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1. Introduction

Since the late 1990’s, following a conjecture stated by Vogan [17], there has been
lot of interest in Dirac cohomology of irreducible unitary (g, K)-modules [18].
Here g denotes a complex semisimple Lie algebra and K is a maximal compact
subgroup of a Lie group G with complexified Lie algebra g. The conjecture of
Vogan can be stated as follows. Let K be the spin double cover of K and X
an irreducible (g, K)-module. If the Dirac cohomology of X contains a K-type
E,, of highest weight p, then the infinitesimal character of X is p 4 pg, where
pe denotes the half sum of compact positive roots and £ the complexification of
the Lie algebra of K. This conjecture was proved by Huang and Pandzi¢ [6].
Moreover there is a link between (g, K)-cohomology and Dirac cohomology: if a
module has (g, K')-cohomology then it has Dirac cohomology [6]. In view of this
link, it is a striking fact that we know the Dirac cohomology of irreducible unitary
(g, K)-modules with nonzero (g, K)-cohomology given the classication by Vogan
and Zuckerman of [18]. More precisely, let V' be an irreducible unitary (g, K)-
module, of the same infinitesimal character as a finite dimensional representation
F. Writing F™* for the dual representation of F', then V ® F* has nonzero (g, K)-
cohomology if, and only if, V' is an A(\)-module. Later, Salamanca-Riba has
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shown that any irreducible unitary Harish-Chandra module with strongly regular
infinitesimal characters is an Ag(\)-module [15]. These modules A4(\) form an
important family of irreducible unitary representations, their existence was proved
by Parthasarathy in [14] (see Section 2 of [18] for another characterization of these
modules).

Recently, Kang, Huang and Pandzi¢ computed Dirac cohomology of cer-
tain irreducible Harish-Chandra modules [5]. Also, combining results of Huang,
Pandzi¢ and Renard [7] with results of Enright [2], one can deduce the Dirac co-
homology of unitary highest weight modules. In this context, it is interesting to
understand how the Dirac cohomologies of representations in a coherent family are
related. In [12] and [11], we proved results in this direction in the case of discrete
series representations and cohomologically induced representations.

The proof of Vogan’s conjecture was extended by Kostant to the cubic Dirac
operator, i.e., when K is replaced by some connected reductive subgroup H of
G (Theorem 4.1 in [8]). Therefore it is important to compute Dirac cohomology
in the general setting of cubic Dirac operators. The case of finite dimensional
modules is now well understood. Indeed, for such modules Dirac cohomology has
been computed by Kostant when G and H have equal (complex) rank (Theorem
5.1 in [8]). While, in the unequal rank case, Dirac cohomology has been computed,
independently, by Kang, Huang and Pandzi¢ (Theorem 4.2 in [5]) and by Mehdi
and Zierau (Theorem 2.4 in [13]). It should be noted that the (cubic) Dirac
cohomology of a finite dimensional module reduces to the kernel of the (cubic)
Dirac operator associated with this module. However cubic Dirac cohomology for
infinite dimensional irreducible modules is less understood. Kostant proved the
existence of irreducible quotients of Verma modules with non zero cubic Dirac
cohomology (see [8]).

The purpose of this paper is twofold. First we construct a large family
of infinite dimensional irreducible (g,bh)-modules B,(\) that includes (K -finite
vectors of) discrete series representations and the Ag(\)-modules. Here p stands
for a parabolic subalgebra of g and b for the complexified Lie algebra of H. Then
we prove that some of these modules B,(\) have non zero cubic Dirac cohomology.
Our construction generalizes the method of Enright and Varadarajan to describe
discrete series representations [3]. Let us make some comments on the construction
of the modules B,(\). Enright and Varadarajan first constructed these modules
in the case where p is a f-stable Borel subalgebra of g and H = K under the
equal rank condition, i.e., g and ¢ have equal rank. Inspired by this construction
Parthasarathy constructed the modules B,()\) in the case where p is a f-stable
parabolic subalgebra and H = K [14]. Around the same time, Wallach constructed
these modules in the case where p is a f-stable Borel subalgebra of g under the
equal rank condition, i.e., G and H have equal (complex) rank [19]. In our
construction, we only assume that the restriction of the Killing form of g to b
remains non degenerate. In particular, the Lie algebra g splits as an orthogonal
direct sum h@® v and the parabolic subalgebra p of g is assumed to be (b, v)-split.
We do not assume that g and h have equal rank.

This paper is organized as follows. Section 2 is devoted to fixing notation
and recalling some results to be used later on. In Section 3 we construct explic-
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itly the (b, v)-split parabolic subalgebras of g we will be dealing with. We also
define the various Borel and Cartan subalgebras of g and § we will need. Then,
in Section 4, we deduce some specific chains of inclusions of Verma modules for g
and h. Section 5 contains the construction of the (infinite dimensional) irreducible
generalized Enright-Varadarajan modules B,(\) along with their main properties.
Finally, Section 6 contains our main result: we prove that for some weights A, the
modules B,(\) have non zero cubic Dirac cohomology. For the construction of the
modules B,()), we have relied to a large extent on [3] and [14] in the sense that if
an argument needed at some stage of our paper is analogous to that in [3] or [14],
then we will simply refer to [3] or [14] instead of repeating them. Nevertheless,
for the convenience of the reader, we have included the main steps of the original
construction of Enright and Varadarajan [3].

2. Preliminaries

2.1. Lie algebras, roots and Weyl groups. Let g be a complex semisimple
Lie algebra and b a reductive subalgebra of g. Since g is semisimple, its Killing
form (,) is non degenerate. We make the following assumption on b.

Assumption 2.1.  The restriction to § of the Killing form of g is non degen-
erate.

Such a subalgebra of g is called quadratic. It follows that the Lie algebra g splits
as the orthogonal sum

g=hdq, g=h"
with [h,q] C q and the restriction (,)q of (,) to g is non degenerate.
Given a Cartan subalgebra t of g, one defines the set A of t-roots in g.

The choice of a system P, of positive roots in Ay fixes a Borel subalgebra b of g
that contains t:

where g, denotes the root space in g associated with the root a. Conversely any
Borel subalgebra of g which contains t defines a positive system for A;. As usual,
the Killing form of g induces a non degenerate form on the vector dual t* of t
which we still denote by (,). Write {H,, FE., E_,} for the triple associated with
aroot o € Ay, ie., H, €t and Ey, € g4, satisfy the bracket relation

2
E..E_ .| = H,. 2.2
Bar Bl = 1 (22)
The R-linear span
tr = » RH,
a€Ay

is a real form of t and each root a defines a reflection

p,a)

aity —th, pr—>pu—2
S R Ry M M <O{,Oé>
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which carries Ay into itself. The reflections s,, o € Ay, generate a finite group
known as the Weyl group W, associated with A;. An important feature of the
Weyl group is that it acts simply transitively on the set of positive systems for Ay,
i.e., if P and P’ are two positive systems for A, there exists a unique element w
in W, such that wP = P’. Moreover if II; denotes the set of simple roots in F,
then it is known that the Weyl group W, is actually generated by the reflections
5o with a € II;. In particular, a reduced expression for an element w in W is a
decomposition
W = Sy O Say O+ O Sq,

where the «;’s are simple roots not necessarily distinct and ¢ is the smallest integer
with this property. Recall that a linear form g on t* which is real on tg is said
to be:
regular if (1, ) # 0 for all o € Ay,
singular if (41, ) =0 for some a € Ay,
{1, a)
(o, @)
P,-dominant if (;,a) >0 for all a € By (i.e., for all a € I1;).
In particular, writing p, for the half sum of positive roots: p; = %Zae p, @, one
easily checks that

(algebraically) integral if 2 € Z for all a € Ay,

{pg, ) _
2((5,@} =1 Vaellg,
22@:2; €Z Yael,, Ve A,U{0}. (2.3)

2.2. Verma modules. Let U(g) be the enveloping algebra of g. The positive
system Py for A gives rise to a decomposition

g=td&nodn" (2.4)

where n = ) P, Oa and n” = ) . p, 0-a: and determines a Borel subalgebra
b = t®n in g. From Poincaré-Birkhoff-Witt theorem, it follows that U(g)
decomposes as

U(g) = U UGU(w).
Next any A € t* makes C into a left U(b)-module C, as follows:

Hz=XH)z VHet VzeC,
Xz=0 VX en, VzeC.

The algebra U(g) itself is a right U(b)-module and a left U(g)-module under
multiplication. The Verma module for g associated with A and Fj is the left
U(g)-module V; p 5 defined as the quotient

Voror = U(@)2uwCr = (U(9)2Cy ) /span{ Xbzz—X@bz | X € U(g), beU(b), 2 € C}.

Let us recall some of the main features of Verma modules (see Chapter 7 of [1]).
The Verma module Vg p, 5 is a highest weight module under ¢/(g) and is generated



MEHDI AND PARTHASARATHY 865

by the canonical vector vy = 1 ® 1 which is of weight A. Moreover given A\ and
pin t*, there are only two possibilities, either Homgy (Vg p, s Va,p,0) = {0} or
Homyg (Vg p,.us Va,p,2) is one dimensional, i.e., Vg p, , embeds in Vg p, » uniquely up
to a multiplicative scalar. In this case, we will write

‘/97P37N g ‘/g,ng)\'
One can prove that (Lemme 7.6.13 in [1]):

A, @)

if \et, a € P,and 2
(o, )

€ N then ‘/QPQ ~Pg g ‘/971397)\_09' (25)

For a complete description of all the inclusion relations between Verma modules
one needs to consider the so-called Bruhat order on Weyl groups. More precisely,
let w,w € Wy and o € Py. We say that w < w’ if w = s,w’ and £(w) = £(w')+1
where ¢(w) denotes the length of w:

l(w) = #{Py N (—why)} for w e Wj.

We will simply write w < w’ if there exists o € P, such that w < w’. Note that
such a root « is necessarily unique. We shall say that w < w’ if w = w' or if
there exists a sequence (w;)o<i<; such that w; € Wy, wo = w, w, = w' and

WA= Wy 4 - =Wy W

One can prove that if w,w’ € W, and A € t* is P;-dominant, regular and
algebraically integral then (Théoreme 7.6.23 in [1])

‘/97Pgu'w)\—Pg - ‘/Bupg,'w’)\—Pg = w < w'. (26)

Another useful property of Verma modules is the followmg one. Let A € t* be
dominant integral with respect to F; and m, = < . If A denotes

the largest proper U(g)-submodule of V; p », we have (Lemme 7. 2 5in [1]):

A= Z u Ema—HU - Z u Em"‘+1

a€ll(g) a€ell(g
(2.7)
dim (vaypg’/\/A) < +00.

2.3. (g, F)-modules, (g,f)-modules and U/(g)-modules of type F,. Fol-
lowing [16], let us recall the definition of a (g, F')-module where F' is a real Lie
group with Lie algebra f, C g. We assume there exists an action of F' on g given
by Lie algebra automorphisms

Y F— Aut(g)
which is compatible with the adjoint action of F', i.e
U(g)ls, = Ad(g) Vg€ F. (2.8)

A complex vector space V is a (g, F))-module if it is equipped with an action of
both g and F' satisfying the following conditions:
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(i) the F-action on V is locally finite, i.e
Vv €V, V) C V such that v € V}, F- V3 C V; and dim(V;) < o0,

(ii) the differential of ' — Aut(V') is the restriction to f, of g — End(V),
(ili) g- (X -v) = (¢(9)(X))-(g-v) forallge F, X €eg,veV.

Note that (2.8) is automatically satisfied when F is a closed subgroup of a real Lie
group G with complexified Lie algebra g, by taking ¢ to be the adjoint action of
G. In this case conditions (ii) and (iii) above are also satisfied. In the case where
the group F does not act on V', we simply say that V' is a (g,f)-module if the
action of § on V' is locally finite. Here § denotes the complexification of the Lie
algebra f, of F'.

A U(g)-module M is said to be a weight module for U(g) if M decomposes
into a direct sum of weight spaces with respect to some Cartan subalgebra of g, say
t. Such a M is said to be bounded above with respect to P if there are linear forms
vy, -+, Uy in t* such that for any weight v of M, there exists ¢ such that v; — v
is a sum of elements of P,. A U(g)-module of type P, is a weight module for U(g)
with finite dimensional weight spaces and which is bounded above with respect
to Py. Among examples of U(g)-modules of type P, are Verma modules V; p, .
(with m = 1 and v; = v) and finite sums of Verma modules. The following lemma
of Enright and Varadarajan contains an important property of U(g)-modules of
type F;.

Lemma 2.9. (Lemma 7 in [3])

Let M and N be two U(g)-modules that are sums of U(g)-submodules of type
Py. Write J(M) (resp. J(N)) for the set of highest weights of M (resp. N) with
respect to ;. Suppose N is a quotient of M. If v € J(N) is Py-dominant then
v € J(M). If moreover v is a Py-highest weight vector of weight v in N, then
one can find a P,-highest weight vector v' in M of weight v that lies above v.

Finally let 5 € P, and consider the triple {Hg, E3, E_g} defined by (2.2)
which generates a Lie algebra mg isomorphic to sly. A U(g)-module M is said to
be E_g-freeif E_z acts injectively on M. A vector v € M is said to be mg-finite
if the complex vector subspace {X-v | X € U(mg)} is finite dimensional. A simple
argument shows that

a weight vector v is mg-finite <= Ez"-v = E";-v = 0 for some non negative integer m.

In particular, if M is E_g-free and v € M is mg-finite then v = 0. It should be
noted that if M is the sum of U(g)-modules of type P, then one has

v is mg-finite <= E™; - v = 0 for some non negative integer m. (2.10)

Let us recall some useful facts on h-finite vectors in U(g)-module. First it is easy
to check that

if M is a U(g)-module then the subspace of h-finite vectors in M is a U(g)-module.
(2.11)
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Actually, in analogy with (g, K)-modules, we have (see [10]):

if b is semisimple, then an irreducible h-finite U(g)-module M is completely determined
by a non zero isotypical U (h)-submodule of M and the action of the centralizer U" of b
in U(g) on it. (2.12)

2.4. Cubic Dirac cohomology. Suppose t is a Cartan subalgebra of b such
that t = £ ® a is a Cartan subalgebra of g with a C q. In the next section, we
will make our choice of t and t precise. Let us recall the definition of the spin
representation which is built from q and the (non degenerate) restriction (), to
q of the Killing form of g. First, we have

g=@mNaq®(@Nn).
In particular, if V' denotes a maximal isotropic subspace in a then
V=mnq oV

is a maximally isotropic subspace of q. Write so(q) for the Lie algebra of the
group of isometries of q with respect to (,)q. If C¢(q) denotes the Clifford algebra
of q, it is known that so(q) embeds in the subspace Cly(q) of degree two elements
in C/(q) (Lemma 6.2.2 in [4]). The composition of the following sequence of maps

b 2% s0(q) < Cla(q) C Cl(q) - End(AV), (2.13)

where ~ denotes the Clifford multiplication, defines the spin representation (s,, S;)
of .

In the Clifford algebra of g there is an element of particular interest. It is
the degree three element ¢ defined by the Chevalley isomorphism as follows:

(qquq—>C> — C{(q)
((x,v,2) > ([X.Y],2)) = c.

Now, given a g-module (7, W), there is a first order differential operator (see [9])
Dy W ®S; — W®.S,

defined by

Dw =) (X, X;)am(X;) @ (X;) + 1@ 7(c) (2.14)

J

known as the algebraic cubic Dirac operator associated with W, where {X,} is an
orthonormal basis of q with (X;,X;); = £d;,. We refer to ¢ as the cubic term.
Note that when b is the set of fixed points of an involution of g then the cubic
term vanishes. The (cubic) Dirac cohomology of the g-module W is now defined
as the quotient (see [8])

H(W) = Ker(Dw)/Ker(Dw) N Im(Dw). (2.15)
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3. Special parabolic subalgebras

In this section, we describe parabolic subalgebras of g that have some particular
properties. Let us first observe that if b is a complex Lie algebra, ¢, 0 and ¢
subalgebras of b such that b =c¢® 0 & ¢, where ¢ 0 and ¢ @ e are subalgebras,
0 is a nilpotent ideal in ¢ & 0 and ¢ is a nilpotent ideal in ¢ & ¢, then ¢ 0 and
¢ @ ¢ are both parabolic subalgebras of b.

Proposition 3.1.
Let p be a parabolic subalgebra of g which is (b, q)-split, i.e., p = (pNh) B (pNq).
Then,
(i) pN b is a parabolic subalgebra in .
For any such p, one can choose a Levi decomposition p = [ @ u of p, a Borel
subalgebra b and a Cartan subalgebra t of g such that
(ii)) pNnbh=(INh) ® (unh) is a Levi decomposition of pN b,
(iii) b N is a Borel subalgebra of b,
(iv) b is (b, q)-split, i.e., b=(bNh)® (bNyq),
(
(
(

11
1

v)tcbnl,
vi) tNh C bNINk is a Cartan subalgebra of b,
vii) tis (b, q)-split, i.e., t=(tNHh) d (tNq).

Proof. Suppose p is an (b, q)-split parabolic subalgebra of g. Choose a
compact real form g. of g such that h N g. is a compact real form of h and
write 7: g — g for the corresponding conjugation of g:

Tige+V—1lg. — ge +V—1ge, X + V-1V = X —/-1Y.
In particular, since the Killing form of g satisfies
(X,7(Y)) = (7(X),Y) VXY €g
the subspaces h and q are both 7-stable so that g. is (b, q)-split:
ge=(hNgo) ®(aNge)
Since p is a parabolic subalgebra, it is a fact that
p={Xeg|(X,Y)=0,VY cu}
where u is the nilradical of p, and
u={Xep|(X,Y)=0,VY €p}.
One deduces from this that
u=wnNh)®@ung) and u=TNH) & (WNq).

Therefore the intersection pNg., given by pNg. ={X € g. | (X,Y) =0 VY € u},
is a (b, q)-split compact real form d. of a (b, q)-split Levi factor ? of p. Thus

g=0duddu=0ONhHedunh e@nh)e@nNg) &ung) ®Nq).
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From the observation preceding the proposition, we deduce that

pNb=(nbH) & (unh)

is a parabolic subalgebra of §. This proves (i) and (ii).

Before we turn to the proof of the remaining assertions, let us show how
one can construct (h,q)-split parabolic subalgebras of g satisfying properties (i)
and (ii). Let t, be the subspace of 7-fixed vectors in a 7-stable Cartan subalgebra
t of b, where 7 is the complex conjugation of g described in the beginning of
the proof. Write A(h,t) for the set of roots of h with respect to t. It is well
known that roots in A(h,t) take real values on (v/—1)ty. So pick an element T
of (v/=1)ty and define pr to be the sum of all eigenspaces of ady(7T) with non
negative eigenvalues

pr =3 {X eg|[T,X] = AX}.

A>0

Since T € b and [h, q] C q, we deduce that

pr=(prNh) @ (prNq) and prNh=>Y {X €bh|[T,X]=IX}.

A>0

Moreover, if we let

lr = Zy(T) ={X € g |[T,X] =0} and up=>» {X €g|[T,X]=AX}

A>0
then
pr = Iy ® ur. (3.2)
Again, since T € h and [h,q] C q, we have

lr=UrNHh) @ (IrNg) and ur = (urNh) ® (ur Nq).
In particular, py N decomposes as
prNh=(lrNbh)d (urNh) (3.3)
and we have
g=lr®ur®ur and h=(rNh) & (urNh) & (UrNh),

where
ur =7(ur) = Y {X eg|[T,X] =X}
A<0

We deduce, from the observation preceding the proposition, that pr is a parabolic
subalgebra, which is (b, q)-split by construction, with Levi decomposition (3.2).
We also immediately obtain that pr Nk is a parabolic subalgebra in h with Levi
decomposition (3.3).

Finally we prove (iii)-(vii) at once. Suppose we are given a (b, q)-split
parabolic subalgebra p in g with (b, q)-split Levi decomposition p = [Gu so that
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pNb is a parabolic subalgebra of § with Levi decomposition pNh = (INh) D (uNh).
Choose a compact real form g. of g such that hNg. is a compact real form of b
and [N g. is a (b, q)-split compact real form of [. Let ¢y be a Cartan subalgebra
of [N b such that

= (Ng.) BV—-1(coNge)
and let by be a Borel subalgebra of [Nk with Levi decomposition
bo = to @ 1.

It is known that if Y € v/—1(¢o N g.) then ad(Y") takes real values on [Nh. Let
n be the unique element in /—1(¢y N g.) such that

Tr(ad(X)|s,) = (7, X), VX € &.

By definition 7 is regular with respect to [N b, therefore Zy(n) = ¢ which
implies that
Zi(n) = ¢ ® Zing(n)-

Actually by is the sum of all eigenspaces of ad(n)|iny with non negative eigenvalues:

Go={Xelnh|nX]=0} and by=)» {X elnh]|[yX] =X}

A>0

On the other hand, the sum of all eigenspaces of ad(n)|; with non negative eigen-
values is a parabolic subalgebra p; of [ with Levi decomposition

pi=a’@a’
with
@’ ={X €l|[pX] =0} and a* =) {X €]y, X] =X},
A>0
i.e.

a® = 1l @ {positive eigenspaces for ad(n)|ine}-

Note that a° is (b, q)-split and a® N'h = ¢;. Hence, the orthogonal complement
of ¢o in a’ equals a® N q. Thus, any vector subspace of a’ containing ¢, is
automatically (b, q)-split. Observe that Zi(¢o) C Z((n). In particular any Cartan
subalgebra of Z(Z,) is (b, q)-split. Let by be a Borel subalgebra in Z(¢,). Then
its nil-radical [by, by], being orthogonal to its Cartan subalgebra which contains
Co, is automatically contained in Z(¢y) N q. As a consequence, we conclude that
by is (b, q)-split. Let by be a Borel subalgebra of Z(n) extending b;. Again, its
nil-radical [by, by], being orthogonal to a Cartan subalgebra of b, which contains
Co, is automatically contained in Zi(n) Nq. So, if we let

szl@a+

then b is a (b, q)-split Borel subalgebra of [, whose intersection with § is bo.
Therefore
b=bDu
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is a (b, q)-split Borel subalgebra of g contained in p. Moreover
bNh=be® (uNh)

is a Borel subalgebra of h contained in pNh. Finally if t; is a Cartan subalgebra
of by then it is a (b, q)-split Cartan subalgebra of g contained in [. Moreover
t1 Nh = ¢y is a Cartan subalgebra of h contained in [Nh. [ |

4. Special chains of Verma modules

Following Proposition 3.1, we fix a (b, q)-split parabolic subalgebra p of g with
Levi decomposition g = [ u, a (b, q)-split Borel subalgebra b of g and a (b, q)-
split Cartan subalgebra t of g contained in b N[ such that p N is a parabolic
subalgebra of f, b N h a Borel subalgebra of h contained in pNh and tNh is a
Cartan subalgebra of h contained in b N INh. Write Ay (resp. Ay, A,) for the
set of t-roots in g (resp. [, u) and Ay (resp. Ay, Ayny) for the set of tNh-roots
in h (resp. [NHh, unph). The Borel subalgebra b of g defines a unique positive
system Py (resp. P, P,) for Ay (resp. Ar, Ay) so that

P,= P.UP,.

Similarly the Borel subalgebra bNh of h defines a unique positive system P (resp.
Py, Purp) for Ay (resp. Ajnp, Ayqp) so that

Py = Py U Py,

As in Section 2, write Wy (resp. Wj) for the Weyl group associated with Ay (resp.
Ay), Iy (resp. Ily) for the set of simple roots in P, (resp. Fy) and p, (resp. py)
for the half sum of positive roots in A; (resp. Ay).

Since P U (—PF,) and Py U (—FP,np) are also positive systems for Ay and A
respectively, there exist unique elements w € Wy and o € Wy such that

ng:P[U(—Pu) and O'Ph :Plﬁhu(_Puﬂh)- (41)
Proposition 4.2.

A

Let A € t* be a F;-dominant integral weight, i.e., 22 ’a; e N for all a € F,.
a,a

Then the weight © € (tNh)* defined by

o (w(X + pg)licn — pglion + py) — Py

is Py-dominant integral.

Proof. Integrality is obvious. Indeed since w(\ + py) — py is wP;-integral, so
the restriction (w()\ + pg) — pg) ling to tNh is o Py-integral, and p is Py -integral.
Next tNbh is a Cartan subalgebra of both h and [N h. In particular, the Weyl
group Wiy associated with A(INh, tNh) = Pry U (—PFPiry) is contained in Wy:

W[ﬂf) C Wh'
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Let 7 be the unique element of maximal length in Wy, i.e.,
7(Ppny) = =Py and 7(Pynp) = Punp- (4.3)
Observing that
Too(B) = 7(Bry U (=FPuny)) = (=Firp) U (=Furp) = =B

and writing
def.
v = 1o,
one has v*(P,) = Py, i.e., ¥ = e and therefore

o l=yor.

We now proceed in four steps.

(i) v o m(w(X =+ pg)linn) — py is —¥(Purp)-dominant.
Indeed it suffices to show that v o 7(w(A + pg)|ip) is Py-dominant regular since
one has the inclusion —y(Pyry) C —v(FPy) = Fy. Recall that w(A+p,) is dominant
regular integral with respect to P, U (—P,), so w(A + pg)linp is dominant regular
integral with respect to Py U (—Pup) and 7(w(A + pg)|ip) is dominant regular
integral with respect to (—Py) U (—Punp) which implies that v o7 (w(X + pg) i)
is dominant regular integral with respect to v(—F) = F.

(ii) v o 7( = pgliny + py) is —¥(Purp)-dominant.
Indeed, by (2.3), py is dominant regular integral with respect to Py, so pgling
is dominant regular integral with respect to P, i.e., pgliny — pp is dominant
integral with respect to P and —pglen + py is dominant integral with respect
to —F, which implies that v o 7'( — Pgliny + Pb) is dominant integral with respect
to —yo7(Fy) 2 —vo1(Rny) = —7(Purp)-

(iii) v o 7(w(X =+ pg)liny — Pgliny) is —(Pep)-dominant.
Indeed observe that II; C II;, where II; denotes the set of simple roots in F.
In particular one has: 2% =1 for all & € II;. Now w(\ + pg) is dominant
regular integral with respeét to wP, = PU (—D,), so w(A+ py) is dominant
regular integral with respect to P and w(\ + py) — pg is dominant integral with
respect to P, i.e., (w(X+ pg) — pg)liny is dominant integral with respect to Py
which implies that v o T((w()\ + pg) — pg) \mh) is dominant integral with respect
to v o 7(Pry) = —v(Pir)-

(iv) yo7(py) — py is —(Pirp)-dominant.
Indeed we have

vorl(py) —py = (7(py) + py)
= (7 (piry + purn) + o)
= Y(=piw + puny + 1)
- 7(2puﬁh>~
Since 2pyny is the highest weight of the one dimensional representation A*P(uNh)

of INB, we obtain that

<2pumb,a> =0 VOCGP[Q})
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i.e., yo7(py) — py vanishes on yo7(Pny) = —7(FPig), and therefore it is dominant
with respect to —y(BPnp) .

Finally adding up (i) and (ii), we see that u is —y(P,np)-dominant, while adding
(iii) and (iv) shows that p is —vy(Pny)-dominant, which implies that ¢ is dominant
with respect to ( —v(Pung)) U (= ¥(Prp)) = =v(Pury U Pry) = —(Py) = F,. =

Now Proposition 4.2 may be restated as follows. TIf vy,yp.)—p, 18 the
canonical generator of the Verma module Vg p, wxtp,)—p, fOr @, then the U(h)-
module generated by vy(x1pg)—p, 18 isomorphic to the Verma module Vi p, o (405)—ps
for h. On the other hand, write

W= 84, 0 "0 S8y arldO':SBSo---osﬂ1

for reduced expressions of w and o, where «; € Iy and j3; € I are not necessarily
distinct and define

Wi = 84,0+ 08y, and o; =8g,0---08p fori=1,--- tandj=1,--- s,

with wyg = e and oy = e, so that

ot at—1 as a2 a1
W Wy — v Wy — wy e
s ﬁs— B
o L 0-8—1 %1 ...... <_3 0'2 ﬁ 0—1 (6_1 e (4'4)

Then, from (2.5) and (2.6), we deduce the following chains of inclusions of Verma
modules

V’J:vaﬂ(/iﬂ)h)*ﬁb - Vf),thUs—l(M+Ph)*Ph C W)’PI;:Us—z(MJrPh)*Pb Coveeee C V;J,Ph,u
1N (4.5)
‘/gvpﬂ’w(A"‘pﬂ)_pg g ‘/97PE’wt*1(>‘+pg)_pﬂ g ‘/Q’met*?()“i'pﬂ)_PE g ............ g ‘/gvPElr)‘

It should be noted that these two chains need not have the same length. However
there is a natural chain of g-modules of the same length as the above chain of
Verma modules for § which is compatible with this chain

V;%tho'(#""ph)_/)h C W),Ph,os—l(uﬂn)—ph Corvrrrreeeeee C W),Ph,u
1N 1N 1N

L[(g) @t (n) Vh:tha(#+Pb)*Ph - U(g) ®u(p) VvhaPh»Usfl(NJFPh)*Ph c---C U(g) Qi (p) WLPML

But the g-modules U(g) ®uw) Vo,py.0;(utpy)—ps» J = 0,1, -+, 5, are not interesting
from the point of view of representation theory. One needs to construct a more
refined chain of g-modules compatible with the above chain of Verma modules for
h. To construct discrete series modules for a real semisimple Lie algebra, Enright
and Varadarajan devised a method in [3]. We follow a similar approach for our
needs. This will be the object of the next section.
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5. Generalized Enright-Varadarajan modules

The following technical lemma will be crucial for the construction of our modules.
It was proved by Enright and Varadarajan in the case where g and b have equal
rank, and the proof is exactly the same in the unequal rank case.

Lemma 5.1. (Lemma 4 in [3])

Let Vo = U(g)vg be a cyclic U(g)-module with cyclic vector vy and write Uy =
U(h)vy. Let U = U(h)v be a cyclic U(h)-module with cyclic vector v. Suppose
that ¢ : Uy — U is a U(h)-module injection. Then there exist a U(g)-module
V' containing U and a U(g)-injection ¢ : Vj — V such that

(i) V=U(g)v.
(il) ¢lu, = 2.

Suppose further that U is a U (h)-module of type Py and that both U and Vj are
E_s-free for all g € B .

(iii) One can choose V' such that it is E_g-free for all § € P, and is the sum of
U(h)-modules of type P .

Fix A € t* a Fj-dominant integral weight and write V; for the Verma
module Vi p, 5.0 i(utpy)—py» With @ = 1,--- s+ 1 and where o; is defined by
(4.4). In particular the top chain in (4.5) reads as follows

Vich,Covvnnn C Vs C Vi

Put W1 = Vi p,wnipg)—p, and apply Lemma 5.1 with Uy = Vi, Vj = Wy and
U = V;, where vy is the canonical generator of the Verma module W; and v is the
canonical generator of the Verma module V5. Then one obtains a U(g)-module
Wy and a U(g)-module injection so that:

Vi € W,
1N 1N
W, € W,

Moreover Wy is Eg-free for all § € By and is the sum of U(h)-modules of type
Py. By induction, we obtain a chain Wy C Wy C --- C Wiy of U(g)-modules,
where each W; is E_g-free for all 5 € By and is the sum of U(h)-modules of type
Py so that

Vi € Vyp Covevvns Ve € Vi
1N 1N 1N 1N (5.2)
Wl g W2 g """ g Ws g Ws+1

It should be noted that Wy = V{ p, w(x+py)—p, 1S, by definition, a Verma module for
g, but in general none of the other W;’s is a Verma module for g. Next, observe
that

Wig1/W; is mg,,, ,-finite for i =1,2,--- | s. (5.3)
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Indeed if v; denotes the canonical generator of the Verma module V;, then
o Hs ., iy1 =v(Hg,, ,)vis1 for some v € (tNh)*,
o FF v;ip1 = 0 for some positive integer k (since V; is bounded above

Bs+1—i
with respect to B ), and

° Einé:ifiv”l € W; by (2.5) with m; = 2% and p; = o1 (p+
Py) = Py-

We shall now make an extra assumption on our parabolic subalgebra p =
[@Du. Let X, be the element of t uniquely defined by

(Xp, X) =Tr(ad(X)|ls) VX et
Assumption 5.4. The element X, belongs to tNh.

Note that this assumption is automatically satisfied when b is the set of fixed
points of an involution of g or when g and b have equal rank. Moreover it is easy
to check that

a(X,) =0 Va € BN (—7(F)) and a(X,) >0 Va € BN (1(5)),

since one has 7(P) = (—Pnp) U Pyrp by (4.3) and uNb is the nilradical of pNb.

On the other hand, it is known that parabolic subalgebras of g containing
the Borel subalgebra b are parametrized by subsets of II;. Write II(p) for the
subset corresponding to our parabolic subalgebra p:

(p) = {T(p) N (=T'(p))} N1
where I'(p) = {a € Ay|go C p}. For all « in I(p), we have
‘/gvpgasaw()\"!‘/?g)_ﬂg g Wl (55)

since

P,N(wF,) = R and PN (—wh,) = B,

Indeed, since A + pg is P;-dominant integral regular, w(\ + py) is wP,;-dominant
integral regular. On the other hand, for all o € P, we have

<w(/\+Pg> _nga> o <w(/\+pg),a> _ <Pg7a>
T ) =P ) Claa)
_ 2<w()\+pg),a>_1

(o, )
€ N since P C wh,

ie., w(A+ pg) — pg is dominant integral with respect to Py N (wh,). Next, since
II(p) C Py N (wh,) we see that

(w(h+ py) )
a0

and (5.5) follows by (2.5). Therefore, we may define the following U(g)-submodule
of W12

e N\ {0} Va eTIl(p)

Wo = Z Vo, Py saw(itpg)—pq- (5.6)

a€cll(p)
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In particular the following subspace of Wy, 1:

Wiy = {ve Ws | vis mg,-finite modulo Wy}
= {ve Wy | BT v e W for some m € N} by (2.10)

is a U(g)-submodule of Wy, by (2.11). We let

Wii = {ve Wey | vis mg,  -finite modulo Wi o}
{veWe | BT v e Wi for some m € N}

and, by induction
Wi ={v € Wsy1 | vis mg, ,-finite modulo Wy, _;} fori=1,---,s—1.

One obtains the following chain of U(g)-submodules of Wy, :

In a similar way, we define

Wio = {U € Wy | v 18 m587i+1—ﬁnite modulo M_l} fori=1,---,s
and
Wi ={v € We |vismg,_,,, -finite modulo W;; 1} for j=1,---,5—1.
so that
Wio CWip Covvves CWieifori=1,---s.

Finally we put o
Wi:mﬁ,i for ¢ = 1, , S

and we define the U(g)-submodule of Wy, ;:
W=W;+W;+Wy+---+ W, (5.7)

This module depends on the reduced expression (4.4) of o. Therefore we define
the following U(g)-submodule of Wi :

W = > W. (5.8)

reduced expressions of o

We observe, from definitions, the following important property of the modules
W, and W; which plays a critical role in the proof of our main result in Section 6.

For any P;-dominant integral weight v, if V§ p,, € W; for some i then  (5.9)

Vo, Pyot (v4o)—pn © Vi,pyr N W1, for o’ € Wy with £(0”) < s.

The same property certainly also holds if W; is replaced by W.
Next let Wp, » be the following quotient

Weon S Wy /W (5.10)
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Lemma 5.11.  The U(g)-module Wp,  is non zero and h-finite.

Proof. By Lemma 4.6 of [14], we know that the canonical generator v,y
of the Verma module V;,; does not belong to WW. Moreover, by the inductive
construction (5.2) of the U(g)-modules W;, we know that W1 = U(g)vss1. This
proves that the quotient Wy, /W is a non zero U(g)-module. On the other hand,
let Tsy1 denote the image of vei; in Wi /W, so that U(g)Us1 = Weir/W.
In particular, it suffices to prove that the non zero vector v,,; is h-finite, i.e.,
dim(U(h)vs11) < +oo. For this, using (2.7), it is enough to prove that the

annihilator of Tyy; in U(h) contains E™e* for all a € II,, where m, = 225 3?,
ie.,
Emetly €W Va el (5.12)

Suppose this is not true, and let a € II; be such that E™ y.1 & W. Then
Emetly, . is a Py -highest weight vector in Wy, which is non zero modulo W
and with highest weight

<,u+ph70‘>
(a,a)

[0
a—a=p—2 o = sa(p+ py) — po-

We apply Lemma 4.6 of [14] to see that os,(u+ py) — pp is dominant integral with
respect to PyN(—7(Fy)). Recall that 7 is the unique element of maximal length in
the Weyl group Wi, defined by (4.3). Moreover there exists a reduced expression
O = Sy Sypp -7 Sy, for o such that v¢; € Il and v, = o (see Remark 4.12 of
[14]). Consider the U(g)-modules W, and W associated, by (5.2) and (5.7), with
this reduced expression of o. By definition we have W, = U(g)E™ v,y ¢ W C
W. Tt follows that E™< v, ., € W which is a contradiction. This proves (5.12)
and implies the lemma. [ |

Let 7, be the finite dimensional U(h)-module of highest weight v with

respect to Py and write [Wp, \ : 7,] for the multiplicity of 7, in Wp . Let
J(Wp,x) be the set of P -highest weights of Wp, .

Lemma 5.13. LetveJ (me »). Then one has the following assertions.

(i) [Wp, : 7] cannot exceed the maximum number of linearly independant F-
highest weight vectors in Vg p, w(r+ps)—p, With highest weight o (v + pg) — py.

(ii) The multiplicity [Wp,  : 7] is finite.

(ili) If v # =3 5c(p,) 8Bliny, With cg € N, then [Wp 5 : 7] =0.
(iv) Win il = 1.

(v) pu—aley & J(Wp,,) forall a € B,.

Proof. The proof of these assertions is essentially the same as that of Theorems
5.6 and 5.7 in [14]. ]
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The decomposition (2.4) of g induces the following decomposition at the
level of the enveloping algebras

U(g) =U(t+n") dU(g)n. (5.14)

Write S(g) (resp. S(t), S(t+n7)) for the symmetric algebra of g (resp. t, t+n")
and
R :S(g) — U(g)

for the symmetrization map. Let U™ = Zy,)(tN h) be the centralizer of tNh in
U(g). Following (5.14), write any y € U™ as y = yo + y1, with yo € U(t+n")
and y; € U(g)n. Since the decomposition (5.14) is stable under ad(t) then both yg
and y; belong to U™ In particular R~!(y) is annihilated by ad(t). Therefore,
from our assumption 5.4,

Py={ae Ay | a(X;) > 0} and t = Ker(ad(X,;))

for some X, € tNh, we deduce that R~!(yo) € S(t) and yo € U(t). This defines
a linear map:

B, U™ — U), y— o
which turns out to be a homomorphism of algebras (Lemma 5.1 in [14]). Observe
that the centralizer U of b in U(g) is contained in U'M. As is customary, view
the elements of the symmetric algebra S(t) as polynomials on t*. Hence, for the
above choice of P, and for each a € t*, we obtain the following homomorphism

XPg,a :Ub — Ca Y= /BPQ (y)(a) (515)

Finally, let A be the collection of all ¢(g)-submodules of Wp, 5 that do not
contain the image 7y, of the canonical vector vsi; (see proof of Lemma 5.11).

Define
Mpa= > M
MeA
and
By(A) = Wp, 2/ Mp, . (5.16)

Combining (2.12) with Lemmas 5.11 and 5.13, we deduce the following theorem.

Theorem 5.17. Let g be a complex semisimple Lie algebra and § a quadratic
reductive subalgebra of g, with g = h & q where h and q are orthogonal with
respect to the Killing form of g. Let p be a (b, q)-split parabolic subalgebra of g
subject to Assumption 5.4. Fix a (b, q)-split Borel subalgebra b of g contained
in p and a (b, q)-split Cartan subalgebra t of g contained in b such that b Nk
is a Borel subalgebra of h and tNh is a Cartan subalgebra of h (see Proposition
3.1). Denote by P, (resp. ) the positive system for t-roots (resp. tN h-roots)
in g (resp. bh) associated with b (resp. bNh) and write py; (resp. py) for the
half sum of roots in P, (resp. Py). Let w (resp. o) be the specific element of the
Weyl group associated with t-roots (resp. t N h-roots) in g (resp. h) defined by
(4.1). Let X € t* be P;-dominant integral and let i € (tNh)* be the P -dominant
integral weight defined by o= (w(X + pg)|iw — palin + py) — py (see Proposition
4.2). Let B,(X) be the U(g)-module defined by (5.16). Then we have the following
assertions.
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(a) By(A) is a non zero irreducible h-finite U(g)-module.

(b) The irreducible finite dimensional ¢ (h)-module of P -highest weight 1 oc-
curs with multiplicity one in By(\).

(c¢) On the isotypical U (h)-submodule of B,(A) corresponding to p, the central-
izer U" of b in U(g) acts by scalars given by the homomorphism X p, o4y )—p
given by (5.15).

(d) By(A) is unique up to equivalence if b is semisimple.

(e) If v is a P-dominant integral weight, the multiplicity of the irreducible finite
dimensional U (h)-module with highest weight v cannot exceed the (finite)
maximum number of linearly independant Fj-highest weight vectors in the
Verma module Vg p, w(rtpg)—pg -

(f) If a € P, and p— oy is Py-dominant integral regular, then the irreducible
finite dimensional ¢ (h)-module with highest weight p— a¢y does not occur

in By(A).

We shall refer to the modules By(\) as the generalized Enright-Varadarajan
(g, bh)-modules associated with the (B, q)-split parabolic subalgebra p and the
weight .

6. Dirac cohomology

We now turn to our main result.

Theorem 6.1. Let g be a complex semisimple Lie algebra and § a quadratic
reductive subalgebra of g, with g = & q where h and q are orthogonal with
respect to the Killing form of g. Let p be a (h, q)-split parabolic subalgebra of g
subject to Assumption 5.4. Fix a (b, q)-split Borel subalgebra b of g contained
in p and a (b, q)-split Cartan subalgebra t of g contained in b (see Proposition
3.1). Denote by P, the positive system for t-roots in g associated with b and
write py for the half sum of roots in F;. Let w be the specific element of the
Weyl group associated with t-roots in g defined by (4.1). Let A € t* be a P,-
dominant integral weight and let B,(\) be the corresponding generalized Enright-
Varadarajan (g, h)-module defined by (5.16). If the weight A satisfies the condition
that w(A+pg)|ing = 0, then the cubic Dirac cohomology of B, () defined by (2.15)

1S non zero:

H(By(A)) # {0}

Proof. Let P, be the positive system defined by the Borel subalgebra bnb of
b and write py for the half sum of roots in /. Observe that, given our choice of
the positive systems P, and Py, the spin representation (sq,S;) of b, defined by
(2.13), has a Fj-highest weight vector v, which is of weight p,, where

Pgln = Py + P (6.2)
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Next recall that v; denotes the canonical generator of the Verma module V; =
Vi, Pyossri(utpy)—py» With @ = 1,--+ s +1 and o; is defined by (4.4). Let V/ be
the U(h)-module generated by the (non zero) vector v; ® vy:

Vi = U(0)(0 © ) S Vi © S,

Let p € (tNh)* be the By-dominant integral weight defined by Proposition 4.2
and o the specific element of the Weyl group associated with t N h-roots in b
defined by (4.1). Then, with respect to the positive system Py, the vector v; ® v,
has weight

o(p+py) —py+pg = (w(/\ + pg) — ,og> iy + pg by Proposition 4.2
= w(X+ pg)liny — py by (6.2).
Since w(A + pg) is w(P,)-dominant regular integral then w(A + pg)|ip is o(Fp)-

dominant regular integral. In particular, there exists a unique g’ € (tNh)* which
is Py-dominant integral such that

w(A + pg)liny — py = o (' + py) — py

and
/ ~
‘/1 — V;%Ph,cf(u’-f—ph)—pb'

Using the reduced expression (4.4) of o, we set

‘/2/ def

vh,PmUsfl(M’-i-ﬂb)—ﬂh
= {velh®S;| vis mg-finite mod. V{}

where mg, is the subalgebra of h isomorphic to sly generated by the triple
{Hp,, Es,, E_3,} defined by (2.2). In a similar way one defines U(h)-modules
V! for i =3,--- s+ 1, so that one deduces, from (5.2), the following chains

1% C \/2/ Coovvrenennnnnns C Vs/+1
1M 1M 1N
ViesS, C Va®S8 C-ovvvvene C Vi1 ® 5,
1N 1M 1N
Wi®S; C€ Woa®Sy Cvvvvveens C Wi ® 5,
For i € {1,---,s+ 1}, write v for a (non zero) highest weight vector in V; and

write D; for the cubic Dirac operator associated with W; by (2.14):
DZVVZ®Sq—>VV1®Sq
Actually D; is the restriction of Dy,q to W;:

D; = Derl

W¢®Sq .

By a result of Kostant (Theorem 3.15 in [8]), combined with Proposition 4.2, we
know that
V! C Ker(Dy) (6.3)
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and
the image of v} in Ker(DWl/WO)/<Ker(DW1/WO) ﬂIm(DWl/WO)> is non zero (6.4)

where W, is the maximal proper submodule of W; defined by (5.6). We claim
that
V! CKer(D;) fori=1,--- s+ 1. (6.5)

Indeed, for ¢ = 1 this is just (6.3). Next, Dy(V;) C Wy ® Sy and, V5 /V/ being
mg, -finite, Dy(V3)/Do(VY) is mg, -finite. But we have
Dy (V{) = Dy(Vy) = {0} by (6.3)

which implies that Dy(V3) is mg, -finite. On the other hand, we know, from Lemma
5.1, that Wy is E_g-free for all § € Py. So Do(Vy) is E_g-free for all § € Py as
well. This implies that Dy(V3) = {0}. Now (6.5) follows by induction on i.

Next recall the quotient Wp, y = W,y1/W defined by (5.10) and write

7 Wepr — Wpa
7T/:7T><IdIWS+1®Sq—>ng’>\®Sq

for the corresponding quotient maps. In particular, we have
7T/<Vs/+1) C 7'(Ker(Dy41)) € Ker(Dng,A)-
We claim that

7'(V,,1) has a nonzero image in the quotient Ker(DWPg’A)/<Ker(DWPg,A)ﬂIm(DWPg7A)>.
(6.6)

Indeed, suppose this is not true, i.e.,

7'(V,1) maps to zero in the quotient Ker(DWPg,A)/<Ker(DWPg,A) N Im(DWPM))
(6.7)
If p denotes the map
p:We1 ®S; — Wpa®S;, w 7' (Dyy1(w))
then (6.7) implies that
7' (Vi) € Im(p).

Now we apply Lemma 2.9 to find a B -highest weight vector ys;1 of We11 ® Sy of
same weight as v/, such that

P(Ysr1) = W/(U;Jrl)
which means that

W,(Ds—&-l(ys—i—l) - U;-H) =0. (6'8)

To proceed further we need a good understanding of the kernel of #n’. This is
where the property (5.9) has a decisive role to play. We note that the property
(5.9) remains valid if the modules appearing in all the statements there are tensored
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with a finite dimensional h-module. The kernel of 7’ is W ® S, which, by (5.7)

and (5.8), equals
> WS,

reduced expressions of o

= > W@ S+ W1 @S +Wo®Sg+---+W,® S,
reduced expressions of o
The last displayed sum is a quotient of the ‘abstract” direct sum of the same
summands (via inclusion maps). We can therefore apply Lemma 2.9 to pull back
(Dst1(Yss1) — vipq) to a Py-highest weight vector

9= 9"

in this abstract direct sum on the left side of this quotient map, where 9*) denotes
a component of ¥ in a typical summand. Note that property (5.9) is applicable to
¥*) . We will now show that each 9 has to be zero.

All the vectors 9, 9" yoi1, Doy1(yss1), v, , have the same weight, namely,
p € (tNh)* which is P -dominant integral. Recall that v} has weight o (1’ + py) —
py € (tNh)*. In particular, by (2.5) and (4.4), one has

m'1+1Em/2+1 Em;+1 '

/
’Ul = E—ﬁ‘s _6871 ...... —51 Us+1
with ( " ) 5
Sa. c. . 8 _|_ _ , ) ‘
My =2 Bt BT P TP oy = 1,---,s.
(Bi s Bi)
Define 041 = 19,19&31 = 9% and put
Mt aml et f+1 .
ysii+1 = E—B,L +1 E—,Bi_;FQ ...... ETﬁl y8+1 for — 1’ e ,S
- 1 o 1 ’ )
Vs—ip1 = ETE;ZHJF Er_nE:IrZJF ...... ETE;rlﬁs+1 fori=1,---,s
(k) il oml ot ml+1 (k) .
/195_2-_,’_1 — E—ﬁl +1 E—Biij’Q ...... E—ﬁl 198+1 fOI‘ 17 = ]_, P 75_

Thus,
Di(yr) —vf =Y 0.
We get a chain of Verma modules for U(h):
U Cumwd - c U)ol
Then, by induction on ¢ and using (5.3) and (5.9), we deduce from (6.8) that
U)o U < Wy @ Sy) nu(m)0f),. (6.9)

where U is a Verma module for ¢(h) with highest weight 7 (' + py) — py
and 7® € Wy with £(7®)) < s. The weight of 195’“) is o(i' + py) — py. But p' is
P,-dominant integral and ¢(o) = s, £(7™®)) < s. Hence,

o'+ py) = py =T (W + py) —py — Y alPla
aGPf)
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for some non negative integers alk) satisfying the condition

< Z ag‘“)a> # 0.

OéEPh

But, looking at the weights of W; ®.9;, the inclusion U®) ( o~ %7Ph77(k)(u,+ph),ph) C
W, ® S, implies that

T+ py) — py = o (1 + py) — oy — Y bPar,

OéEPh

for some non negative integers b . This shows that (6.9) is impossible. Therefore,
195’“) =0= 195_?1 and hence also ¥ = 0. In turn this implies that Dy (yst1)—vi, =
0, and D;(y;) — vy = 0. But this contradicts (6.4). Finally, this proves our claim
(6.6). ]

Observe that, since the chain of U(g)-modules (5.2) is equivariant with
respect to the center of U(g), the infinitesimal character of B,(\) is the same as
the infinitesimal character of the Verma module Vy p, w(x4p,)—p, - Kostant’s theorem
asserts that (Theorem 4.1 in [8]):
if F, is an irreducible h-module with highest weight v € (tN§)* then

F, C H(B,(\)) = w'w(\+ py) = U+ py for some w' € W,

where m denotes the extension of v+ py to t* whose restriction to tNq equals
Zero.
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