)) are ones. We show that the Cartan
subalgebras of W (12, 1, 1) and W (12, 2, 0) are one dimensional.

2. Preliminaries

Let F be the field of characteristic zero (not necessarily algebraically closed).
Throughout the paper, N and Z denote the non-negative integers and the integers,
respectively. Let F• be the multiplicative group of non-zero elements of F. Let
L be a Lie algebra over F with a basis S = {su|u ∈ I} where I is an index
set. The Lie algebra L is degreeing if for any s ∈ S we define the Lie degree
degLie(s) ∈ Z of s. Thus for any l of L, we may define degLie(l) as the highest Lie
degree of non-zero basis terms of l. An element l of L is degree stable if for any
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l1 ∈ L degLie([l, l1]) ≤ degLie(l1) holds. For a degreeing Lie algebra L, the degree
stabilizer StLie(L) of the Lie algebra L is the vector subspace of L spanned by all
the elements which are degree stable. For any θ ∈ AutLie(L) we have the following
diagram:

StLie(L) −−−→ StLie(L)yι yι
L −−−→ L

Figure 1

where AutLie(L) is the automorphism group of the Lie algebra L and ι is an
embedding from StLie(L) to L as vector spaces. It is an interesting to note that
the equality

StLie(L) = θ(StLie(L)) (1)

sometimes holds and sometimes does not hold for any θ ∈ AutLie(L). A Lie algebra
L is degree-stabilizing if StLie(L) is auto-invariant, i.e., the equality (1) holds.
Kaplansky generalizes the Witt algebra as follows:
Let V be a vector space over F and G a total additive group of functionals on
V . Let A be the vector space direct sum of copies of V , one for each element
of A . An element of A is

∑
x∈V,α∈G cx,α(x, α) where cx,α ∈ F. If we define the

multiplication as [(x, α), (y, β)] = α(y)(x, α+ β)− β(x)(y, α+ β), then we have a
Lie algebra (see [7]). Kaplansky shows that if dim(V) 6= 1, then the Lie algebra
is simple in the paper [7]. Kawamoto defines an infinite dimensional generalized
Witt Lie algebra which is simple in his paper [8]. Doković and K. Zhao also define
a class of infinite dimensional generalized Witt Lie algebras which are simple in
the papers [4], [5], [17]. The other generalized Witt algebra are defined on a stable
algebra in the formal power series ring F[[x1, · · · , xn]] or on the localization of
the stable algebra (see [3], [6], [12]). One of those kinds of algebras is defined as
follows: for fixed positive integers t11 > · · · > t1p, · · · , tn1 > · · · > tnp, we define
the F-algebra F[np+···+q,m, s] which is spanned by

{ea11x
t11
1 · · · ea1px

t1p
1 · · · ean1x

tn1
n · · · eanqx

tnq
n xi11 · · ·ximm x

im+1

m+1 · · ·x
im+s

m+s |
a11, · · · , anp, i1, · · · , im ∈ Z, im+1, · · · , im+s ∈ N} (2)

such that the algebra F[np+···+q,m, s] := F[n∗,m, s] contains the polynomial ring
F[x1, x2, · · · , xm+s] where exr is the exponential function for r ∈ {1, · · · , n} etc.
(see [1], [6], [10], [11]). For n,m, s ∈ N, the Lie admissible algebra

NW (np+···+q,m, s) := NW (n∗,m, s)

has the standard basis

BW (n,m,s) = {ea11x
t11
1 · · · ea1px

t1p
1 · · · ean1x

tn1
n · · · eanqx

tnq
n xi11 · · · ximm x

im+1

m+1 · · ·x
im+s

m+s∂u|
a11, · · · , anp, i1, · · · , im ∈ Z, im+1, · · · , im+s ∈ N,

1 ≤ u ≤ m+ s, n ≤ max{m, s}} (3)
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with the obvious addition such that the multiplication ∗ is defined as follows:

f∂u ∗ g∂v = f∂u(g)∂v

for f, g ∈ NW (n∗,m, s) where ∂u is the partial derivative on F[n∗,m, s] with
respect to xu , 1 ≤ u ≤ m + s. The antisymmetrized algebra of NW (n∗,m, s) is
the Witt type Lie algebra W (n∗,m, s). The Lie algebra W (n∗,m, s) is Zp+···+q -
graded as follows:

W (n∗,m, s) =
⊕

a11,··· ,anq

Wa11,··· ,anq (4)

where Wa11,··· ,anq is the vector subspace of W (n∗,m, s) spanned by

{ea11x
t11
1 · · · ea1px

t1p
1 · · · ean1x

tn1
n · · · eanqx

tnq
n xi1i1 · · · x

im+s

m+s∂u|
i1, · · · , im ∈ Z, im+1, · · · , im+s ∈ N, 1 ≤ u ≤ m+ s, n ≤ max{m, s}}

(see [16]). For each basis element

ea11x
t11
1 · · · ea1px

t1p
1 · · · ean1x

tn1
n · · · eanqx

tnq
n xi11 · · ·ximm x

im+1

m+1 · · ·x
im+s

m+s∂u

of W (n∗,m, s), we define the Lie degree of the basis element as follow:

degLie(e
a11x

t11
1 · · · ea1px

t1p
1 · · · ean1x

tn1
n · · · eanqx

tnq
n xi11 · · · ximm x

im+1

m+1 · · ·x
im+s

m+s∂u)

= |i1|+ · · ·+ |im|+ im+1 + · · ·+ im+s

(see [16]). For any l of W (n∗,m, s), we can define the Lie degree degLie(l) as
the highest degree of non-zero terms of l. The Witt algebra W (0, 0, 1) and the
centerless Virasoro algebra W (0, 1, 0) are self-centralizing (see [15]). Furthermore
they are degree-stabilizing (see [7]). Let A be a subset of a Lie algebra L. The
centralizer ClL(A) is the set {l ∈ L|[l, l1] = 0 for any l1 ∈ A} . For any l in the Lie
algebra L, l1 is ad-diagonal with respect to l, if [l, l1] = cl holds where c ∈ F. For a
Lie algebra L, an element l in L is ad-diagonal of the set A in L, if for any x ∈ A,
[l, x] = cxx holds where cx ∈ F. For a given basis B of a Lie algebra L, the toral
torL(B) = tor(B) of B is n, if there are n ad-diagonal elements {l1, · · · ln} with
respect to B such that the set {l1, · · · , ln} is the linearly independent maximal
subset of L . For a Lie algebra L, Tor(L) is defined as follows:

Tor(L) = max{tor(B)|B is a basis of L}.

A Lie algebra L is n-toral, if Tor(L) = n. The Lie algebras W (0, 1, 0) and
W (0, 0, 1) are 1-toral and self-centralizing (see [9]). For an algebra A, two bases
B1 and B2 of A are equivalent denoted by B1 ∼ B2, if for any element b1 of B1,
there is an element b2 of B2 such that b1 = cb2 holds for some non-zero scalar c.
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3. Automorphism group of W (12, 1, 1)

Note 1. It is well know that the non-associative algebra NW (n∗,m, s) and the
Lie (or its antisymmetrized) algebra W (n∗,m, s) are simple (see [3], [11], [12]).
Thus every non-zero endomorphism of NW (n∗,m, s) or W (n∗,m, s) is injective.

Note that the standard basis of W (12, 1, 1) is
{eaxt1ebxt2xiyj∂u|a, b, i ∈ Z, j ∈ N, 1 ≤ u ≤ 2} .

Generally, it is not easy to prove that StLie(L) is a Lie subalgebra of L or not,
i.e., it depends on the Lie algebra. For any basis elements ea1x

t1eb1x
t2xi1yj1∂u and

ea2xeb2x
t2xi2yj2∂v of W (12, 1, 1), let us define the natural order >Lie as follows:

c1e
a1xt1eb1x

t2xi1yj1∂u >Lie c2e
a2xt1eb2x

t2xi2yj2∂v, (5)

if and only if a1 > a2 , or a1 = a2 and b1 > b2, or a1 = a2 , b1 = b2, and i1 > i2 ,
or · · · , and a1 = a2 , b1 = b2, i1 = i2 j1 = j2, and u < v for any non-zero scalars
c1 and c2. Thus we can define the natural order on W (12, 1, 1). In (5), note that
a coefficient of a basis element does not affect the order >Lie of W (12, 1, 1). Thus
we may define degLie(l) of any element l ∈ W (12, 1, 1) as the highest Lie degree
of non-zero basis terms of l. Note that W (12, 1, 1) is simple (see [12]). From now
on, let us assume that t1 > t2.

Lemma 3.1. StLie(W (12, 1, 1)) is a Lie subalgebra of the Lie algebra W (12, 1, 1)
spanned by {x∂2, y∂2, ∂2}.

Proof. It is obvious that the Lie subalgebra < {x∂2, y∂2, , ∂2} > of W (12, 1, 1)
spanned by {x∂2, y∂2, ∂2} is in StLie(W (12, 1, 1)). It is trivial to prove that every
element which is not in < {x∂2, y∂2, ∂1, ∂2} > cannot be degree stable. This
implies that StLie(W (12, 1, 1)) =< {x∂2, y∂2, ∂2} > . Therefore we have proven
the lemma.

To find the automorphism group AutLie(W (12, 1, 1)) of the Lie algebra
W (12, 1, 1), we will find the stable Lie subalgebra of W (12, 1, 1) and an auto-
invariant set of W (12, 1, 1).

Lemma 3.2. For any θ ∈ AutLie(W (12, 1, 1)), the element θ(y∂2) is in the
stabilizer StLie(W (12, 1, 1)) of the Lie algebra W (12, 1, 1).

Proof. For any θ ∈ AutLie(W (12, 1, 1)) and a basis element eax
t1ebx

t2xiyj∂u of
the algebra W (12, 1, 1), we have that

θ([y∂2, e
axt1ebx

t2xiyj∂u] = (j − δ2,u)θ(eax
t1ebx

t2xiyj∂u) (6)

where δ2,u is the Kronecker delta. By (6) and the fact that W (12, 1, 1) is simple,
for any l ∈ W (12, 1, 1), we have that

degLie([θ(y∂2), θ(l)]) ≤ degLie(θ(l)).

This implies that θ(y∂2) ∈ StLie(W (12, 1, 1)) and so θ(y∂2) can be written as
follows:

θ(y∂2) = d1x∂2 + d2y∂2 + d3∂2 (7)
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where d1, d2, d3 ∈ F.

Lemma 3.3. There is no automorphism θ of W (12, 1, 1) such that

θ(y∂2) = d1x∂2 + d2y∂2 + d3∂2 (8)

where d1, d2 ∈ F• and d3 ∈ F.

Proof. Let θ be the automorphism of W (12, 1, 1) such that it holds the
conditions of the lemma for the element in the lemma. θ(xu∂1) can be written as
follow:

θ(xu∂1) = c(au1, bu1, iu1, ju1, 1)eau1x
t1ebu1x

t2xiu1yju1∂1 +

c(au1, bu1, iu1, ju1, 1)eau1x
t1ebu1x

t2xiu1yju1∂2 + #1 (9)

where either ea1x
t1eb1x

t2xiu1yju1∂1 or ea1x
t1eb1x

t2xiu1yju1∂2 is the maximal term of
the element θ(xu∂1) depending on their coefficients and #1 is the sum of the
remaining terms of θ(∂1) with appropriate coefficients using the order >Lie and
u ∈ N. Furthermore, by Lemma 3 of [2], we can assume that bu1 6= 0. If ju1 6= 0,
then xu∂1 cannot centralize y∂2. We have that

θ(xu∂1) = c(au1, bu1, iu1, 0, 1)eau1x
t1ebu1x

t2xiu1∂1 +

c(au1, bu1, iu1, 0, 1)eau1x
t1ebu1x

t2xiu1∂2 + #1. (10)

Since θ(x∂1) is an ad-diagonal element with respect to {θ(xv∂1)|v ∈ N} , every
maximal term of θ(xv∂1) is in the (au1, bu1)-homogeneous component Wau1,bu1 .
Since θ(y∂2) centralizes θ(xu∂1) and d1, d2 6= 0, if c(au1, bu1, iu1, ju1, 1) 6= 0, then
c(au1, bu1, iu1, ju1, 2) 6= 0 and vice versa. Since θ(x∂1) is an ad-diagonal element
with respect to {θ(xv∂1)|v ∈ N} , θ(xv∂1) and θ(∂1) have terms in the same
homogeneous components. This implies that all terms of the elements θ(xu∂1),
u ∈ N, have the same maximal terms with appropriate coefficients. Let us prove
the lemma by induction on the number H(θ(x∂1)) of homogeneous components of
θ(x∂1) such that the homogeneous components have a non-zero term of θ(x∂1).
Let us assume that H(θ(x∂1)) is one. Since θ(x∂1) is an ad-diagonal element with
respect to {θ(xv∂1)|v ∈ N} , it has a term in the (0, 0)-homogeneous component
W0,0 . By assumption, there is no room of θ(x∂1) to have a term of W0,0 . This
contradiction shows that we can assume that H(θ(x∂1)) ≥ 2. This implies that
θ(x∂1) has a non-zero term of W0,0 . There is an element θ(xu∂1) which also has
a non-zero term of W0,0 such that the degree of the maximal term of θ(xu∂1) is
greater than zero where u 6= 1. θ(x∂1) and θ(xu∂1) have the same maximal terms
of W0,0 with appropriate scalars. Thus every non-zero term of θ(x∂1) which is not
in W0,0 is a non-zero term of θ(xu∂1) with appropriate coefficients and vice versa.
Since H(θ(x∂1)) = H(θ(x∂1)) ≥ 2, there are c ∈ F and u ∈ N such that

[θ(x∂1)− cθ(xu∂1), θ(xu∂1)] 6= (u− 1)θ(xu∂1). (11)

This contradiction shows that we can assume that xr∂1 is the maximal term of
θ(x∂1) for an integer r > 1. This gives a similar contradiction as (11). This
implies that θ(x∂1) ∈ W0,0. This implies that θ(y∂2) cannot centralize θ(xu∂1).
This contradiction shows that there is no automorphism θ of W (12, 0, 2) which
holds (3.7). Therefore we have proven the lemma.
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Lemma 3.4. There is no automorphism θ of W (12, 1, 1) such that

θ(y∂2) = d1x∂2 + d2∂2 = (d1x+ d2)∂2 (12)

holds where d1 ∈ F• and d2 ∈ F.

Proof. Let θ be the automorphism of W (12, 0, 2) such that it holds (12). By
Lemma 3.3, we are able to prove that θ(y∂2) cannot centralize an element θ(xu∂1),
u > 1. This contradiction shows that there is no automorphism θ of W (12, 0, 2)
which holds (12). Therefore we have proven the lemma.

Lemma 3.5. For any automorphism θ of W (12, 1, 1) and any basis element
yk∂2 of W (12, 1, 1),

θ(yk∂2) = d1−k(y + d1)
k∂2 (13)

holds where d1 ∈ F and d ∈ F• .

Proof. Let θ be the automorphism of W (12, 1, 1). By Lemmas 3.1, 3.2, 3.3, 3.4,
we have that θ(y∂2) = (y + d1)∂2 holds for d1 ∈ F. This implies that θ(∂2) = d∂2
holds for d ∈ F•. By induction on k ∈ N of yk∂2, we are able to prove that
θ(yk∂2) = d1−k(y + d1)

k∂2 holds. Therefore we have proven the lemma.

Lemma 3.6. For any automorphism θ of W (12, 1, 1) and any basis element
xi∂1 of W (12, 1, 1),

θ(xi∂1) = c1−ixi∂1 (14)

holds where c ∈ F• .

Proof. Let θ be the automorphism of W (12, 1, 1). By Lemma 3.5, we have
that θ(yk∂2) = d1−k(y + d1)

k∂2 holds for d1 ∈ F and d ∈ F•. So we are able to
prove that θ(∂1) = c∂1 holds for c ∈ F•. Since the Lie subalgebra W (0, 1, 0) of
W (12, 1, 1) spanned by {xu∂1|u ∈ Z} is a self-centralizing Lie algebra, we have
two cases, Case I: θ(x∂1) = −(x+c1)∂1 and Case II: θ(x∂1) = (x+c1)∂1 for c1 ∈ F.

Case I. Let us assume that θ(x∂1) = −(x+c1)∂1 holds. By θ([∂1, x∂1]) = θ(∂1), we
have that −[θ(∂), (x+ c1)∂1] = θ(∂1), we have that θ(∂1) = α0(x+ c1)

2∂1 for α0 ∈
F•. This implies that θ(x2∂1) = α2∂1 for α2 ∈ F•. By θ([x−1∂1, x

2∂1]) = 3θ(∂1), we
have that c1 = 0 and θ(x−1∂1) = α1x

3∂1 α1 ∈ F•. By induction on i of x−i∂1 , we
have that θ(x−i∂1) = α−ix

i+2∂1 for α−i ∈ F•. By θ([x−t1+1∂1, e
xt1∂1]) = θ(ex

t1∂1),
we are able to prove that

[α−t1+1x
t1+1∂1, θ(e

xt1∂1)] = θ(ex
t1∂1) (15)

holds. Since θ(ex
t1∂1) /∈ W0,0 and t1 + 1 is positive, there is no element θ(ex

t1∂1)
of the algebra which holds the equality (15). This contradiction shows that there
is no automorphism which holds θ(x∂1) = −(x+ c1)∂1 .
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Case II. Let us assume that θ(x∂1) = (x+c1)∂1 holds. By induction on i ∈ N, we
are able to prove that θ(xi∂1) = c1−i(x+c1)

i∂1 holds. By θ([x−2∂1, x
3∂1]) = 5θ(∂1),

we have that [θ(x−2∂1), c
−2(x + c1)

3∂1] = 5c∂1. This implies that c1 = 0 and
θ(x−2∂1) = c3(x−2∂1. By induction on i of xi∂1 , we can prove that θ(xi∂1) =
c1−ixi∂1 easily. Therefore we have proven the lemma.

Note 2. For any basis elements eax
t1ebx

t2xiyj∂1 and eax
t1ebx

t2xiyj∂1 of W (12, 1, 1),
c11, c12, d11, d12 ∈ F•, and c13 ∈ F , if we define a linear map θc11,c12,c13,d11,d12,1 from
W (12, 1, 1) to itself as follows:

θc11,c12,c13,d11,d12,1(e
axt1ebx

t2xiyj∂1) = c1−i11 c
−j
12 d

a
11d

b
12e

axt1ebx
t2xi(y + c13)

j∂1,

θc11,c12,c13,d11,d12,1(e
axt1ebx

t2xiyj∂2) = c−i11c
1−j
12 da11d

b
12e

axt1ebx
t2xi(y + c13)

j∂2, (16)

then θc11,c12,c13,d11,d12,1 can be linearly extended to a Lie automorphism of W (12, 1, 1)
such that ct111 = ct211 = 1.

Note 3. For any basis elements eax
t1ebx

t2xiyj∂1 and eax
t1ebx

t2xiyj∂1 of W (12, 1, 1),
c21, c22, d21, d22 ∈ F•, and c23 ∈ F , if we define a linear map θc21,c22,c23,d21,d22,2 from
W (12, 1, 1) to itself as follows:

θc21,c22,c23,d21,d22,2(e
axt1ebx

t2xiyj∂1) = c1−i21 c
−j
22 d

a
21d

b
22e
−axt1ebx

t2xi(y + c23)
j∂1,

θc21,c22,c23,d21,d22,2(e
axt1ebx

t2xiyj∂2) = c−i21c
1−j
22 da21d

b
22e
−axt1ebx

t2xi(y + c23)
j∂2, (17)

then θc21,c22,c23,d21,d22,2 can be linearly extended to a Lie automorphism of W (12, 1, 1)
such that ct121 = −1 and ct221 = 1.

Note 4. For any basis elements eax
t1ebx

t2xiyj∂1 and eax
t1ebx

t2xiyj∂1 of W (12, 1, 1),
c31, c32, d31, d32 ∈ F•, and c33 ∈ F , if we define a linear map θc31,c32,c33,d31,d32,3 from
W (12, 1, 1) to itself as follows:

θc31,c32,c33,d31,d32,3(e
axt1ebx

t2xiyj∂1) = c1−i31 c
−j
32 d

a
31d

b
32e

axt1e−bx
t2xi(y + c33)

j∂1,

θc31,c32,c33,d31,d32,3(e
axt1ebx

t2xiyj∂2) = c−i31c
1−j
32 da31d

b
32e

axt1e−bx
t2xi(y + c33)

j∂2, (18)

then θc31,c32,c33,d31,d32,3 can be linearly extended to a Lie automorphism of W (12, 1, 1)
such that ct131 = 1 and ct231 = −1. �

Note 5. For any basis elements eax
t1ebx

t2xiyj∂1 and eax
t1ebx

t2xiyj∂1 of W (12, 1, 1),
c41, c42, d41, d42 ∈ F•, and c43 ∈ F , if we define a linear map θc41,c42,c43,d41,d42,4 from
W (12, 1, 1) to itself as follows:

θc41,c42,c43,d41,d42,4(e
axt1ebx

t2xiyj∂1) = c1−i41 c
−j
42 d

a
41d

b
42e
−axt1e−bx

t2xi(y + c43)
j∂1,

θc41,c42,c43,d41,d42,4(e
axt1ebx

t2xiyj∂2) = c−i41c
1−j
42 da41d

b
42e
−axt1e−bx

t2xi(y + c43)
j∂2,(19)

then θc41,c42,c43,d41,d42,4 can be linearly extended to a Lie automorphism of W (12, 1, 1)
such that ct141 = ct241 = −1.

Lemma 3.7. For any automorphism θ of W (12, 1, 1), θ is one of the automor-
phisms θc11,c12,c13,d11,d12,1 , θc21,c22,c23,d21,d22,2 , θc31,c32,c33,d31,d32,3, and θc41,c42,c43,d41,d42,4
as shown in Notes 2-5 with appropriate constant conditions.
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Proof. Let θ be the automorphism of W (12, 1, 1) in the theorem. By Lemma
3.5 and Lemma 3.6, we can assume that (13) and (14) hold with the same constants.
Thus by induction on i, j of xiyj∂u , 1 ≤ u ≤ 2, we are able to prove that
θ(W (0, 0, 2)) = W (0, 0, 2) holds, i.e., W (0, 0, 2) is θ -invariant or auto-invariant.
Since yu∂2 centralizes ex

t1∂1 and y∂2 ∈ StLie(W (12, 1, 1)), we have that

θ(ex
t1∂1) = ca,b,i,0,1e

axt1ebx
t2xi∂1 + #1 (20)

holds where eax
t1ebx

t2xi∂1 is the maximal term of θ(ex
t1∂1) and #1 does not have

a term with ∂2. We have three cases, Case I: a, b 6= 0, Case II: a = 0 and b 6= 0,
and Case III: a 6= 0 and b = 0.

Case I. Let us assume that a, b 6= 0. We have that θ(e−x
t1∂1) has a similar form

as (20). By

θ([ex
t1∂1, e

xt1∂1]) ∈ W (0, 0, 2), (21)

we have that the maximal term of θ(e−x
t1∂1) is in Wa1,b1 or in W−a1,−b1 . Let us

assume that the maximal term of θ(e−x
t1∂1) is in Wa1,b1 . Thus by (22), θ(ex

t1∂1)
and θ(e−x

t1∂1) have terms in the same homogeneous components. Furthermore we
can assume that H(θ(ex

t1∂1) = θ(e−x
t1∂1) ≥ 2. This implies that there is non-zero

constant c such that

[θ(ex
t1∂1), θ(e

xt1∂1 − ce−x
t1∂1)] 6= −2ct1θ(x

t1−1∂1). (22)

Thus we can assume that the maximal term of θ(e−x
t1∂1) is in W−a1,−b1 . If

H(θ(ex
t1∂1) 6= 1, then we can derive a contradiction because of the minimal

term of θ([et1∂1, e
−xt1 ]). If H(θ(ex

t1∂1) = 1, then we have that θ([et1∂1, e
−xt1 ]) 6=

−2t1θ(x
t1−1∂1). This gives a contradiction. Thus a, b 6= 0 does not hold.

Case II. Let us assume that a = 0 and b 6= 0. This implies that θ(ex
t1∂1) =

c′ex
bt2∂1 + #2 holds. By θ([∂1, e

xt1∂1]) = t1θ(e
xt1xt1−1∂1), we have that

[c∂1, c
′ex

bt2∂1 + #2] = cc′bt2e
xt1xi+t1−1∂1 + #3

holds. This implies that

θ(ex
t1xt1−1∂1) = cc′b

t2
t1
ex

t1xi+t1−1∂1 +
#3

t1
.

This implies that

θ([x∂1, e
xt1xt1−1∂1]) = t1θ(e

xt1x2t1−1∂1) + (t1 − 2)θ(ex
t1xt1−1∂1)

= [(x+ c1)∂1, cc
′b
t2
t1
ex

t1xi+t1−1∂1 +
#3

t1
]

holds. This implies that θ(ex
t1x2t1−1∂1) = cc′b2

t22
t21
ebx

t1xi+2t1−1∂1 + #4. Note that

θ([xt1∂1, e
xt1∂1]) = t1θ(e

xt1x2t1−1∂1)− t1 + θ(ex
t1xt1−1∂1).
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This implies that

[c1−t1(x+ c1)
t1∂1, c1e

bxt2xi∂1] = cc′b2
t22
t21
ebx

t1xi+2t2−1∂1 + #5 (23)

holds. Since i + t1 + t2 − 1 6= i + 2t2 − 1, the equality (23) does not hold. So we
have a contradiction. Thus there is no automorphism of W (12, 1, 1) which holds
a = 0 and b 6= 0.

Case III. Let us assume that a 6= 0 and b = 0. This implies that θ(ex
t1∂1) =

c′ex
at1∂1+#6. Let us assume that #6 6= 0. Let us assume that H(ex

t1∂1) ≥ 1. This
implies that H(ex

−t1∂1) = H(ex
t1∂1) holds. This implies that there is a non-zero

scalar c such that

θ([e−x
−t1∂1, e

x−t1∂1 − cex
−t1∂1]) 6= 2t1θ(e

x−t1∂1). (24)

This contradiction shows that H(ex
−t1∂1) = 1. Similarly we can prove that

θ(ex
t1∂1) = deax

t1∂1 and θ(e−x
t1∂1) = d1e

−axt1∂1 . This implies that θ(xi∂1) =
c1−ixi∂1. By induction on i, k of xiyk∂u , 1 ≤ u ≤ 2, we are able to prove that

θ(xiyk∂u) = cδ1u−idδ2u−kxi(y + c)k∂u (25)

where δ1u and δ2u are Kronecker deltas. Since

{xpyj∂u, ex
t1∂1, e

−xt1∂1|a, i ∈ Z, u, i ∈ N, 1 ≤ u ≤ 2}

is a generator of the Lie subalgebra W (11, 1, 1) of W (12, 1, 1), we have that a is
either 1 or −1. So we have two subcases, Subcase I: a = 1 and Subcase II: a = −1.

Subcase I. Let us assume that θ(ex
t1∂1) = d1e

xt1∂1 holds for d1 ∈ F• .
By θ([e−x

t1∂1, e
xt1∂1]) = 2t1θ(x

t1−1∂1),

we have that [θ(e−x
t1∂1), d1e

xt1∂1] = 2c2−t1t1(x+ c1)
t1−1∂1

holds. Therefore c1 = 0 and θ(e−x
t1∂1) = c2−t1

d1
e−x

t1∂1 hold. By θ([x∂1, e
xt1∂1]) =

t1θ(e
xt1xt1∂1)−θ(ex

t1∂1), we have that θ(ex
t1xt1∂1) = dex

t1xt1∂1 holds. By Lemma
3.6 and θ([x−t1+1∂1, e

x−t1∂1]) = t1θ(e
xt1∂1)− (−t1 + 1)θ(ex

t1x−t1∂1), we have that
[ct1x−t1+1∂1, d1e

x−t1∂1] = t1d1e
xt1∂1+(t1−1)θ(ex

t1x−t1∂1), This implies that c = 1.
Similarly we can prove that A: θ(ex

t2∂1) = d2e
xt2∂1 and B: θ(ex

t2∂1) = d2e
−xt2∂1

where d2 ∈ F•.

A. Let us assume that θ(ex
t2∂1) = d2e

xt2∂1 holds. Since x−t2+1∂1 is an ad-diagonal
element with respect to ex

t2∂1, we can prove that ct2 = 1 holds. By induction on
b of ex

bt2∂1, we can prove that θ(ex
bt2∂1) = db2e

xbt2∂1. So we have that

θ(ex
at1ex

bt2xi∂1) = c1−ida1d
b
2e
xat1ex

bt2xi∂1 (26)

holds. So by (25) and (26), we can prove that θ can be linearly extended to the
automorphism θc11,c12,c13,d11,d12,1 as shown Note 2 with appropriate constants.
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B. Let us assume that θ(ex
t2∂1) = d2e

−xt2∂1 . Similarly we can prove that ct2 = −1.
Similarly to A, we are able to prove that θ can be linearly extended to the auto-
morphism θc31,c32,c33,d31,d32,3 as shown Note 4 with appropriate constants.

Subcase II. Let us assume that θ(ex
t1∂1) = d1e

−xt1∂1 holds for d1 ∈ F• .
Similarly to Subcase I, we have that C: θ(ex

t2∂1) = d2e
xt2∂1 and D: θ(ex

t2∂1) =
d2e
−xt2∂1 where d2 ∈ F•.

C. If we assume that θ(ex
t2∂1) = d2e

xt2∂1 , then similarly to A, θ can be linearly
extended to the automorphism θc21,c22,c23,d21,d22,2 as shown Note 3 with appropriate
constants.

D. If we assume that θ(ex
t2∂1) = d2e

−xt2∂1 , then similarly to A, θ can be linearly
extended to the automorphism θc41,c42,c43,d41,d42,4 as shown Note 5 with appropriate
constants.

This implies that θ can be linearly extended to one of the the automor-
phisms θc11,c12,c13,d11,d12,1 , θc21,c22,c23,d21,d22,2 , θc31,c32,c33,d31,d32,3, and θc41,c42,c43,d41,d42,4
as shown in Notes 2-5. Therefore we have proven the lemma.

Theorem 3.8. The automorphism group of the algebra W (12, 1, 1) is generated
by the automorphisms θc11,c12,c13,d11,d12,1 , θc21,c22,c23,d21,d22,2 , θc31,c32,c33,d31,d32,3, and
θc41,c42,c43,d41,d42,4 as shown in Notes 2-5 with appropriate constant conditions.

Proof. Let θ be an automorphism of W (12, 1, 1). By Lemma 3.7, θ is one
of the automorphisms θc11,c12,c13,d11,d12,1 , θc21,c22,c23,d21,d22,2 , θc31,c32,c33,d31,d32,3, and
θc41,c42,c43,d41,d42,4 as shown in Notes 2-5 with appropriate constant conditions. Thus
the automorphism group Aut(W (12, 1, 1)) of the algebra W (12, 1, 1) is gener-
ated by the automorphisms θc11,c12,c13,d11,d12,1 , θc21,c22,c23,d21,d22,2 , θc31,c32,c33,d31,d32,3,
and θc41,c42,c43,d41,d42,4 as shown in Notes 2-5 with appropriate constant conditions.
Therefore we have proven the theorem.

Remark 3.9. Thanks to Theorem 3.8, we have that the automorphism group
of W (12, 2, 0) is generated by the automorphisms θc11,c12,0,d11,d12,1 , θc21,c22,0,d21,d22,2 ,
θc31,c32,0,d31,d32,3, and θc41,c42,0,d41,d42,4 which are defined on the algebra W (12, 2, 0)
as similar Notes 2-5 of W (12, 2, 0).

4. Cartan Subalgebra

A Cartan subalgebra C of the algebra W (12, 1, 1) (resp. W (12, 2, 0)) is spanned
by y∂2 + c∂2 (resp. y∂2 ) where c ∈ F. Note that C is one dimensional and
Tor(W (12, 1, 1)) (resp. Tor(W (12, 2, 0))) is one. The root space decomposition of
W (12, 1, 1) (resp. W (12, 2, 0)) with respect to C is the following:

W (12, 1, 1) =
⊕

j∈N∪{−1}

Wj ( resp. W (12, 2, 0) =
⊕
j∈Z

Wj) (27)
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where Wj is a vector subspace of W (12, 1, 1) (resp. W (1, 2, 0)) spanned by
{ea1xt1ea2xt2xi1(y+c)j∂1, e

a1xt1ea2x
t2xi2(y+c)j+1∂2|a1, a2, i1 ∈ Z, i2 ∈ N} and [y∂2+

c∂2,Wj] ⊂ Wj (resp. {ea1xt1ea2xt2xi1yj∂1, ea1x
t1ea2x

t2xi2ea2x
t2yj+1∂2|a1, a2, i1, i2 ∈

Z} and [y∂2,Wj] ⊂ Wj ). We have the following proposition.

Proposition 4.1. For any automorphism θ of the algebra W (12, 1, 1) (resp.
W (1, 2, 0)), θ(y∂2) = y∂2 + c∂2 (resp. y∂2 ) where c ∈ F.

Proof. Since any Cartan subalgebra C of W (12, 1, 1) (resp. W (12, 2, 0)) is
one dimensional, the Cartan subalgebra C is auto-invariant. Thus the proof of the
proposition is obvious.

Remark 4.2. Thanks to Proposition 4.1, we are also able to find the automor-
phism groups of the algebras W (12, 1, 1) and W (12, 2, 0).
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