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Abstract. In this note we propose a method to classify homogeneous nilpo-
tent elements in a real Z,,-graded semisimple Lie algebra g. Using this we
describe the set of orbits of homogeneous elements in a real Zs-graded semisim-
ple Lie algebra. A classification of 4-vectors (resp. 4-forms) on R® can be given
using this method.
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1. Introduction

Let g = ®jez,, 9; be areal Z,,-graded semisimple Lie algebra. If m > 3 we cannot
associate to this Z,,-gradation a compatible finite order automorphism of g as
in the case of complex Z,,-graded Lie algebras, unless m is even and the only
nonzero components of g have degree 0 or m/2. To get around this problem we
extend the Z,,-gradation on g linearly to a Z,,-gradation on the complexification
g. Denote by 6% the automorphism of g© associated with this Z,,-gradation, i.e.
HCC = exp T2 2“‘ﬁk -Id.

Let G‘C be the connected simply-connected Lie group whose Lie algebra is
g®. Clearly, 6° can be lifted to an automorphism ©F¢ of G®. Denote by G§ the
connected Lie subgroup in G whose Lie algebra is g§. A result by Steinberg
[31, Theorem 8.1] implies that G is the Lie subgroup consisting of fixed points of
OF. Note that the adjoint action of group G5 on g® preserves the induced Z,, -
gradation on g©. Let G be the connected Lie subgroup in G® whose Lie algebra
is g. Denote by G the connected Lie subgroup in G whose Lie algebra is gg. The
adjoint action of Gy on g preserves the Z,,-gradation. We note that the adjoint
action of GGy on g coincides with the adjoint action of any connected Lie subgroup
Go of a connected Lie group G having Lie algebras go and g correspondingly.
In [33] Vlnberg observed that by considering a new Z;,-graded Lie algebra g,
m = W and g, = gpr for p € Z; we can regard the adjoint action of Gy on
g, as the action of Gy on g;. Thus in this note we will consider only the adjoint
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action of Gy on g;. We also write “the adjoint action/orbit(s)”, or simply “orbits”,
if no misunderstanding can occur.

The problem of classification of the adjoint orbits in real or complex graded
semisimple Lie algebras g = ®;cz, g; is related to many important algebraic and
geometric questions. In [32] Vinberg proposed a method to classify the adjoint
orbits in complex Z,,-graded semisimple Lie algebras. His work developed further
the theory of Zs-graded complex semisimple Lie algebras by Kostant and Rallis
[19], and the theory of finite order automorphisms on complex simple Lie algebras
by Kac [20]. It is known that all Cartan subspaces in gt are conjugate [33]. Thus
the classification of semisimple elements in g% is reduced to the classification of
the orbits of the associated Weyl group on a Cartan subspace in gt [33]. To
classify nilpotent elements in g&, Vinberg proposed a method of support, which
associates to each nilpotent element e in g; a Z-graded semisimple Lie algebra
defined by a characteristic h(e) of e, see section 4 for more details. In a complex
Z,-graded semisimple Lie algebra a nilpotent element e in g; is defined uniquely
up to conjugacy with respect to the centralizer of h(e) [32]. If m = 1, we can also
classify nilpotent orbits in a simple Lie algebra g over an algebraic closed field of
characteristic 0, or of prime characteristic p, provided p is sufficient large. We
refer the reader to the book by Collingwood and McGovern [4] and the book by
Humphreys [15] for surveys.

In a real Z,,-graded semisimple Lie algebras g the conjugacy classes of Car-
tan subspaces may consist of more than one element. Furthermore, a given char-
acteristic element in a real Z,,-graded Lie algebra can be associated with many
conjugacy classes of nilpotent elements in g;. These phenomena are main difficul-
ties when we want to classify the adjoint orbits in a real Z,,-graded semisimple
Lie algebra g. If m = 1, i.e. g is without gradation, a classification of the adjoint
orbits of nilpotent elements in g can be obtained, using the Cayley transform [9],
[29] and a classification of nilpotent elements in the associated Zs-graded complex
semisimple Lie algebra, see e.g. [4], [10]. Furthermore, a classification of the ad-
joint orbits of semisimple elements in g can be obtained from the classification of
Cartan subalgebras in g by Kostant [17] and Sugiura [30]. We also like to mention
here the work by Rothschild on the adjoint orbit space in a real reductive algebra
[28], as well as the work by Djokovic on the adjoint orbits of nilpotent elements
in Z-graded Lie algebra eg(s) [8]. An essential part of our method of classification
of nilpotent orbits in real Z,,-graded semisimple Lie algebras is a combination of
certain ideas in their works.

In this note we propose a method to classify the adjoint orbits of homoge-
neous nilpotent elements in a real Z,,-graded semisimple Lie algebra g. Roughly
speaking, our method of classification of homogeneous nilpotent elements in g
consists of two steps. In the first step we classify the conjugacy classes of charac-
teristics in a given real Z,,-graded semisimple Lie algebra. In the second step we
classify the conjugacy classes of nilpotent elements associated with a given con-
jugacy class of a characteristic. The first step uses the Vinberg classification of
characteristics in the complexification g© [34] combining with the Djokovic clas-
sification of real forms of a given complex Z-graded semisimple Lie algebra [7],
taking into account our observation that there is an injective map from the set
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of Adg,-conjugacy classes of characteristics in gog to the set of Ang -conjugacy

classes of characteristics in g§, see Lemma 4.1 and Remark 4.2. To perform the
second step we analyze the set of singular elements in a real Z-graded semisimple
Lie algebra defined by a given characteristic, see section 4 for more details. It
turns out that we can apply algorithms in real algebraic geometry to distinguish
the conjugacy classes of nilpotent elements associated with a given characteristic.
Our recipe to classify nilpotent elements is summarized in Remark 4.10. We note
that the related algorithm in real algebraic geometry is highly complicated. To
apply our algorithm for interesting cases we will need a powerful computer system
together with a suitable software, see Remark 4.8.

For m = 2 a classification of Cartan subspaces in g; has been obtained by
Oshima and Matsuki [24]. Using their classification and our results in previous
section, we describe the set of orbits of homogeneous elements of degree 1 in a Zo-
graded semisimple Lie algebra, following the same scheme proposed by Elashvili
and Vinberg in [12], see Remark 5.6.

The plan of our note is as follows. In section 2 we recall main notions
and prove a version of the Jacobson-Morozov-Vinberg theorem for real Z,,-graded
semisimple Lie algebras, see Theorem 2.1. In section 3 we prove the existence
of a R-compatible Cartan involution on g = ez, @;, which provides us an
isomorphism between the Adg,-orbit spaces on g; and g_;, see Corollary 3.4.
We also give many important examples of real Z,,-graded semisimple Lie algebras
in this section. In section 4 we propose a method to classify homogeneous nilpotent
elements in a real Z,,-graded semisimple Lie algebra. We demonstrate our method
in Example 4.11. In section 5 we describe the set of homogeneous elements in a
real Zsy-graded semisimple Lie algebra. In this section we also explain the relation
between a classification of homogeneous elements in real Z,,-graded semisimple
Lie algebras and a classification of k-vectors (resp. k-forms) on RS,

2. Semisimple elements and nilpotent elements of a real 7Z,,-graded
semisimple Lie algebra

Let g = Biez,,9: be areal Z,,-graded semisimple Lie algebra. An element x € g;,
i = 0,m—1, is called semisimple (resp. nilpotent), if x is semisimple (resp.
nilpotent) in g. In this section we explain the Jordan decomposition for an element
x € g;. We also prove an analog of the Jacobson-Morozov-Vinberg theorem on the
existence of an sls-triple associated to a homogeneous nilpotent element in g, , see
Theorem 2.1, and we introduce the notion of a Cartan subspace in g; .

Jordan decomposition in a real Z,,-graded semisimple Lie algebra.
Any x € g; has a unique decomposition x = x4 + x,, where xg is semisimple, x,
is nilpotent, x, x, € g;, [xs,2,] = 0.

For a real form g of g€ let us denote by 7, the complex conjugation of g©
with respect to g. It is easy to see that the existence and the uniqueness of the
Jordan decomposition for x € g; follows from the existence and the uniqueness of
the Jordan decomposition for x in g [33], since this decomposition is invariant
under the complex conjugation 7, which preserves the Z,,-gradation on g°.
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The case m = 1 has been treated before, see e.g. [13, chapter IX, exercise
A.6], and the references therein.

The following Theorem 2.1 is an analogue of the Jacobson-Morozov-Vinberg
theorem in [34, Theorem 1(1)]. Some partial cases of Theorem 2.1 has been proved
in [8, Lemma 6.1], and in [4, Theorem 9.2.3].

For any element e € g let us denote by Z¢,(e) the centralizer of e in Gy.

Theorem 2.1 (Jacobson-Morozov-Vinberg (JMV) theorem for a real Z,,-graded
semisimple Lie algebra).  Let e € g1 be a nonzero nilpotent element.

i) There is a semisimple element h € gy and a nilpotent element f € g_1 such
that

[h,e] = 2e, [h, f] = =2f, [e, f] = h.

it) Element h is defined uniquely up to conjugacy via an element in Zg,(e).
iii) Given e and h, element f is defined uniquely.

Remark 2.2. -The JMV Theorem plays a key role in the study of nilpotent
elements. This Theorem associates to each nilpotent element e a semisimple
element h € gg, which is defined by e uniquely up to conjugation. The element h
in Theorem 2.1 is called characteristic (or a characteristic) of e. We also denote
a characteristic of e by h(e). We call an element h € gy characteristic, if it is a
characteristic of some nilpotent element e € g; .

- FEach assertion in Theorem 2.1 has its counterpart in the complex case [34,
Theorem 1]. The converse is not true. We do not have an analogue of Theorem
1(4) in [34], since e is not defined uniquely by h up to Zg,(e). This makes the
classification of nilpotent elements in Lie algebras over R more complicated than
those over C.

We call a triple (h,e, f) satisfying the condition in Theorem 2.1.i an sl;-
triple.

Proof.  [Proof of Theorem 2.1] i) Theorem 2.1.i is obtained by combining the
JMV theorem in [34] for graded complex Lie algebras with a Jacobson’s trick used
in the proof of [4, Lemma 9.2.2]. By the JMV theorem [34, Theorem 1(1)] there
exists a triple (hg+v/—1h% € g5, ¢, fo+v—1f% € g%,) such that hg, hi, fr, fx € @
and

[hR, 6] = 26, [6, fR} = hR.

A Jacobson’s trick [4, proof of Lemma 9.2.2], provides us with an element
z in the centralizer Z4(e) of e in g such that

(adn, +2)2 = —[hg, fr] — 2fr. (1)

(For the convenience of the reader we recall that the existence of z satisfying (1)
is obtained by showing the positivity of the eigenvalues of adp, acting on Zj(e),
hence the equation (adp, + 2)z = —[hg, fr] — fr has a solution z € Z4(e) since
—[hg, fr] — fr € Z4(e).) It is easy to see that we can assume that z € g_;.
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Then (hg,e, fr + 2) satisfies our condition in Theorem 2.1.i. Any h satisfying the
relation in Theorem 2.1.i is semisimple, since it is a semisimple element in the Lie
algebra sl(2,R) = (e, f, h)r. This proves Theorem 2.1.i.

ii) There are two proofs of this assertion. In the first proof we adapt the
argument in [4, the proof of Theorem 3.4.10],(Theorem of Kostant), which has
been generalized in Theorem 1(2) in [34] for graded Lie algebras. Their proof,
based on the sly-theory, works also for field R. Let us explain their argument
adapted to our case. Denote by Zj, (e) the centralizer of e in go.

If h' is another element satisfying the condition in Theorem 2.1.i, then
h —h € Z,/(e). The relations in Theorem 2.1.i imply that h — A’ € [g_1,¢]. Set
ug, (€)== Zy(e) N[g-1,€e]. Then h' — h € uy,(e).

Next, we claim that ug,(e) is an adj-invariant nilpotent ideal of Z,(e). To
prove this claim we use Lemma 3.4.5 in [4].

Lemma 2.3. [/, Lemma 3.4.5] Let e be a nonzero nilpotent element of a
semisimple Lie algebra g. Then uy(e) := Z4(e)N[g, €] is an ady, -invariant nilpotent

ideal of Z4(e).

To obtain our claim from [4, Lemma 3.4.5] we observe that, if a Z,,-graded
ideal is nilpotent then its subalgebra consisting of homogeneous elements of zero
degree is a nilpotent ideal in the subalgebra gg.

Set Up(e) := expug,(e) C Zg,(e).

Lemma 2.4. We have

Adyye)(h) = h + ug,(e). (2)

We note that Lemma 2.4 is a version of Lemma 3.4.7 in [4] due to Kostant.

Proof.  [Proof of Lemma 2.4] The proof of Lemma 3.4.7 in [4] carries to our case
easily, since ug,(e) is adp,-invariant. Set

u(e), = {x € ugy,(e)| [h, x] = kx}.
Using the sl, theory we have following decomposition
Ug, (6) = 69?:lu(e)k:

for some finite positive integer n.
To prove Lemma 2.4 it suffices to find an element z € uy(e) for a given
v € ug,(e) such that Adey,.(h) = h+v. We approximate z by z; inductively such
that
zj € Br<i<ju(e)i, (3)
and
Adexpzjh — (h + U) € @jﬂgigmu(e)i. (4)
Set
Zj,, = the component of (Adey,, h — (h+v)) in u(e);ii.
J
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Let

1
Zjy1 = 25+ j+—12§+1 € Dr<igjru(e)i-

Then we check immediately that properties (3) and (4) carry over to z;11. Thus
if we begin with z; := —v;, where v; is the component of v is u(e);, and setting
2= 2, we get Adex, (h) = v, as desired. This proves Lemma 2.4. [

Noe let us complete the proof of Theorem 2.1.ii. We need to show the
uniqueness of h up to conjugacy via an element in Zg,(e). Suppose the opposite,
i.e. there are two sly-triples (f,h,e) and (f’,h,e€’) satisfying the condition of
Theorem 2.1.i. Then h — h' € uy,(e) as we have observed above. By Lemma 2.4
there is an element z € Uy(e) C Z¢,(e) such that exp,(h) = b’ and exp,(e) = e.
This implies exp,(f) = f’. This proves Theorem 2.1.ii.

The second proof of Theorem 2.1.ii uses the Vinberg argument in [34, proof
of Theorem 1 (2)]. The first and the second proofs are distinguished by different
methods to prove Lemma 2.4. In the second proof the main point is to show that
the orbit Ady,.)(h) is open and closed in ~h+4ugy,(e). We remark that the closedness
of the orbit Ady,(h) holds, since this orbit is a component of the intersection of
g1 with the complexified orbit AdUg(e)h, which is closed by [34, proof of Theorem
1(2)]. The openess of the orbit also holds, since [h,ug,(e)] = ug,(e), which is a
consequence of the identity [, ugc(e)] = ugc(e) proved by Vinberg in [34].

iii) Theorem 2.1.iii follows from the uniqueness of an sl,-triple in a complex
Lie algebra, see e.g [4, Lemma 3.4.4], or [34, Theorem 1(3)]. [

Thanks to the JMV theorem we can characterize semisimple elements and
nilpotent elements in g; using the geometry of their Adg,-orbits.

Lemma 2.5.  FElement x € gy is nilpotent if and only if the closure of its orbit
Adg,(x) contains zero. Element x € gy is semisimple if and only if its orbit
Adg, () is closed.

Proof. Suppose that = € g; is nilpotent. By Theorem 2.1, there is an element
h € go such that [h,x] = . Clearly limy_,_o Adexpe.n)(z) = 0. This proves the
“only if” part of the first assertion of Lemma 2.5.

Now we suppose that the closure of the orbit Adg,(x) contains zero. Then
the orbit Ad,q,) () contains zero, in particular Adge(z) contains zero. By [33,

Proposition 1],  is a nilpotent element in g¢. Hence z is a nilpotent element in
g1. This proves the “if” part of the first assertion.

Let us prove the second assertion of Lemma 2.5. If z is not semisimple, let
us consider its Jordan decomposition = x;+x,. The proof of [33, Proposition 3]
yielda the existence of an element [ in the centralizer Zc(x,) such that [[,2,] =
x,. Writing [ = ' +1” where I' € gy and I” € /—1gg, we find that [I',z,] = z,.
Then limy, o Adexpur(xn) = x5. Hence the orbit Adg,(x) is not closed. This
proves the “if” part of the second assertion.

Now assume that « is semisimple. Then the orbit Adge (z) in g% is closed.

Hence the intersection of this orbit with g; C g% is closed in g;. Note that this
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intersection is a disjoint union of Adg,-orbits of elements in g;. Since each orbit
Adg,(y') is a submanifold in g, it follows that each Adg,-orbit in this intersection
is also closed. This proves the “only if” part of the second assertion. [ |

We adopt the following definition in [33]. Let g = @& ,g; be a Z,,-graded
semisimple Lie algebra. A Cartan subspace in g; (resp. gt) is a maximal subspace
in g; (resp. in g¥) consisting of commuting semisimple elements. The classification
of Cartan subspaces in g; is well-known for m < 2, see [17], [30], [24], and unknown
for m > 3.

3. R-compatible Cartan involutions

In this section we show the existence of a Cartan involution of a real Z,,-graded
semisimple Lie algebra g which reverses the 7Z,,-gradation on g, see Theorem
3.3. As a consequence, there is a 1-1 correspondence between Adcg -orbits (resp.
Adg,-orbits) on g¢ and g%, (resp. on g; and g_;), see Corollary 3.4. We also
give important examples of real Z,,-graded semisimple Lie algebras.

Let g = ®",'g; be a Z,,-graded semisimple Lie algebra and 6© the au-
tomorphism of g associated with this induced gradation. It is easy to check
that

0% = (0°) ', (5)
Since 77 = Id, (5) holds if and only if
75(0°) 7" = (6°)7y. (6)

Now let g be a real form in g€ with a Z,,-gradation generated by 0. If g satisfies
the relation (5), then for any x € gt

_ —2my/—1k 2my/—1k
QC(Tg(fE)) = Tg(ec) 1@) = Tg(eXP mor)=exp m TQ@)-

Hence 7,(g%) = g&, and therefore

g=®(gNgy). (7)

Thus we say that a real form g of g© is compatible with 0, if (5) holds. Equiva-
lently (6) holds, and equivalently (7) holds.

Remark 3.1. If m # 2, any real form g compatible with € is not invariant
under #© unless m is even and the only nonzero components of g have degree 0
or m/2. A real form g is invariant under 6%, if and only if 7, commutes with 6°.

Let u be a compact real form of g¢ which is compatible with g, i.e.
TgTu = TuTg- Then g = £®p where £ = gNu and p = gNeu. The restriction of 7, to
g is a Cartan involution of g, which we also denote by 7, if no misunderstanding
arises.

Definition 3.1. A Cartan involution 7, of a real Z,,-graded semisimple Lie
algebra g = @!",g; is called R-compatible with the Z,,-gradation, if u is invariant
under the automorphism 6C associated with this gradation: 7,0 = (0%)7,.
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Clearly, 7, is R-compatible with the Z,,-gradation, if and only if 7, reverses
the gradation on g : 7,(gx) = g_x. That explains our use of the notion of a R-
compatible involution.

Example 3.2. i) Any real Z,-graded semisimple Lie algebra g = go ® g1 has
a R-compatible Cartan involution, see [3], Lemma 10.2. The classification of all
Zs-graded simple Lie algebras has been given in [3].

ii) Let « € g;. Let Z4(z) be the centralizer of z in g. Clearly, its
complexification Zc(x) is invariant under the action of . Hence Zy(z) inherits
the Z,,-grading, and the commutant Z(x) of Z,(z) is also a real Z,,-graded
semisimple Lie algebra. If m = 2 and x € gy Np or =z € g; N¢E, the Cartan
compatible involution 7, also preserves Z4(z).

iii) If (g, 7,) and (¢, 7v) are real Z,,-graded semisimple Lie algebras with
R-compatible Cartan involutions 7, and 7, then their direct sum g ® ¢ is also
a real Z,,-graded semisimple Lie algebra equipped with the R-compatible Cartan
involution 7,4, . Conversely, if m is prime any real Z,,-graded semisimple Lie
algebra is a direct sum of real Z,,-graded simple Lie algebras (see [33] for a similar
assertion over C, which implies our assertion).

iv) Let us consider the split algebra g = ¢7(7) - a normal real form of the
complex Lie algebra ¢;. The complex algebra g¢ = e; has the following root
system
Y={e;—¢jep+es+e +es i #J, (p,g,r, s distinct), Zle g; = 0}.

For the purpose of fixing notations we recall the following root decomposition
of a complex semisimple Lie algebra g€ and its compact real form u, see e.g.
[13, Theorem 4.2] and [13, Theorem 6.3]. Let us choose a Cartan subalgebra
S of g¢. Denote by E,, a € %, the corresponding root vectors such that

[Eo, E_o] = QQ(ZZ) € hS, see e.g. [13], p.258. We decompose g as

g(C - @(XEE<HO¢>R @aEE <Eoz>R @QGZ <E—a>R- (8)

g% has the following compact form u, which is compatible with g:
u= @an <iHoz>R @an <Z.(Ea + E—a)>R @aEE <(Eoc - E—a)>R' (9)

Let 6 be the involution of ¢; defined in [1] as follows

0%, = Id, (10)
0°(Ey) = E, if @ =¢; — ¢, (11)
0°(Ey) = —E,, f a =¢; +¢; + e+ (12)

Then 0%(g) = g, and 6%(u) = u. Hence #° commutes with 7, as well as with 7.
Denote by 6 the restriction of 6 to g. Automorphism 6 defines a Z,-gradation:
g = go D g1, where gg = sl(8,R). Clearly 7, is a R-compatible with this Z,-
gradation. In [1] Antonyan proved that the space g — 1T is linearly isomorphic to
the space A*(C®) of 4-vectors on C8. Let G§ C Ef be the connected Lie subgroup
with the Lie algebra g$. Antonyan showed that the adjoint action of G5 on g% is
exactly the canonical action of SL(8,C) on the space A*(C?).
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v) Let us consider a real Zs-graded simple Lie algebra ess) which is a
normal form of the complex algebra eg. The root system > of eg is

9
S = {e; —ej,%(ei +¢;+ )}, (4,4, k distinet), Y e = 0}.

i=1

In [12] Vinberg and Elashvili proved that there is an automorphism 6% of order 3
on eg defined by the following formulas
07 = Id,

Ho,Eo, a=e;—¢cj)c

eﬁEa,a:(eﬂrEfrek))c - eXp(i27T/3) : ]d>
eﬁEa’a:*(€i+€j+€k)>c = eXp(—Z27T/3) - 1d.

It is easy to see that 6 defines a Zj-grading on eg as well as on eg(s). Namely,
we have egg) = go © g1 D g—1 where

gdo = <Ha7Ea7 o =¢&; — €j>R7

g1 = <Ea,Oé = (Ei -+ €j -+ 5k)>]R;
g1 = (Ea,a = —(éi + gj + 5k)>]R-

The compact form u of eg defined as in (9) is R-compatible with this Zs-grading of
es(s). In [12] Vinberg and Elashvili proved that the space gf is linearly isomorphic
to the space A3(C?) of 3-vectors on C? and the space g®, is linearly isomorphic to
the space A3(C?)* of 3-forms on C°. Let G§ C ES be the connected Lie subgroup
with the Lie subalgebra g5. Vinberg and Elashvili showed that the adjoint action
of G§ on g& (resp. g,) is exactly the canonical action of SL(9,C) on the space

A3(CY) (resp. A3((C?)%).

The following Theorem is an analogue of Theorem 7.1 in [13] for real Z,,-
graded Lie semisimple Lie algebras. The case m = 2 is well-known, see [3].

Theorem 3.3.  Let W be a real compact form of g©, which is invariant under
6.

1) There exists an automorphism ¢ of g%, which commutes with 0%, such that
u= o) is invariant under 7, and under 6.

2) Any real Z,,-graded semisimple Lie algebra has a Cartan involution, which
reverses the gradation.

Proof. 1) Our arguments are similar to those in the proof of [13, Theorem 7.1].
Let B denote the Killing form on g€ x g©. The Hermitian form B, defined on
g° x g° by

Bu’(X7 Y) = _B(Xv Tu’(Y))
is strictly positive definite, since u’ is compact. The composition 7,7y is an
automorphism of g, so it leaves the Killing form invariant. Thus we have

B(rymw X, 7Y) = B(X, (1y7w) '1wY) (13)
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Taking into account 77 = 7, = Id we get from (13)
B(ryrwX,Y) = B(X, 7yrw ') = B(X, 1w (737w)Y) = Bu(X, yrwY).

Hence (7,7y)? is positive self-adjoint w.r.t. By, moreover it commutes with
0%, because 7,0° = (0°)"'7, and 7y commutes with #¢. It follows that the
automorphism ¢ := [(1,7)?]"* commutes with #€. (To see it, we choose an
orthogonal basis (e;) of g© w.r.t. By which are also eigenvectors with eigenvalues
a; > 0 of (1ymy)? for all i. We note that 6 commutes with (7,7)? if and only
if O(e;) is also eigenvector of (7,7y)? with value a; for all i. Clearly, (e;) and
0C(e;) are also eigenvectors of [(7y7)4Y/* with eigenvalue (a;)'/*. Therefore 6©
commutes also with [(7,7¢)?*/4.) Hence ¢(1') is invariant under 6.

The invariance of ¢(u’) under 7, has been shown in the proof of [13,
Theorem 7.1]. (For the convenience of the reader we briefly recall the proof. The
invariance of ¢(u') under 7, is equivalent to the identity

TaTow) = To(w)Tg- (14)

Using the relation
7w (TyTw) Tyt = (7)™
we get
Tty = ¢! (15)
Note that 74wy = ¢rwé~!. Using (15) and ¢ = [(1,7.)?]V/* we get easily that
the LHS of (14) is equal to RHS of (14) and equal to Id.) This proves the first
assertion of Theorem 3.3.

2) By Lemma 5.2, chapter X in [13], p. 491, there is a real compact form
uw of g€ which is invariant under . Taking into account the first assertion of
Theorem 3.3, we prove the second assertion.

Here is another short proof of the second assertion due to Vinberg [35]. Let
us consider the group G (6%, 7,) generated by ¢ and 7, acting on the space G/U
of all compact real forms of g&. This group is finite, since TQH(C = (GC)*ng. As E.
Cartan proved [6], see also [13, Theorem 13.5, chapter I] for a modern treatment,
any compact group of motions of a simply connected symmetric space of non-
positive curvature has a fixed point. Is is known that G¢/U is a symmetric space
of noncompact type, hence it has nonpositive curvature, [13, chapter VI|. The fixed
point of G(0%,7,) is the required compact form. [

Corollary 3.4. A R-compatible involution 7, gives an isomorphism between
Adg, -orbits in g; and g_;. The C-linear extension Tf(: Ty 0 Ty) of Ty gives an
isomorphism between Adge -orbits in ot and g%,.

Proof. Denote by 7& the involutive automorphism on G® whose differential
is 7C. Since 7C(go) = d 78(g5) = g5
- v (80) = g0 and 7.7(gg) = go we get
7 (Go) = Go, 77(GF) = G-
For any v € g5 and e € g¢ we have 7C(expv) = exp(7£(v)) and

Tl(lc(Adexpve) = Adexp(TE(v))(TE:<€))'
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Consequently
Tu(Adgye) = Adg, (rue), 7, (Adgg(e)) = Adgg (1, (€)).

This proves our corollary. [ |

4. Classification of homogeneous nilpotent elements

To characterize the set of orbits of homogeneous nilpotent elements in a real Z,,-
graded semisimple Lie algebra g is more complicated than to characterize the set
of orbits of nilpotent elements in the case of complex Z,,-graded semisimple Lie
algebras, since the orbit of a nilpotent element e in g is not defined uniquely
by its characteristic. If m = 1, i.e. g is regarded without gradation, a complete
classification of nilpotent elements in g can be obtained using the Cayley transform
and the Vinberg method of classification of nilpotent elements in an associated
complex Zs-graded semisimple Lie algebra, see e.g. [10]. We do not know how
to generalize this method for m > 2. Our method of characterization of the
set of orbits of homogeneous nilpotent elements in a real Z,,-graded Lie algebra
g is divided in the following steps. In Lemma 4.1 we prove that there is an
injective map from the set of the Adg,-conjugacy classes of characteristics in
g to the set of Adeg -conjugacy classes of characteristics in g®. Recall that a
classification of characteristics in g€ can be obtained by the Vinberg method of
support [34]. In Remark 4.2, taking account the Djokovic classification of real
forms of a complex Z-graded semisimple Lie algebra, we summarize these results
in an algorithm to classify characteristics in g. Then we show in Theorem 4.3 that
there is a 1-1 correspondence between Adg,-orbits of nilpotent elements e € g;
with a given characteristic & and the set of open Zg,(h)-orbits in gi(2). This
set is closely related to the set of connected components of a semialgebraic set in
gl(%) . In Remark 4.10 we explain our algorithm to count the number of conjugacy
classes of nilpotent elements in g; as well as to choose a sample representative for
each conjugacy class. We note that this algorithm is highly complicated, so we
need a sufficient computer power and a suitable software package for interesting
applications, see Remark 4.8. In Example 4.11 we demonstrate our algorithm in
a very simple case with a Zy-graded Lie algebra g = sl3(C) regarded as a Lie
algebra over R.

Let e be a nilpotent element in g; and h € g, its characteristic. Then h
is also a characteristic of e in g&. A classification of Ang -conjugacy classes of

characteristics in g§ can be obtained by using the support method of Vinberg in
[34]. To define a support of a nilpotent element e € g& we choose a Cartan subspace
b in the normalizer Nc(e) such that h > h, where h € g5 is a characteristic of e.
Let ¢ be the character of h defined by

[u,e] = ¢(u)(e) for all u € h and
Set

g(h7¢) = @gk(h7¢)7gk(ba¢) = {ZL‘ € 0k modm : [Uﬁ ‘T] = k:gb(u)x Vu € h}
k
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It is known that g(h, ¢) is a Z-graded reductive Lie algebra [34, Lemma 2|. Recall
that a complex support 5¢(h) of e is defined by

sC(h) :=g'(h,¢) — the commutant of g(h, ¢).

Clearly s€(h) is defined by h uniquely up to conjugacy by elements in Nag(e)-
Vinberg proved that s¢(h) is a locally flat Z-graded semisimple Lie algebra in
g% whose defining element is half of a characteristic h of e (“locally flat” means
dimsg(h) = dimsy(h)) [34, §4]. We define a real support s(h) of a nilpotent
element e in a real Z,,-graded semisimple Lie algebra g in the same way. Here we
choose b to be a maximal R-diagonalizable Cartan subspace in N, (e) containing
h. Such a choice is unique up to a conjugacy by elements in Ng,(e). Clearly, the
complexification of a real support of e is a complex support of e in g©.

It is known that the AdGcg—conjugacy classes of characteristic elements
h € g§ are in a 1-1 correspondence with the Ang -conjugacy classes of locally

flat Z-graded semisimple Lie subalgebras s(h) in g& [34]. We refer the reader to
[34] and [7] for more details on Z-graded semisimple Lie algebras and Z-graded
locally flat semisimple Lie algebras over C or over R.

Lemma 4.1. i) There exists an injective map from the set of Adg,-orbits of
characteristics in g to the set of G§-orbits of characteristics in g©.

it) Let h € go be a characteristic of a nilpotent element in g1. Then Adge(h)Ngo =
Adg,(h).

Proof. i) First we note that if h € g is a characteristic element then it is also
a characteristic element in g©. Thus we have a map from the conjugacy classes
of characteristics in g to the conjugacy classes of characteristics in g€. We will
show that this map is injective. Suppose that hi, hy € go are characteristics in g
such that Adxh; = hy for X € Gg. Let 7, be a R-compatible Cartan involution
in Theorem 3.3. Note that the restriction of 7, to go leaves the center of g, as
well as the commutant gj of gy invariant. Moreover the restriction of 7, to g
is also a Cartan involution of gj. By the theory of Cartan subalgebras in real
reductive Lie algebras, see. e.g. [13, chapter IX, Corollary 4.2] we can assume that
hi,hy € Z(go) @ pjy, where g = & @ p{, is the Cartan decomposition of gf, with
respect to 7,. By [28, Theorem 2.1], which asserts that two semisimple elements
in pf, are G§-conjugate if and only if they are Gy-conjugate, there exists Y € Gy
such that Adyh; = hy, since hy and hy are Gg—conjugate.
ii) Clearly Lemma 4.1.ii is a consequence of Lemma 4.1.1.
[

Remark 4.2. Using Lemma 4.1 we obtain a classification of conjugacy classes
of characteristics in g as follows. First we find all complex supports in g© by
Vinberg method in [34]. There are only a finite number of them. Next, we find
the real forms of these complex supports using the Djokovic classification of real
forms of complex Z-graded semisimple Lie algebras in [7]. In the third step we
decide which real form of a given complex support admits an embedding to g
whose complexification is the given complex support. This step can be done using
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the theory of representations of real semisimple Lie algebras, see e.g. [16], [36].
Lemma 4.1 shows that in the third step there exists not more than one real form
for each given complex support. The defining element of the corresponding real
support is half of our desired characteristic.

Now let us fix a characteristic h € gy corresponding to a nilpotent element
e € g1. Let us consider the following Z-graded algebra

0(5) = Doi(3) 0l(5)= {7 €t moan : [y 7] =k}

Clearly the centralizer Z¢,(h) of h in Gy acts on g(%) preserving the Z-gradation.
The Lie algebra of Zg,(h) is go(%). It is known [34, proof of Theorem 1 (4)]
that e € gi(%), moreover [go(%),e] = g1(%). Equivalently, e belongs to an open
Adz, (n-orbit in g1(2). An element e € gy (resp. g7) is called generic, if orbit
Adzg n(e) is open in g, (resp. Adzcg(h)(e) is open in g¥). Otherwise e is
called singular. By the definition the genericity of an element e € g; implies the
genericity of any element in the orbit Adzcg(h)(e>' The following Theorem 4.3

generalizes a theorem [8, Theorem 6.1] due to Djokovic.

Theorem 4.3.  Let (h,e, ) be a sly-triple. The inclusion g,(%) — g1 induces a
bijection between the open Adzg (n)-orbits in g1(2) and the Adg,-orbits contained
in Adge(e) N g1

Proof.  Suppose that Adz, (n)(€') is an open orbit in g1(2). then e and € are
generic elements in g — 1%, hence ¢’ belongs to the orbit Adz_.n(e) in g%, (that
0

is a remark due to Vinberg in [34, proof of Theorem 1(4)]. This defines a map
from the set of open Adz, (n)-orbits in g1(2) to the set of Adg,-orbits contained
in Adge(e) Mg

We will show that this map is surjective. Let ¢’ € Adge(e)Ngi. Let h' € go
be a characteristic of e. By the JMV theorem for the complex case, h and A’ belong
to the same Adgc-orbit. Lemma 4.1.ii implies that there exists X € Go such
that Adx(h') = h. Clearly Adxe’ € gi(%), since [Adx ('), Adx(¢')] = Adx(€).
Element Adxe’ is generic in g;(%), since it lies in the orbit Adz_.n)(e). This

0

proves the surjectivity of the considered map.

It remains to show that this map is injective. First we will prove the
following

Lemma 4.4. (c¢f. Lemma 6.4 in [8]) Let ¢ be a generic element in gi(%).
Then there exists f' € g_1(%) such that (h, €, f') is an sly-triple.

Proof. Let e and €’ be nilpotent elements satisfying the condition of Lemma
4.4. Then e and € are generic elements in g¢. By a Vinberg remark in [34,
proof of Theorem 1.4] there is an element Y € Zgc(h) such that Ady(e) = €.

Clearly (h,e’,Ady(f)) is a sly-triple in gf, moreover Ady(f) € g% (%), since
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get Ady(f) € 9(51(%) ng.1= 9—1(%)- .

Let us complete the proof of Theorem 4.3. Suppose that e and e’ are generic
elements of g;(%) such that ¢ = Adyxe for some X € Gy. We will show that e
and €’ are in the same open orbit of Zg,(h). By Lemma 4.4 there are elements f
and f'in g_i(%) such that (h,e, f) and (h, €, f') are sl-triples in g. Note that
(Adxh,e', Adx f) is a sly-triple in g. By Theorem 2.1.ii there exists an element

Y € Gy such that Ady(¢') = €', Ady(Adxh) = h and Ady(Adxf) = f'. Thus
¢/ = Ady.xe, where Y - X € Zg,(h). This proves the injectivity of our map. =

Now we proceed to classify the open Zg,(h)-orbits in g;(%).
Denote by g;(%)’ the i-th component of the commutant of g(%) which has
the induced Z-gradation from g(%). Since g1(%) = [go(%), g1(2)], we get

) =01(5) (16)

Since Z(a(%)) C go(4), we have go(%) = Z(a(4)) © go(%)'. Hence

oS
>

h h h

[90(5)/791(5)] = 91(5)- (17)

Denote by Zg,(h)’ the connected subgroup in G whose Lie algebra is go(%)'. An
element e; € g;(%) is called generic, if the orbit Adzg (ny(e;) is open in gi(2).
Equivalently, [go(%)', e = gl(g)

Let Zg,(h)° be the identity connected component of Zg,(h). From (16)
and (17) we get immediately

Lemma 4.5. There exists a 1-1 correspondence between the set of open
Adzg (nyo-orbits in g1(L) and the set of open Adzg, (ny -orbits in gi1(L) =gi(%).

Remark 4.6.  Clearly, all elements in g(l-c(g)’ are nilpotent, if 7 # 0. Proposition
2 in [33] asserts that there is only a finite number of Zqc(h)'-conjugacy classes

of nilpotent elements in gf(2)’. Hence it follows that the set of generic nilpotent
elements in gF(%) is open and dense in gF(2)’. Since the number of Ad, -
0

orbits in a Adz_.(ny-orbit is finite [5], Proposition 2.3, it follows that for any
0

it # 0 the set of generic elements in gi(%)’ is open and dense.

Let us analyze the set of open Ad 2, (ny-orbits in gi. Recall that an element
e in gi(%) (vesp. in gf(%)) is called singular, if it is not generic. Equivalently

dimlgo(3)'c] < dimg,(5) 1. (13)

Let f1,---, fim be a basis in go(%)’. Let us choose an basis e, - , e, in g;.
We write e = Zj aj(e)ej, a; € R. Then [e, fil =" aj(e)le;, fil = Zj’k aj(e)cfjfk.

Set bir(e) := >, a;(e)cf;. Note that e is singular, if and only if the matrix
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(bw(e))f;l;fb has rank less than or equal to n — 1. Note that m > n. Denote
by P, 1 =1,("), the sub-determinants of (b;;). Clearly e is singular, if and only

if P(e) =0 for all [.

Lemma 4.7.  There is a 1-1 correspondence between the set of open Adgco(h)o -
orbits in gl(%) and the set of connected components of the semialgebraic set

{z € gi(L)] 21(51) P?(xz) > 0}. The number of open Adz, (o -orbils in g1 (L) is
finite.

Proof. The first assertion follows from Lemma 4.5 and our consideration above.
The second assertion follows from the first one. ]

Remark 4.8.  In [2, chapter 16, Theorem 16.14] the authors offer an algorithm
to compute the number of the connected components of a semisalgebraic set and
produce sample representative for each connected component. Their algorithm
also allows to recognize, whether given two points in a semialgebraic set belong to
the same connected component of this set. This algorithm is highly complicated
and we hope to implement it in future using an appropriate software package.

It remains to consider whether two given open connected Adgco(h)o -orbits
in gl(%)’ belong to the same Adgco(h)—orbit in gl(%). Let e;, i = 1,M, be
representatives of the connected open AdZGO(h)O -orbits in gl(%) obtained by the
algorithm in [2], see Remark 4.8. Since the group Zag, (h) is connected [18,
Lemma 5], the group AdZGO(h) is generated by Ad Zg, ()° and the subgroup Adz )
acting g;. Denote by F'(e) the set of all elements X € Z(Gg) such that Adx(ex)
belongs to the orbit Adz, y(er). Clearly F(ey) is a subgroup of Z(Go).

Lemma 4.9.  The quotient Z(Gy)/F(ex) is a finite abelian group. There exists
an algorithm to find representatives Yy;,i = 1, N, of the coset Z(Gy)/F(ex) in
Z(Go). The orbit Adz, m(er) is a disjoint union of N open connected orbits
AdZGO(h)O (Yk,i<€k)); Z = 1, N

Proof. We know that Z(Gy) is a finitely generated abelian group, which can
be find explicitly [36]. Let Xi,---, X, be generators of Z(Gy). Since the number
of connected open AdZGO(h)O -orbits in gl(g) is finite, for each j € 1,1 there exists
a finite number p(j) such that Ad,,u) (ex) belongs to the orbit Adz, nyo((ex))-

This proves the first assertion of Lemma 4.9. The second assertion follows from
the proof of the first assertion using the algorithm in [2], see Remark 4.8. The last
assertion follows from the second assertion. ]

Remark 4.10. We summarize our result in the following algorithm to find
conjugacy classes of nilpotent elements of degree 1 in a real Z,,-graded semisimple
Lie algebra g. First we classify characteristics of nilpotent elements in g; using
the algorithm in Remark 4.2. Theorem 4.3 shows that the conjugacy classes of
nilpotent elements in g; having a given characteristic h is in a 1-1 correspondence



300 LE

with the set of open Adz, (h)-orbits in g1(2). Using Lemma 4.7 and Lemma
4.9 we compute the number of open Adz, (h)-orbits in g1(%) as well as choose

sample representatives for each open orbit with help of the algorithm in [2], see
also Remark 4.8.

Example 4.11. Let us consider one very simple example to show how our
algorithm works. let g = sl5(C) be a simple Lie algebra over C and gy = sl2(R)
its Lie subalgebra. Then gq is the fixed point set of the involution fon g defined by
O(x) = . We write g = go + g1, where g; = v/—1go C 5l(C). The adjoint action
of Gp = SL(2,R) on g; is equivalent to the adjoint action of Gy on sly(R).
Clearly, g = sl5(C) + sl5(C), and g5 = slo(C). It is known that there is
only a unique nilpotent Ang -orbit in g%, whose characteristic is conjugate to
h = diag(1,—1) € g5. By Lemma 4.1 the element h is also the unique (up to
conjugacy) characteristic element in go. Let us consider the Z-graded Lie algebra
g(%). We have

T EFRIORPRIORPHLY
where L
90(5) = (M)x,
a0 Vo)) ca

)= (1 o)) <o

By Theorem 4.3 there is a 1-1 correspondence between the conjugacy classes of
nilpotent elements in g; and open Adz, (s)-orbits in g1(2). Since Z(Go) = Id.
by Lemma 4.7 there is a 1-1 correspondence between the latter orbits and the
connected components of the semialgebraic set {2 > 0} in gl(%) = R. Hence
there are exactly two conjugacy classes of nilpotent elements in g; .

5. Orbits in a real Z,;-graded semisimple Lie algebra

In this section, using results in the previous sections, we describe the set of
homogeneous elements in a real Z,-graded Lie algebra g, see Remark 5.6 for
a summarization.

The restriction to real Zs-graded semisimple Lie algebras is motivated by
the fact that we do not have a classification of Cartan subspaces in g;,if m > 3. A
classification of Cartan subspaces in g; in a Zy-graded real semisimple Lie algebra
has been given by Matsuki and Oshima [24], based on an earlier work by Matsuki
[22].

Let us first consider the class of semisimple elements in g;. Any semisimple
element in g; belongs to a Cartan subspace in g;.

Lemma 5.1 ([24]). Let 7, be a R-compatible Cartan involution of a real Zs-
graded semisimple Lie algebra g. Every Cartan subspace b C g1 is Adg, -conjugate
to a Cartan subspace bg in g1 which is invariant under the action of 7.
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A Cartan subspace b, in g; which is invariant under the action of 7, is
called a standard Cartan subspace. 1t is known that there are only finite number
of standard Cartan subspaces, moreover there is algorithm to find them [24]. Let
g = t@p be the Cartan decomposition of g w.r.t. 7,. Then by = (hs,NE)D(hsNp).
Denote by K the connected Lie subgroup in GGy with Lie algebra €.

Proposition 5.2.  Suppose that h,h' € b are Adg,-conjugate. Then they are
Adg, -conjugate.

Proof.  We employ ideas in [28] for our proof. Let h = hy+hy, and h' = hy+hy,
be the decomposition of A and A’ into elliptic and vector parts. Suppose that
h = Adx(h'), where X € Gy. Since Adyx does not change the eigenvalues,
hy = Adx(hy). Suppose that h, # 0. We note that Gy = exp(go N p) - Ko,
and exp(go Np) C exp+v/—1uy. Now suppose that X = A-Y where Y € K,
and A € expiug. Let y = Adyh, € vV=Tu;. Then (Ada)vV-1y = V—1h, =
Tu(Adav/—1y) = Ad'/—1y, so Ad4y = y. If A # Id this implies that Ad4 has
at least one eigenvalue (—1), which contradicts the fact that Ad, is a positive
definite transformation.

Hence A = Id and X =Y € Ky C Gy. This proves the first assertion, if
hy #0. If hy =0 then hy # 0 and we can apply the same argument to conclude
that X € K. ]

Since any semisimple element in g; is Adg,-conjugate to an element in some
standard Cartan subspace in g;, using the Cartan theory of symmetric spaces, see
e.g.[13], we get

Corollary 5.3.  The set of Adg,-conjugacy classes of semisimple elements in
g1 with pure imaginary or zero eigenvalues (elliptic semisimple elements) coincides
with the quotient set of a Cartan subspace (mazimal abelian subspace) B C
(g1N¥€) under the action of the Weyl group of the Zs-graded symmetric Lie algebra
th D tNgy. The set of Adg,-conjugacy classes of real semisimple elements in g;
coincides with the quotient set of a Cartan subspace (mazximal abelian subspace)
b1, C (g1 Np) under the action of the Weyl group of the Zy-graded symmetric Lie
algebra € B gy NPp.

By Corollary 5.3 he is conjugate to some element in a Cartan subspace
bie C g1 Np. Thus to classify all semisimple elements in g, it suffices to classify
all semisimple elements in g; whose elliptic part is an element in bye.

Corollary 5.4.  The set of Adg, -equivalent elements h with given elliptic part
he € by coincides with the quotient set of a Cartan subspace in Zg,q,(he) under the
action of the Weyl group of the Zo-graded symmetric Lie algebra

Zl’o (hf) D (Zglﬁp(hf))'

The following theorem describes the set of orbits of general mixed elements
in g;. Recall that for an element e € g; we denote by e, + e, its Jordan
decomposition.
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Theorem 5.5. Two elements es + e, €, + €, € g1 are in the same Adg, -
orbit, if and only if es belongs to the orbit Adg,(e.) and e, belongs to the orbit
Adzg (e (€n) -

Theorem 5.5 is straightforward, since the Jordan decomposition is unique,
see Theorem 2.1. We note that AdZGO (e,) May disconnected, but it is a subgroup
in the connected group Adz,(,) (by the Kostant theorem in [18]), so it seems
possible to determine this subgroup.

Remark 5.6. We summarize our results in the following description of the set
of the adjoint orbits in g;. Any element in g; is Adg,-conjugate to an element of
the form h¢ + hy + e, such that

i) he is an elliptic semisimple element in by,

ii) hy is a real semisimple element, commuting with by,

iii) e, is a nilpotent element, commuting with he + h,.

Furthermore, two elements hg+hy +e, and hy+hy +e;, are conjugate, only if h is
conjugate to h; under the action of the associated Weyl group, see Corollary 5.3.
Thus we can assume that hy = hy. Two elements hy + hy, + e, and he + hy, +¢;, are
conjugate, only if h, and hj, are conjugate under the action of the associated Weyl
group, see Corollary 5.4. Thus we can assume that h, = hj. Finally, two elements
he + hy + e, and hy + hy + €], are conjugate, if and only e,, and e], are in the same
orbit of nilpotent elements of the associated Z,,-graded reductive Lie algebra, see
Theorem 5.5. The classification of these nilpotent orbits can be obtained using
the method in section 4.

We finish this section by showing the relation between the set of orbits on
real (resp. complex) Z,,-graded Lie algebras and the G L(8,R)-orbit spaces (resp.
the GL(8,C)-orbit space) of k-vectors and k-forms on R® (resp. on C®). To find
a classification of k-forms on R® is an important problem in classical invariant
theory. Many interesting applications in geometry, [11], [14], [21], are related to
this classification problem. This problem motivates the author to write this note.

Kac observed that the orbit space of homogeneous elements of degree 1
in the Zs-graded complex algebra eg (see example 3.2.v) can be identified with
the SL(9,C)-orbit space of 3-vectors on C?, and the orbit space of homogeneous
elements of degree 1 in the Zj-graded complex algebra e; (see example 3.2.iv)
can be identified with the orbit space of 4-vectors in C® [20]. In [12] Elashvili
and Vinberg classified all homogeneous elements of degree 1 in the Zjz-graded Lie
algebra es. They also observed that, all 3-vectors in C*, k < 8, can be considered
as nilpotent elements of degree 1 in this Zs-graded Lie algebra eg, furthermore
a classification of GL(k,C)-orbits on A3(CF) is equivalent to a classification of
these homogeneous nilpotent elements. In [8], based on this remark, Djokovic
classified all 3-vectors in C® and R®. His classification is reduced to a classification
of homogeneous nilpotent elements of degree 1 in a Z-graded Lie algebra eg
(resp.es(sy). His method is close to our one (more precisely, our method is a
generalization of his method), but he used a method of the Galois cohomology
theory, first used by Revoy in [26], to compute the number of the open orbits in Z-
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graded eggy. Djokovic used the Vinberg method of support to find a representative
for each open orbit in Z-graded eg(s) .

A classification of 4-vectors in C® has been given by Antonyan in [1]. Using
his classification and our method in this note it is possible to classify all 4-vectors
in R®, which is reduced to the classification of homogeneous elements of degree 1
in the Z,-graded Lie algebra e(7), (see example 3.2.iv).

A classification of SL(9,C)-orbits of 3-forms on C? (resp. SL(9,R)-orbits
on A3(R?)*) is equivalent to a classification of homogeneous elements of degree
(-1) in the Zgs-graded Lie algebra es (resp. egs)) [12]. By Corollary 3.4 this
classification can be obtained from a classification 3-vectors on C? (resp. on
RY). In particular, a classification of 3-forms on R® can be obtained from the
classification of 3-vectors in R® in [8].

We note that a classification of GL(8,R)-orbits on the space A*(R®) can
be obtained easily from a classification of SL(8,R)-orbits on the same space.

Given a volume element vol* € A®(R®)*, there is a unique element vol, €
A3(R®) such that (vol*,vol,) = 1. Further there is a natural Poincare isomorphism
P, : A*(R®)* — ASF(R®), (P.(z),y) = (x Ay,vol,), which commutes with the
SL(8,R)-action.

Thus we can get a classification of all k-vectors and k-forms on R® (resp. on
C®) using the theory of real (resp. complex) Z,,-graded semisimple Lie algebras.
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