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Abstract. Let g be any finite-dimensional odd Contact superalgebra over a
field of prime characteristic. By means of determining the minimal dimensions
of image spaces of certain inner superderivations, it is proved that the principal
filtration of g is invariant under the automorphisms of g. Then, the parameters
by which g is defined are proved to be intrinsic and thereby the odd Contact
superalgebras are classified up to isomorphisms. Furthermore, the restrictedness
of g is determined and the automorphism group of g in restrictedness case is
proved to be isomorphic to the admissible automorphism group of the underlying
superalgebra of g under a concrete isomorphism ®. Further properties of ¢ are
given and as an application, the results above are used to discuss the p-characters
of the irreducible representations for g.
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Introduction

Since V. G. Kac [5] classified the finite-dimensional simple Lie superalgebras over
algebraically closed fields of characteristic zero, the theory of Lie superalgebras of
characteristic zero has undergone a remarkable evolution. However, for modular
Lie superalgebras, the research results are not so plentiful and as far as we know,
[8, 13] should be the earliest papers. The classification problem remains open for
finite-dimensional simple modular Lie superalgebras [1, 2, 22].

Filtration structures play an important role in modular Lie algebras and
Lie superalgebras over fields of characteristic 0, especially in the classification of
those simple Lie (super)algebras [3, 5, 6, 16]. For example, the invariance of
filtrations can be used to characterize intrinsic properties of Lie (super)algebras
of Cartan type and to determine the automorphism groups [15, 19, 23]. The
natural filtrations of modular Lie algebras of Cartan type are invariant under
their automorphisms [7, 9]. Similar problems were considered for modular Lie
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superalgebras of Cartan type [11, 23, 24].

Let us briefly describe the content and setup of the present paper. Here-
after, all vector spaces and algebras are finite-dimensional; the underlying field
[ is of characteristic p > 3. In Section 1 we recall the necessary concepts and
notations concerning Lie superalgebras of Cartan type and state the main results.
In Section 2, by determining the minimal dimensions of image spaces of certain
superderivations of g, it is proved that the principal filtration of g is invariant
under Autg. As a consequence, the odd Contact superalgebras are classified up to
isomorphisms. Section 3 is devoted to the automorphism group of the restricted
odd Contact superalgebra g. We emphasize the isomorphism relations between the
automorphism group of the Lie superalgebra g and of the underlying superalgebra
O, since the latter, O, is a super-commutative associative superalgebra. Speaking
more accurately, it is proved that Autg is isomorphic to a subgroup of AutO under
a concrete isomorphism. Furthermore, the homogeneous automorphism subgroup
and the so-called standard normal series of Autg are considered from the point of
view mentioned above. In Section 4, as an application, we consider the p-character
of the irreducible representations of the restricted odd Contact superalgebras.

This paper is motivated by the results and methods in Lie algebras and
certain results are closely parallel to those in the Lie algebra case [20, 21]. Our
discussion is based on certain known results in modular Lie superalgebras [4, 10, 24]
and the authors benefit much from reading [18, 17]. The authors thank the referee
for the careful reading and valuable suggestions.

1. Basic notions and main results

1.1. Generalized Witt superalgebras. Throughout this paper, N denotes the
set of positive integers and Ny the set of non-negative integers. Let Z, := {0,1} be
the field of two elements. Fix n € N\ {1}. For an n-tuple o := (ay, ..., o) € Np,
put |a|:=>"" ;. Fix two n-tuples t := (t,...,t,) € N" and 7 := (my,...,7,),
where m; := p'i — 1. Let O(n;t) denote the divided power algebra over F
with an F-basis {z(®) | @ € A}, where A := {a € NI | a < 7}. Note
that 2 := 1 € O(n;t), where 0 = (0,...,0). For g = (6i1,0,...,0m),
we write x; for 29, i = 1,... ,n. Let A(n + 1) be the exterior superalgebra
over F in n 4+ 1 variables @z, 1, %,42,...,T2,+1. Denote the tensor product by
O(n,n+1;t) := O(n;t)@rA(n+1). Obviously, O(n,n+1;t) is a finite-dimensional
associative super-commutative superalgebra with a Z,-grading induced by the
trivial Zg-grading of O(n;t) and the standard Z,-grading of A(n + 1). For
convenience, put

ILy:={1,2,...,n}, Lii={n+1,n+2,....2n+1}, I:=IUL.
Set
B, := {(i1,i2,...,0) [ n+1<iy <ip <--- <4, <2n+ 1},

and B := [J'") B, with the convention By := {()}. Note that B, consists of the

unique element w:= (n+1,n+2,...,2n+1). If u € B we also let u denote the
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index set of u. For w := (iy,4s,...,1,) € B,, write 2" := z;,x;, - - - x;,, |u| :=r and

lul| = { lu|+1 if 2n+1€u
' |ul if 2n+1¢u,
with the convention: [@] := ||]| := 0 and 2 := 1. For u,v € B with unv = 0,
write u + v for the unique element w € B satisfying that w = v U v. Similarly, if
v C u, write u — v for w € B satisfying that w = u\v.

For f € O(n;t), g € A(n+ 1), we simply write fg for f ® g. Then
{x@z% | (a,u) € A x B} constitutes an F-basis of O(n,n + 1;t), called the
standard basis.

Suppose V = V5 @ Vi is a vector superspace. If v € Vj,0 € Z,, then 6
is called the parity of x, denoted by p(x) := 6. The symbol p(z) always implies
that x is a Zs-homogeneous element.

Let O, be the superderivation of O(n,n + 1;t) with parity p(d,) = u(r),
where 1 (r) ;=0 if r € Iy and 1 if r € I;, such that 9,(z(®) = x(*=*) for r € I,,
a € A and 0,(zs) = §,s for r;s € I;. The following formula will be frequently
used:

[aD,bE] = aD(b)E — (—1)PePIPCE () D + (—1)PPPOgh[ D, B,

where a,b € O(n,n+ 1;t), D, E € DerO(n,n + 1;1).

The generalized Witt superalgebra W (n,n + 1;t), spanned by f,0,, f. €
O (n,n+1;t), r € I, is a finite-dimensional simple Lie superalgebra [22]. Note
that W(n,n + 1;t) is a free O(n,n + 1;t)-module with a basis {0y, ..., 0an11}-

For simplicity, we usually write O and W for O(n,n + 1;t) and W(n,n + 1;t),
respectively. Recall the so-called standard Z-grading O = @fZOOS,M, where

Oy i) = spang{z @z | || + |u| =i,a € A,u € B}, £:= Zpt" + 1.
i=1
It induces naturally the so-called standard grading W = @f;ilws,[i], where
Wy = spans{f9; | f € Os i), J € I}
The standard gradings of @ and W are also called the gradings of type

(1,...,1]1,...,1).
We shall also use the so-called principal grading O = @fi& Op,(i], Where

Op i) = spang {z Wz | |a| + ||lul| =i, « € A, u € B},
and the so-called principal grading W = @fZ_QWin], where

Wpy[i] = Span]F{faS | f € OP,[i+1+5s,2n+1}7 ERS I}

(cf. [4, 6]). The principal gradings of O and W are also called the gradings of
type (1,...,1|1,...,1,2).
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1.2. Odd Contact superalgebras. Let ¢/ := i+ n for i € Iy and ¢ — n for
i €I\ {2n + 1}. Define the linear mapping Dgo : O — W such that

Dio(a) == Ty(a) + (—1)P D0y 11(a)A + (A(a) — 2a)Doni1, a € O,

where ) )
A=) w0, Tu(a) =) (=1)"P99;(a)0;
=1 =1

(cf. [6, 12]). Then KO(n,n + 1;t) := {Dko(a) | a € O(n,n + 1;t)} is a finite-
dimensional simple Lie superalgebra [4, Theorem 3.1], called the odd Contact
superalgebra. For short we usually write g or g(n,n + 1;¢) for KO(n,n + 1;t).
The principal Z-grading of W induces a Z-grading of g, called principal, denoted
by g = @;>_28p i where

Op.1 = 8N Wpji = {Dro(aWa") | |a] + ul =2 =i, a €A, weB}. (L1)

We should note that, in general, g is not a Z-graded subalgebra of W with respect
to the standard grading.

As usual, the corresponding filtration of X is called standard (resp. prin-
cipal), denoted by {Xs;}tiez (resp. {Xp.iticz), where X = O, W or g.

Convention: In the sequel we usually write Xp; and X; for X, and X
respectively, where X = O, W or g.

1.3. Main results. The proofs of the theorems stated in this subsection will
be given in Sections 2, 3 and 4. The following theorem reveals certain invariants
under the automorphism group of the odd Contact superalgebra.

Theorem 1.1.  Any isomorphism between odd Contact superalgebras preserves
the principal filtrations. In particular, the principal filtration of the odd Contact
superalgebra g is invariant under the automorphism group Autg.

The next theorem essentially gives the classification of the odd Contact
superalgebras up to isomorphisms.

Theorem 1.2.  The parameters n and t by which the odd Contact superalgebra
18 defined are intrinsic.

To state the next result, we recall certain notion and notation. Let 2 be
a finite-dimensional superalgebra over F and Q a sub Lie superalgebra of the full
superderivation superalgebra Der2l. Let

Aut(2: Q) :={o € Aut | 7(Q) C 9},

where (D) := cDo~! for D € Q. Then Aut(2 : Q) is a subgroup of Aut2(,
which is referred to as the admissible automorphism group of 2 (to Q) (see [10]
for details). Put

Aut;X = {0 € AutX | U(Xp7[j]) C Xp ), J € 7},
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Autp; X :=={oc € AutX | (0 — 1)(Xp;) C Xpivj,J € L}, i >0,

where X = O, W or g. Then Aut;X is a subgroup of AutX, called the
homogeneous automorphism group of X. By Theorem 1.1, the principal filtration
of g is invariant and therefore, Autp,g is a normal subgroup of Autg for each
i > 0. We call Autpog > Autp g > --- the standard normal series of Autg. Set

Auty (O @ X) := Aut, O N Aut(O : X),

Aut, (O X) := Aut, , ONAw(O: X), >0,

where X = W or g. Similarly, we call Aut (O : X) the homogeneous admissible
automorphism group of O. Note that the principal filtration of O is invariant
under Aut(O : g) (see Lemma 3.4). We call Autpo(O :g) > Autp1(O :g) > ---
the standard normal series of Aut(O : g).

Recall that a Lie superalgebra L = L @ L7 is restricted provided that
both the Lie algebra L and Lg-module L7 are restricted (see [8, 13]). By
Proposition 3.2, g(n,n+ 1;t) is restricted if and only if £ = 1. For the rest of this
subsection, suppose g is restricted, that is, g = g(n,n+1;1), and correspondingly,
O =0(n,n+1;1). Let

¢ : Aut(O : g) — Autg, ®(0) =0,
Theorem 1.3. & s an isomorphism of groups. Moreover,
(i) ®(Autp;(O:g)) = Autp,g for i >0;
(ii) ®(Auty(O:g)) = Aut,g,
(iii) Autpag is a solvable normal subgroup of Autg and Autg = Auty, g3 Aut,g.

To determine the factors Auty;g/Autp 119 (2 > 1) of the standard normal
series, put

Endy i(g) := {p € End(g) | ¢(0p,;) C 8pitj: J € 2L}, 1 €2,
where End(g) denotes the linear space of all linear transformations of g. Thus
Aut, ;9 ={p € Autg| ¢ — 1 € Endy;(g)}, ¢ > 0.

The factors of the standard normal series of Autg are determined as follows.
The result is completely analogous to [21, Theorem 1].

Theorem 1.4.  If i > 1, then there exists a group epimorphism \; of Auty ;g
onto the additive group g N gg satisfying that

ker\; = Autp ;119 and 0 —adX;(6) — 1 € Endp ;4+1(g) for all o € Auty,g.
In particular, Autp;g9/Autp ;119 >~ gy N G-

Let x € (g5)* := Homp(gg,F). A representation p : g — gl(M) is
called having p-character x if p(D)? — p(D®)) = x(D)? - 15, forall D € g;.
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Clearly, restricted modules have the p-character y = 0. As in the Lie algebra
case [18, Theorem 5.2.5], it is easy to verify that every irreducible representation
of a restricted Lie superalgebra has a p-character x. The group Autg acts on
(g5)" according to the rule x?(D) = x(¢(D)) for x € (g5)*, ¢ € Autg, D € gg.
Following [14], define the height of the p-character x by

hty := min{i > —2 | x(g; N gg) = 0}

and as an application of Theorem 1.4 we have

Theorem 1.5.  Suppose F is algebraically closed and x € (gg)*. If htx = 1,
then there exists o € Autg such that (i) htx? = 1; (ii) x°(g—11 Ngg) = 0 and
X°(Dro(wix;)) =0 for all i € Iy, j € L\{2n + 1} with i < j'.

Remark 1.6.  Note that gjg ~ cp(n) =p(n) ®F -1, where

~ A B
bn) = { [C _At] | A,B,C € M,(F), B = B',C = ~C'}.
In view of Theorem 1.5, when hty = 1 one may replace x by a convenient Y
with height 1 for some o € Autg such that y“ vanishes on the even matrices in
which the first blocks A are strictly upper triangular, with the advantage such
that certain arguments are thus simplified.

2. Filtration

In this section, we mainly show that the principal filtration of g is invariant under
Autg (Theorem 1.1) and then complete the classification of the odd Contact
superalgebras up to isomorphisms (Theorem 1.2). By definition, one can verify
the following formula (cf. [4, 6]):

[Dio(a), Dko(b)] = Dro(Dro(a)(b) — (—=1)P“205,41(a)b). (2.1)

Moreover, Dgo is an odd linear mapping of O into W, that is, p(Dgo(a)) =
p(a)+1 for a € O (cf. [4, 6]). Note also that Dgo is of Z-degree —2 with respect
to the principal grading.

Since Dgo is injective, in view of (2.1), g can be identified with the Lie
superalgebra having I1(O) = I1(O); @ I1(O)7 as its underlying vector superspace,
where II is the change of parity functor, and the Lie bracket is given by:

[a,0] = Zn(—l)“("/)p(“)aw(a)az'(b) + (= 1)P@0zp1 (a) A(D)
jFﬁ(A(a) = 2)02041(b) = (= 1)PV202041(a)0, (2.2)

where a,b € O and we adopt the general convention: p(a) denotes the parity
with respect to the Zs-grading of O for a € II(O) = g. By (1.1), the principal
Z-grading is as follows: g = &% ng[i], where

1=

g1 := spamg {2 | o] + lul| —2 =1, a € A, u € B}.
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In particular,
g2 =F-1

g1 = spang{z; | i € I\{2n + 1} };
g0 = spanF{xgnH, x| 1,7 € I\{2n + 1}}

Suppose V is a finite-dimensional Z-graded vector superspace. For 0 # v €
V', let A(v) denote the nonzero Z-homogeneous component of the lowest Z-degree
of v. The symbol zd(v) always implies that v is a Z-homogeneous element with
Z-degree zd(v).

Lemma 2.1. [24, Lemma 2] Suppose that we have yi,ya,...,yx € V\{0}.
If{y; | i=1,... k} is linearly dependent, so is {\(y;) |i=1,...,k}.

The next two technical lemmas are straightforward.

Lemma 2.2. Let 0#£a€O.

(i) Let T CXo. If 9;(a) =0 for all i € T, then a([;cpa®)) #0, 0 < k; <

e

(ii)) Let T CIy. If 0;(a) =0 for all i € T, then a(HieT lﬂz) #0.

Lemma 2.3. Let f:=2™a* € g and i,j € I\{2n+ 1}. Then

(1) [f, ziz;] = (=D)POPDG, (fa; + (—1)PEPDFORD 9, (f) ;.

(i) [f o] = (=1)POPDG (fry + (~1)HOPDO(f)ay = af for some a € F.
Lemma 2.4. Suppose 0 # f € (g5 U g7) \ spang{z™a*}. Then there exist

standard basis elements y1,y2 of g with zd(y;) > 0 such that {[f, 1], [f,y2]} is
linearly independent.

Proof. In view of Lemma 2.1, one may assume that f is a Z-homogeneous
element. The discussion is divided into two parts.

Part 1. Suppose 0,(f) =0 for all » € I;. Then f =3 ., kox® | where k, € F.
If there exist distinct 7,5 € Iy such that 0;(f) # 0,0;(f) # 0, say, i = 1,j = 2,
then

21 = [f,2v@ani1] = 01 (f)Ton1 — (Ja| —2) for # 0,
Zg = [f7 I2/$2n+1] = a2(f)952n+1 - (|04| - 2)fx2/ # 0.

It is easy to see that {z1, 25} is linearly independent. If there is only one index
i € Iy such that 9;(f) # 0, one may suppose f = z*1) where 0 < k < 7. For
k =0, that is, f =1, we have

21 = [f? x2n+1] = -2 7é 07

Z9 = [f, I1$2n+1] == —22['1 7é 0.
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For k > 0, we have
z21 = [f)xIIIQn—‘,-l] = I((k_1)€1)$2n+1 - (k - 2)5(1(}%1)1’1/ 3& O)
2 = [f, tyay] = 2 ((=De) £ 0.

In any case, {z1, 22} is linearly independent.

Part 2. Suppose there exists r € I; such that 0,.(f) # 0. We consider two cases
separately.

Case 1. Suppose 0] (f) # 0 for all i € I,.

Subcase 1.1. Suppose f = x(Mz* + Za’v Mat@z? with u # 0, w, ma, € F.
Then there exists s € I;\2n + 1 such that s ¢ u. Pick | € u. Lemma 2.3 shows
that

21 = [f,xpm) = —22 ™t 4+ Zma vCa, L2tV £ 0,

29 = [f, ] = —20™atz, + Z Mo (bawx(a)x”xs + ca,vx(a)x”xl/xz) #0,

where aq.p, bow, Cap € F. Since zd(z1) # zd(z2), {z1, 22} is linearly independent.

Subcase 1.2. Suppose f = z(™ 4 Z%v m,,xz” with v # 7. Then one easily
verifies that

2= [f,rvwy] = wT gy — T2y, 4 - #0,

2o = [f, 20 Ton] = x(ﬂisl)x%ﬂ + (n+2)z Wy + 7 0.
Observing zd(z1) # zd(z3), one sees that {z;, 25} is linearly independent.

Case 2. Suppose there exists some ¢ € Iy such that 9 (f) = 0.

Subcase 2.1. Assume that 0;(f) # 0 for every j € I;. First suppose f has a
nonzero summand containing z as a factor, that is, f = @y —l—Z uwMBuT (B) gu ,
where «;, 3; < m;, mg, € F. Then there exists some 0 < k < ¢; — 1 such that
2@ g e) £ 0. For | € Iy \ i, by Lemma 2.3 we have

7 = f, x(p’“si)xl] — (@) e po—<t> o £ 0,

and
20 = [f, wxy| = —z@g 4 # 0,
where A = 1 or —1. Note that z(®z* does not appear in the monomials of z;.
Therefore, {z1, 25} is linearly independent.
Second, suppose f has no nonzero summands containing z* as a factor, that
is, f=a®a%ey,, 1+ > 6w mg 2P’ where oy, B; < m;, and u+ (2n+1),v # w,
mg, € F. If u=10, choose [,s € I;\{2n + 1} with [ # s. Then

2= [ o] = lafe g+
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Z9 = [fv ml‘rQn—‘rl] = (|OZ| - 1)m(a)xl$2n+1 + - )
23 := [f, ;ixsroni1] = (Jof — Q)x(a)x2n+1xlxs + .-
Since p > 3, there exist at least two linearly independent elements among zy, 2z
and z3, since they are of distinct Z-degrees.

If u # 0, pick | € u. Since u+(2n+1) # w, there exists s € I;\{2n+1} such
that s ¢ u. As o; < m;, there exists k € {0,1,...,t;—1} such that 2@ g te) £ ()
Accordlng to Lemma 2.3 we have that z; := [f,xpxs] # 0. If k # t; — 1, then
2 o= [f, 2P ) zpa,) # 0. If k=t; — 1, then oy = 0. Tt follows that

[f; (2e4) xl/] _ )\m(a)x(%i)xu7<l>x2n+l R 7& O,
where A =1 or —1. Since zd(z;1) # zd(22), {21, 22} is linearly independent. Simi-

larly, {21, z3} is linearly independent.

Subcase 2.2. Suppose there exists j € I; such that 9;(f) = 0. Then one can write
f= x(a)a:”%—zﬁﬂ) mp,x Pz, where u # 0,5 ¢ u,j ¢ v and oy, B; < T, mg, € F.
If j =2n+1, pick [ € u, since u # (. Then we have

a i [ mran] = M@+ (fa] + [l = 22tz + £0,

where A =1 or —1. In the case k # t; — 1, one sees that z, := [f,a:(pkei)xp] £ 0.
In the case k =t; — 1, we obtain z3 := [f, z;xpxen41] # 0. Since zd(z1) # zd(22),
{21, 29} is linearly independent. Similarly, {z1, 23} is linearly independent. For
j # 2n + 1, the proof is similar to the second part of Subcase 2.1. The proof is
complete. [ |

Let L be a Lie superalgebra. For D € DerL, put I(D) := dimIm(D). For
a nonempty subset 7" C DerL, we call

[(T) :=min{l(D) |0#£ D €T}

the minimal dimension of image spaces of the superderivations in T'.
Lemma 2.5. I(adf) = 2n + 2, where f := z(™a*.

Proof. Since [:v(”):v‘”, g1] = 0, it suffices to compute
dim[z ™2, gio) + g1y + 9]
Firstly, consider [z™z*, gg]. For 4,5 € I\{2n + 1}, one can verify that

(2™ a¥ 22;] = —222®  when j =i and 0 otherwise.

In addition, [2™2%, z9,,1] = A(x™z¥) = (|7| +n)z™z% = 0. Secondly, consider
(™2, g_y)]. We have

(™2 2] = (—1)PEIHLp(Mpe=<™> £ 0 for all i€ Iy;
(2™, :cj] =™ £ 0 forall jeI\{2n+1}.
Thirdly, consider [z(™2*, g_y]. We have
(2™ 1] = 2™ ge=<t1> £,
Therefore, I(adf) = 2n + 2. ]
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In order to prove Theorem 1.1, we need the following lemma. Put S’ :=
{s'" | s € S} for a nonempty subset S C I\ {2n + 1}.

Lemma 2.6. Suppose f € gzUg; and f ¢ spang{z™z“}. Then I(adf) >
2n+ 2.

Proof. By Lemma 2.1, one may assume that f is a Z-homogeneous element.
Let I =L\{2n+ 1}, I =I\{2n + 1}. Put

R = {Z € IO ‘ [f,l'l] = O}, Rl = {7/ € Tl ‘ [f,ill'z] = O}
Case 1. Suppose [f,1] =0. Then 0s,+1(f) = 0.

Subcase 1.1. Suppose RU Ry = I. Then 9;(f) = 0 for all 4 € I and one may sup-
pose f = 1. Since [1,2(®z"] = 22(®)gu=<2+1> " we have I(adf) > p"2" > 2n + 2.

Subcase 1.2. Suppose RU Ry = (). Then R = Ry = 0 and {[f, =] | i € I} is
linearly independent. Therefore, 0;(f) # 0 for all i € I. Then by Lemma 2.2, we
have

[f, ziwania] = (=1 PO, (wgn i + (=) (A(S) = 2f)wi # 0. (2.3)

Thus, I(adf) > 2n + 2n > 2n + 2.

Subcase 1.3. Suppose § # RUR, C L. Let J :={i € Ry | € R}, Jy := Ry\J,
Jo:=R\J', Y :=I\(RUR; U Jj). Suppose

2™ = H ) where 4, =0,1,...,p—1;
keJ’

x? = Hx?j, where ¢; =0,1.
jed
Selecting any [ € J;, we have 0,(f) # 0. For arbitrary gy € {1,2,...,p— 1},

[f, Dtz Bren)) = (—1)PD gy (f)aD g9z (Br =z (2.4)

[/, x(v)gcqx(ﬁuey)xznﬂ] - (_1)p(f)3l(f)x(v)qu((ﬁu—l)su)x%H +(A(f)=2f)a, (2.5)

where a = Oy (0 292Pve) 25, 1), For any k € Y, we have
[f, 2D atay) = (—1)PEPD+ED g, (£ 29, (2.6)
Letting s € J5, one gets
[f, 2020 wan 1] = (= 1)PDPEG, (flzDaty, g + (A(f) = 2f)b,  (2.7)
where b = Oy 1 (10 2%2,29,41). Since Ox(f) =0 for k € JU J', we have

Ok (D)) = (—1)REDE (9, (f)) =0
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for all [ € J1 Then Lemma 2.2 shows that 9,(f)x™z, # 0. Similarly, by Lemma
2.2, O)(f)xWw,zBr=Y2) £ 0. By the same token, the elements (2.4)—(2.7) are
nonzero and therefore linearly independent. Then, letting |J| = m, |J;| =t and
|.Ja| = h, we have

I(adf) > pm™2™(p—1)t+pm2™(p— )t +p"2™(2n — (m +t)
—(m+h)—t)+p"2™h
= p™2™(2n —2m+ 2(p — 2)t).

Observe that the function 2%(2n — z) is descending for 1 < x < 2n. Suppose
m > 0. If ¢t >0, since n > 1 and p > 3, we conclude that

[(adf) > 2°™(2n — 2m) + 2*™(2(p — 2)t) > 8n > 2n + 2.
If t =0, since n > 1 and p > 3, we get

I(adf) > p™2™(2n—2m) > (p—2)"2"(2n — 2m) + 2°™(2n — 2m)
> 2(22(2n —2)) > 2n + 2.
For m = 0, if ¢ > 0, then I(adf) > 2n+2(p — 2)t > 2n + 2. If ¢ = 0, then
= (). Noting that RUR; # (), we may assume that R = Jy := {j1,...,jn} # 0.

Hence {[f,x] | € T\ R} is linearly independent. Lemma 2.2 and (2.3) ensure that
{[f, zixons1] | i € I\R} is linearly independent. Put

= H x?j, where 6; = 0,1 and 6; are not all zero for j € Js.
jegs
One gets
[f,a%] =D (=)D, ( = 9l
JjeJ} JjeJ}

Since j € Jj, we have j' € J, = R. Then 0;(f) = 0, but 9;(f) # 0. According
to Lemma 2.2, we have Zjejé 0;(f)0;(z%) # 0, that is, [f,ze] # 0. Similarly,
[f, 2%29,11] # 0. Therefore,

I(adf) > 2(h(2" ™t —1)+2n—h —h) = 4n +2" - h — 6h.

If h > 3, then I(adf) > 2n+2. If h = 2, put R = Jp := {i,j'}. It is
obvious that {[f,z;] | | € I\R} is linearly independent. By Lemma 2.2 and
(2.3), {[f, 2im2n41] | I € I\R} is also linearly independent. Furthermore, we can
obtain by a straightforward computation that [f, z;2;] # 0 and [f, z;2,;29,41] # 0.
For I' € R, since

[f, ] = (=1 P (fay + (=1)HOPDO(floy = —f #0,  (2.8)

we have
I(adf) >2(2n —2)+2+1=4n—-1>2n+2.

If h=1, by (2.8) and the fact that the sets
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{[f,i | € \RY and {[f, ziwan1] | i € I\R}
are linearly independent, we obtain

[(adf) >22n—1)+1=4n—1>2n+2.

Case 2. Now we consider the situation [f,1] # 0. Assume that RU R, = I. Then
[f,z;] = 0 for all i € I. Note that [x;, 74] = (=1)"® - 1, where i € I. Hence

(=101, 1) = [f, [z, 2] = [[f @], 2o] + (FD)POPDla, [fa]] = 0. (2.9)

Thus [f,1] = 0, contradicting the assumption that [f,1] # 0. Therefore, we can
assume that RU R; C I.

Subcase 2.1. Suppose RU Ry = (). Then {[f,z;] | i € I} is linearly independent.
Lemma 2.4 ensures that there exist by, by with nonnegative Z-degrees such that
{[f,b1], [f, b2]} is linearly independent. Since [f, 1] # 0, we obtain

I(adf) >2n+14+2 > 2n+2.

Subcase 2.2. Suppose RU Ry # (. If i € R, claim that ¢ ¢ R;. Indeed, if
i" € Ry, by (2.9) one gets [f, 1] = 0, contradicting the assumption that [f, 1] # 0.
Similarly, if ¢ € Ry, then ¢/ ¢ R. Thus R'NR; =0, RyNR = (). Suppose |R| =k
and |R;| = r. Write

(@ = H %) where 0 <, <p—1 for ie RY;
i€R]
¥ = H $§j, where ¢; =0, 1.
jJER!
Letting ¢ := z(®a*, assert that [f,g] # 0. Indeed, by the assumption that

[f,1] # 0, one can assume that zd(g) > —2. Then there exists some i € RU Ry
such that 9;(g) # 0 and

[F, 90 (g)] = (=) PPz [f, g]] = 0.

Thus by induction one sees that [f,1] = 0, contradicting the general assumption
in Case 2. Hence the assertion holds.
Put X :=I\(RUR,UR' UR)}). Fori € R, | € X, we have

[f, womy) = (= 1)MOPDHOG, (Fzy + 05(f)y.

Noticing that 0y (f)#0 and 9y (f)=0, one gets 0y (O (f))=(—1)*xE) (0, (f))=0.
By Lemma 2.2, we have 0y (f)z; # 0. Obviously, [f,z;] # 0 for all j € X. Hence

I(adf) > p"2* + (2n — 2k — 2r) + 1.
Since RU Ry # 0, we have r +k > 0. If kK > 0, then
I(adf) > (p—2)2F+22" 4+ 2n — 2k —2r +1>2n +2.
If k=0, then r > 0. It follows that
I[(adf) > p'+2n—2r+1>1+(p—1)r+2n—2r+1>2n+2.

The proof is complete. [ |
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To study the invariance of the principal filtration of g, we establish the
following lemmas. The first one is straightforward.

Lemma 2.7.  Nor,(T) = go, where T := spang{z(™z*}.

For n' € N\{1},# € N*', put
= (my,...,7,) and W= (0 + 1,0 +2,....2n" +1).

Y n’

Write g’ := KO(n/,n’' + 1;¢') and T" := spang{z(™)2*"}.
Lemma 2.8.  Suppose o is an isomorphism of g to ¢'. Then o(go) = g;-

Proof.  Employing Lemmas 2.5 and 2.6, we can prove that o(7") = T". Since
[, 7] CT < [o(z),0(T)] Co(T)=T" forall z € g,
by Lemma 2.7, 0(go) = 0(Norg(T")) = Nory(1”) = g. The proof is complete. =

Let p:go — gl(g/go) be the representation of gy in g/go induced by the
adjoint representation.

Lemma 2.9. g_1/go is the unique irreducible go-submodule of g/go.

Proof. Obviously, g_1/go is a go-submodule of g/go. Let M be an arbitrary
nonzero go-submodule of g/go. Put 0 # y + go € M. Without loss of generality,
we can assume that y = 1+ ¢/, where y' € gi_yj. Then [z;29,11,1+ Y]+ g0 € M
for all i € I\{2n + 1}. Noticing that [z;x9,41,9] + g0 € M, we obtain that
[ixont1, 1] + g0 € M, that is, x; + go € M for all ¢ € I\{2n + 1}. It follows that
g-1/g0 C M, completing the proof. n

From Lemmas 2.8 and 2.9, we have

/

Lemma 2.10.  If o is an isomorphism of g to ¢ then o(g_1) = o(g",).
Lemma 2.11. g, ={r€g;1]|[r,9.1] Cgi1} foralli>1.

Proof. Let h; = {z € gi-1 | [#,9-1] C gi—1}. One inclusion is obvious.
For y € b;, write y := Zf;ilfl y;j, where y; € gp;). Then [y;_1,9-1] = 0. Put

Yio1 = Za’u ba,ux(o‘)x“, where b,, € F, a € A, v € B. For any fixed § # 0,
there exists [, > 1 for some k € Iy, and then

0= [Z bo '@, xkf} = Z Doy (O (2 z) — (—=1)PE Dy, 41 (2 D)),

Consequently, bz, = 0 whenever o # 0. It remains to consider the case o = 0.
Fixing any v # () and an index [ € v, we have

0= [Z bout”, x,,} =3 bou((— 1P, (2) — (~1)PE") B ()0,
0,u 0,u

It follows that by, = 0. Therefore, y;_; = 0, implying that b; C g;. ]
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We can now prove one of the main theorems.

Proof of Theorem 1.1. Suppose ¢ is an isomorphism of g to g’. Using Lemmas
2.8, 2.10 and 2.11, one sees that o(g;) = g for every i > —2. This completes the
proof.

Employing Theorem 1.1, we want to show that n and t are intrinsic for the
odd Contact superalgebra g(n,n + 1;t).

Proof of Theorem 1.2. Suppose n,n’ € N\{1},t € N*,#' € N*'. Let us show
that g ~ ¢’ if and only if n =n' and t ~ t'. Here ¢ ~ ' means that there exists
a permutation 7 of Iy such that t,.;) = ¢; for all ¢ € I,.

Assume that o : g — ¢ is an isomorphism of Lie superalgebras. By
Lemma 2.9, g_1/go and g’ ,/g; are the unique irreducible go-submodule of g/go
and gj-submodule of g'/gj, respectively. Then o(g_1/g0) = ¢’ /(. This implies
that dimg_) = dimg’[fl] and then n =n'.

Assume without loss of generality that ¢; > to > --- > ¢, and t} > t}, >

- >t If t # ', we may suppose for some k € I,

ty >t but t; =t; for k <j<n (maybe k=n).

Then, noticing that z®"*) € 9,4

(p'her) / :
. and ") ¢ 8,y We can obtain

9y g 29 ., ) Therefore, dimg[pt

. > dimg’ , , which contradicts Theo-
[pk— [p'k—2]

,5k72]
rem 1.1.

The converse implication is automatic. The proof is complete.

3. Automorphisms

In this section, the automorphism group of the restricted Lie superalgebra g will
be studied, in particular, Theorem 1.3 will be proved. We begin with a simple
fact, which needs only a direct observation.

Lemma 3.1.  Suppose L = Lz @ Lt is a restricted Lie superalgebra and H =
Hy & Hy is a subalgebra of L. Then H is a restricted subalgebra of L if and only
if Hy is a restricted subalgebra of L.

Just as in the Lie algebra case [18], the restrictedness of g can be charac-
terized by the parameter ¢ by which the divided power algebra is defined.

Proposition 3.2.  g(n,n + 1;t) is restricted if and only if t = 1.

Proof.  Suppose g(n,n+ 1;t) is restricted. Then (add;)? are inner derivations
of go for all i € I, and therefore, zd((add;)?) > —2. On the other hand, noticing
that zd(add;) = —1, we have zd((add;)?) = —p. As a consequence, (add;)? = 0
for ¢ € Iy. Therefore, t = 1 since

Dyo(z™ 7)) = (add;)?(Dgo(z'™)) = 0 for all i € I,
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Suppose conversely t = 1. Then W(n,n+1;1) is a restricted Lie superalge-
bra with respect to the usual p-mapping [22, Theorem 5]. Hence, by Lemma 3.1, it
sufﬁces to show that KO(n,n+1;1)5 is a restricted subalgebra of W(n,n+1;1);.
Let z(®2% be a basis element of O(n n+1;1) with p(z®2*) =T1. Then

DKO(x(O‘)x“) = TH(x(O‘)x“) + M(x(a)x“),

where
n

TH(x(a)xu)_Z< (a—e;) ua/_( )z (a) u— <z>8)

=1
Mz @z = (Ja| + |u| — 2)z Yz 0y g — 2@ gu<H>A
One can verify that Ty (") and M (z(®z") commute. Consequently,
Dio(z @z = Ty (! @z + M (2 zv)P,

First consider Ty (x®z)P. If 2n +1 € u, then Ty(x@z")? = 0. If
2n + 1 ¢ u, letting Dy;(x®a®) = gle—=)gug, — (— )iz (@ z¥=<">9, and noting
that (2‘)‘_8i_aﬂ') = (20‘_2_‘57'), we have

[Dyi(z "), Dj,j(x<a>x“)] =0 foralli,j€lp; u€B with 2n+1 ¢ u.

It follows that Tp(z(®z*)? = 32", Dyy(2@x)P. If ||u| > 1, then Dy;(z(®z*)? =
0. If ||u|| =1, then D”( (@2%)2 = 0 unless 2" = xy. Keep in mind that ¢ = 1.
A direct computation shows that Di/i(x(a)x“)p =0 unless o = ¢;. Since xy0y and
x;0; commute for i € I,

Di:i(:cixir)p = ($i/ai/)p — (—1)2(.3(718@)1) = xi/&-/ — (-1)2.73181 = szz(xzx,/)
One gets

Ty(x @) if a=¢; and u= (i) for some i € Ip;

(@) pu\p
Ty (2*2") { 0 otherwise. (3.1)

Next compute M (x®z%)P. If u # (2n + 1), then M(z(®z")? = 0 by a direct
computation. If u = (2n+1), then M (2@ z9,,1) = (Ja|—2)2 ¥ 29, 4109,41—2 @A,
Since t = 1, we have M(z(®zy,.1)? = 0, unless @ = 0. On the other hand,
M (73,41)? = M (%2,11). This combining with (3.1) shows that Dgo(z(®z")P €
KO(n,n + 1;1)5. By [16, Proposition 2.1.3(1)], KO(n,n + 1;1); is a restricted
subalgebra of W(n,n + 1;1)g. [

In the sequel we only consider the restrictedness case. Thus X := X (n,n+
1;1), where X = O, W or g. By virtue of (2.1), it is easy to verify that

[DK()(l), DK0<IZ)] = —2(5i72n+1DKO<1) for 7 € I; (32)
[DK()(ZL‘Z) DKO(:'E27’L+1)] = —DKo(ZL'Z) for ¢ € I\{2n + 1}, (33)
[Dko(:), Dro(x;)] = (=1)"D6,;Dgo(1) for i € T\{2n+1}.  (3.4)

By using an argument completely analogous to [10, Lemma 2.3|, one can verify
that

Ip,0 = Us,0- (3'5)
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Lemma 3.3.  Suppose ¢ € Autg. If {G;|i €1} C g is an O-basis of W, so
is {o(Gy) | i € 1}.

Proof. By Theorem 1.1, the principal filtration {gp;}icz is invariant under ¢.
Similar to [10, Lemma 2.4(ii)], using (3.5) one can prove this lemma. ]

Let Ma,11(O) be the F-algebra of all (2n + 1) x (2n + 1) matrices over
O. Denote by prg and prg; the projections of O onto Ogjq = F and Osg,
respectively. For A = (a;) € Ma,y1(O), put prgg(A4) = (prg(a;)) and
prs,l(A) = (prs,l(aij))'

Proof of the first part of Theorem 1.3. Clearly,
O Aut(O : g) — Autg, o+— 7,

is a homomorphism of groups, where o(D) = cDo ™! for D € g. Let us first show
that @ is injective. To that aim, letting o € Aut(O : g) such that o|; = 1,4, we
are going to verify that ¢ = 1p. For i € I, j € I\2n + 1, we have

32n+1($z‘) = 0j2n+1 = 32n+1(0($z‘))7

Dro(z;)(wi) = (=1)"V6; = Dol(x;)(o(x1),

Dro(xj)(zmi1) = =7 = Dro(;)(0(22m+41))-
As a consequence, Oa,11(z; —0(x;)) = 0 and Dgo(x;)(z;—o(z;)) =0 forall i € I,
j € IN{2n+ 1}. This implies that z; — o(z;) € F. On the other hand, [10, Lemma
3.3] ensures that o(z;) € Og;. It follows that o(z;) = z; for all i € I. As O is
generated by z,., r € I, we have 0 = 10.

We have to show that @ is surjective. Let ¢ € Autg. Put E; := ¢(Dgo(z;))

for all i« € I\{2n + 1} and Es,+1 := ¢(Dko(1)). Observe that {Dgo(1)} U
{Dko(z;) | i € I\{2n + 1}} is an O-basis of W. Lemma 3.3 ensures that
{E; | i € I} is again an O-basis of W. Setting Fy := ¢(Dko(Tan+1)), we may
assume that

Eo= > (=1)"yyE;+ yons1Eon1,  where y; € O. (3.6)
jen\{2n+1}

Hence, from (3.2)—(3.4) we have

[E2n+17 Ez] = _2(5i,0E2n+1 for 7 € ]:7 (37)
[Ei, Bj] = (—1)"D6;Eypyy  for i € I\{2n + 1}. (3.9)

Using (3.6) and (3.7), we know that

2n

—2FE9,41 = Z(—l)“(j/)Ean(yj’)Ej + Eony1(Yont1) Eong1- (3.10)

j=1
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For i € I\{2n + 1}, by (3.6) and (3.8), we can obtain
—E; = Z (= 1)U By (y;) Ej+ (= DPEPE) g By i+ Ei(yons1) Bong- (3.11)
jeT\{2n+1}
From (3.10) and (3.11) we have
Eoni1(yi) = =2050n41 for i €1
Ei(yong1) = —(—1)PEPWI for € T\{2n + 1}.
A direct computation shows that prg 5;((Ei(y;))) € GLant1(F). Write
(Bryoy Bana)t = M(0y, ..., 050 11)"
where M € My, 1(O). Then we have

(Bi(y;) = M (01, .., Oansr) (Y1 Yonsr) = M(0i(y;))
and
DI o] (Ei(y5)) = Prs o) (M) - Prg 0)(Di(y;))- (3.12)
As {E; | i € I} is an O-basis of W, M is invertible and then by [10, Lemma 2.2],
prg o] (M) € GLyyy1 (F). It follows from (3.12) that prg )(0i(y;)) € GLans1(F). In

view of [10, Lemma 2.5], there is ¢ € AutO such that o(z;) = y; for all i € L.
Furthermore, it is easy to see that

0(Dro(1))(yi) = Eonsa(yi) for jel,

Hence aly, = ¢l for i = —2,—1. Then one can inductively show that oly, =
¢lgy for all i > —2. Therefore, (o) = ¢, showing that ® is surjective. The proof
is complete.

Lemma 3.4.  The principal filtration of O is invariant under Aut(O : g).

Proof. Note that

DKO(xj’) = (—1)“(j/)8j - l’j/agn_H. (313)
We have
2n 2n
—Dio(wams1) = Y _(=1)"z;Dolry) + (Z(—l)“(] sy + 2372n+1>32n+1-
j=1 j=1
(3.14)
Thus

2n 2n
U<2x2n+1 + Z(—l)“(j/)xjxj')5<a2n+1) + Z(_l)#(j/)a(xj)5<DKo($j’))
j=1 Jj=1

= _5<DKO(x2n+1)) € go C Wo. (315)
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Theorem 1.3 ensures that o|; € Autg. Then, by Theorem 1.1, ¢ induce an
automorphism of the quotient space g;/gir1. Therefore, 7(danr1) € g-2\g_1,
o(Dro(r;)) € g-1\go for all j € I\{2n + 1}. Consequently, {pry _1;(d(I2nt1))} U
{prs1(@(Drol(zy))) | 7 € IN{2n + 1}} C spang{d; | i € I}, where pry|_y; is the
projection of W onto Wy _y;. Note that

{0(02n11)} U{o(Drol(zy)) [ j € I\{2n + 1}}
is an O-basis of W. By [10, Lemma 2.4(i)], {prg _1)(¢(O2n+1)) }U{Prs [-1) (0 (Dro0(2)))) |
j € I\{2n + 1}} is also an O-basis of W. Now, we obtain from (3.15) that

o(2x9n41 + Z “(7 zjxj) € Oy, (3.16)

o(z;) € (’)1 for j € I\{2n + 1}. (3.17)

(3.16) and (3.17) yield that
O($2n+1) € 02.
Therefore, induction on ¢ shows that o(O;) C O; for i € L. ]
Proof of the second part of Theorem 1.3. (i) We first show the inclusion
“C 7. Let 0 € Autp;(O : g). By Lemma 3.4, it is a routine to verify that
0(0;) = 0; (mod W,;_) for all j € I\{2n+ 1} and 7(0ap41) = Oany1 (mod W;_s).
A simple computation shows
o(fo;) =0(f)o(0;) forall j €I, f € O,.
Then it can be readily seen that
o(f0;) = f0; (mod Wi_y4;) for j € I\{2n + 1}
and o(fOut1) = fOumy1 (mod Wi_oy;). Therefore ¢ € Auty;W. Thus o €
Autp ;W N Autg C Auty ;9. Hence
O(Autp (O : g)) C Auty,g.

To prove the converse inclusion, let ¢ € Autp,g for ¢ > 0 and set o :=
d~1(¢p). Observe that ©(Dxo(22,41)) = Dxo(Tons1) (mod g;). Then (3.13) and
(3.14) ensure that

(2x2n+1+z sy ) @(Oons1) +Z Jo(Dro(zy))
= — (DK0(1?2n+1)) — (DKO(fan)):—DKO(@nH)

= (2x2n+1+ Z a:]x] )02n+1+2 “(J zjDgo(xj) mod(g;). (3.18)

Since (Oan+1) = Oany1 (mod gi2), 90<DKO(9UJ")) = Dko(zy) (mod g;—1), we
may assume that ¢(0a,i1) = Oons1 + Gona1, SO(DKO<=Tj’)) = DKO(%") + Gy,
where G171 € gi_g, G; € gi-1,J € I\{2n + 1}. Thus we obtain from (3.18) that

< <2x2n+l + Z .Z']x] ) 2$2n+1 + Z M(j Xy >82n+1

+Z(—1)”(jl)(a(a:j) —2j)Dko(zy) =G (mod W;), (3.19)

j=1
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where G = —0'(2$2n+1 + Zzn ( )u(j )ff G5! )G2n+1 ZQZ (_1)M(j/)0-(xj)Gj" It

7j=1
follows from Lemma 3.4 that G € W;. Applying (3.19) gives

( <2$2n+1 + Z 1), G50 ) (22941 + Z ili'jili'j >32n+1

= - Z o(z;) —z;)Dro(xj) (mod W;). (3.20)

Note that {DKO(xj) | € I\N{2n+1}} U{0ap41} is an O-basis of W. From (3.20)
we have

<2x2n+1 + Z l‘jiL'j ) = <2x2n+1 + Z xjxj ) (mod O;42)

(3.21)
and
2n
> (=1 (o (z;) — ;) =0 (mod Oyy). (3.22)
j=1
It follows form (3.22) that
o(z;) =z; (mod O;4q). (3.23)
This implies that o(z;z;) = zjz; (mod O;41). As a consequence, one gets

from (3.21), o(z2n41) = Tont1 (mod O,y2). Hence o € Auty, ;O N Aut(O : g) =
Autp,;(O : g), that is, Autp ;g C P(Auty,; (O : g)).

(ii) Suppose ¢ € Autjg andset o := ®~'(p). Note that Dxo(Z2n41) € gl -
From (3.18) we have

o (2011 + Z V55 ) (Do) + Z Jo(Drol))

= —SD(DKO($2n+1)) € gp) € W) (3.24)

Clearly, ¢(Dgo(z;)) € gi-1) and ¢(0snt1) € g[—9) for j € I\{2n + 1}. Note that
{Dro(x;) | i e I\{2n 4+ 1}} U{0Oap41} is an O- ba81s of W. Form (3.24) it follows
that

<2x2n+1 + Z “(3 ;T ) € Op (3.25)

and 22” (—1)* o (2;) € Opy. Then, o(x;) € Op) for j € I\{2n + 1}. Since
Z?Zl( Dz € Oy, (3.25) implies o(29,11) € Op. Using induction on 4,
we can show that o(Op;) C O for every i > 0. Hence o € Aut; (O : g).

Assume conversely that o € Aut; (O : g). Let ¢ := ®(0). Then ¢ = 7l
It is clear that o(0;) € Wiy for all i € I\{2n + 1}, 0(02p41) € Wi_g. Thus
o € AutyW. Furthermore, by Theorem 1.3, ¢ € Autg. Thus

e(gp) =o(gp) =Wy Ng) C Wy Ng =g

(iii) The first part follows from Theorem 1.1 and [10, Lemma 3.1(i)]. The
second follows from Theorem 1.1 and [10, Lemma 3.1(ii)]. The proof is complete.
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Remark 3.5. We should note that the principal filtration of O is not invariant
under its automorphisms. Let

oz —x; for i €y, wpiq > Topgr, ;> xjq for jeI\ {n+1}.

Then the mapping ¢ induces an automorphism of O(n,n + 1;1), denoted still by
o. Clearly, 0(Op2) ¢ Op2, since o(Top+1) = Tap.

Remark 3.6. The principal filtration of W is not invariant under its automor-
phisms. For o, defined in Remark 3.5, we have ¢ € AutW and

5(82n)<x2n+1) = 082n0_1($2n+1) = O’(l) = 1.

This shows that (W, _1) ¢ Wp _1.

4. p-characters

In this section, suppose the underlying field F is algebraically closed. We first
determine the factors of the standard normal series of the automorphism group
Autg (Theorem 1.4). As an application, we consider the p-character of g (Theorem
1.5).

Lemma 4.1.  Suppose V = @V is a finite-dimensional Z-graded vector space.
If ¢ € End(V), then there exists unique ¢; € End(V) for j € Z such that

¢=>_¢; and ¢;(Viy) C Virgy) for j, k € Z.
Lemma 4.2. g = Nory(g).

Proof. It suffices to show that Norpy (g) C g. It is easily seen, by (2.1)
that if F' € g then there exists G € g such that F' = [G, Dgo(1)]. Thus, for
D € Nory/(g), we may assume that [D, Dgo(1)] = 0. Again using (2.1) we see
that if F' € g satisfies 0 = [F, Dgo(1)] = [F, Dko(z;)] for 1 < j < i, where
i € I\{2n+1}, then there exists G € g such that 0 = [G, Dgo(1)] = [G, Dko(z;)]
for 1 < j < i and F = [G,Dgo(z;)]. As in the above, we can thus assume
0=[D,Dko(1)] = [D, Dko(x;)] for i € I\{2n + 1}. This implies that D =0. =

In order to prove Theorem 1.4, we recall certain basic concepts (cf. [5, 6]).
Let Q(n;1) be the superalgebra over O(n;1) with the generators dzy,...,dz,
and with the defining relations: dz; A dz; = —dx; A dzy, p(da;) =1 for i,j € I,.
Every element ¥ € Q(n; 1) can be written uniquely as a sum of elements of the form
19k = Zi1<~~~<ik lezkdle ARE /\dZL’Zk, where fllik S O(n,l), il, . 7ik S Io. Define
on Q(n;1) the differential d as the derivation of degree 1 for which d(z;) = duz;,
d?(z;) = 0 for i € Iy. We denote by Q(n+ 1) the superalgebra over A(n+ 1) with
the generators dw,1,...,dzs,1 and the defining relations dx; - dz; = dx; - day,
p(dx;) = 0 for 4,7 € I;. Then every element ¥ € Q(n+1) can be written uniquely
as a sum of elements of ¥, = >, _ _; g 4, dry, - dag,, where g;, i, € A(n+1),
i1,...,4, € I;. Define on Q(n+1) the differential d as the derivation of degree 1 for
which d(z;) = dx;, d*(z;) =0 for i € Iy. Let Q(n,n+1;1) := Q(n; 1) @ Q(n+1).
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It is clear that Q(n,n 4 1;1) is a finite-dimensional Z-graded associative super-
commutative superalgebra. Denote the differential d on Q(n,n + 1;1) in the
natural manner, namely, d =d® 1+ 1® d.

For simplicity, we write Q0 for Q(n,n + 1;1). Note that € possesses the
so-called principal grading = @®;—1(2, [, where

Qp,[ﬂ::spanlp{fdxil e dﬂfll‘f € Op,[k}a 1 S 21§ cee Sll S 27”L + 1, k + l + 5il,2n+1:i}-
The corresponding filtration is called principal, denoted by €2y, ;. We write (2}; and
Q; for Q) and Qp;, respectively. Following [6], write

n

WK = Z(l’zdl’zl + l’zldl’z) + dl’gn_H.
i=1

Lemma 4.3.  Suppose p € Aut(O : W) and Y(wko) = uwwgo (mod Qys),
where w s a unit in O, 1 > 0. Then Y(wko) = vwio + E(wke) (mod Q13) for
some unit v € O and some E € Wiy

Proof. A direct computation shows that

n 2n
Y(wro) = fwko + Zej(¢>d$j + Z nj()da;,

7=1 Jj=n+1

where

f= Z VY (2;)Oon 19 (i) + O2n 1V (Tan41),

=1

50) = 3 wlan) o) - fay,

() = Z (:)0b(xir) + 05t (wansr) — frjr.

We also have

n 2n
E(wko) = gwko + Z 0,(E)dz; + an(E)dxj, (4.1)
j=1 n+1
where .
g= (—1)p(E) ( Z 962‘5’2n+1E(13z") + 5’2n+1E(3€2n+1)), (4-2)
i=1
0,(E) = E(zy) + (=1)PP Y " 2,0,E(x;) — gz, (4.3)
i=1

n;(E) = E(x;) + (—1)®) sz‘ajE(l"z") + (—1)PP9 E(xops1) — gzjr.  (4.4)
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Hence, f is a unit in O and 6;(¢)) = n;(¢)) = 0 (mod O,41). Then there exists
E € W4y such that 0;(¢) = 0;(E) (mod Oy42) and 7;(¢) = n;(E) (mod Opys).
Therefore,

n 2n
D 0;(w)dz; + Y ni(w)da; + gwko = E(wko)  (mod Quys).
j=1

j=n+1

Setting v := f — g, we have

n 2n
Y(wro) = fwko +Zej(?/f)dxj + Z nj(¥)dr; = vwgo + E(wko) (mod Qy3).
j=1

j=n+1
|

Note that g:={D € W | D(wko) = uwgo,u € O} is a subalgebra of W.
Lemma 4.4. g=g.

Proof. Since Do (h)(wgo) = (=1)PM20,, .1 (h)wko for all h € O, we have
g C g. On the other hand, for E € g, we have E(wgo) = fwgo for some
f € O. (41) and (4.2) ensure that xs,.; does not appear in f. Therefore,
E(wko) = O (Tans1 f)wro = (—1)PDT L Dyo(on41 f)(wio), that is, E € g.
The proof is complete. [ |

The following proof is similar to the one of [21, Theorem 1].

Proof of Theorem 1.4. If ¢ € Autp;g, by Theorem 1.3(i) we can find o €
Autp (O : g) such that 6(E) = ocFo~! for all E € g. According to Lemma
4.1, there exist even linear transformations o; and o; such that 0 = >, 0;
and o = Zj o;. One can easily check that oy = 1, that o; = 0 if j < 0 or
0 < j < and that o; = ado;. Similarly, we can obtain that oy = 1, that 0; =0
if j <0or0<j<iandthat o5 € DerO = W. Thus o; € W};. Obviously,
Xi(0T) = Xi(@) + A\i(T) for all 7,7 € Autp,;g. Therefore, the map A; (i > 1) is a
group homomorphism from Auty ;g to gj; N gz with kernel Auty ;g by Lemma
4.2. We also have

o— ad)\l(&) —1=0- a —1= &iJrl + 5,-+2 + .- € Endp,iﬂ(g).

Thus it suffices to show that ); is surjective. To that aim, suppose

D e gyngg C Wy, ¢ >0.
Then [10, Lemma 2.5] ensures that there exists unique ¢p € Auty, (O : W) such
that ¢p(xr) = zx + D(xy) for k € I. Setting ¢y := 1p, from (4.1)—(4.3) we have

Yo(wko) = wro + D(wko) = vowgo  (mod Q;49),

where vy is a unit in @. Thus, by Lemma 4.3 there exists a unit v; € O
and Ey € Wyq) such that ¢g(wrxo) = viwko + Ei(wko) (mod ;43) . Put
Y1 = Pop_p,. It is clear that ¢; € Auty,;(O: W) and
V1(wko) = Yolwko — Ei(wko))
= NMWKO -+ E1<wKo) — wO(El(WKO)) = NMWKO (mod Qi_;,_g).
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Again using Lemma 4.3, we see that 11 (wxo) = vawko + Ea(wko) (mod ;44)
for some unit v; € O and some E, € Wjg. Repeating the process above,
we can inductively construct a sequence tg,v1,... in Autp;(O : W) satis-
fying ¢;(wko) = vjwko (mod Qi4ji0), where v; € O are units for j > 0.
Since € is finite-dimensional, we can obtain ¢p € Autp;(O : W) such that
vp(wko) = vwio for some unit v € O. Letting ¢p(E) = (pDEgoz)l for £ € W,
we have ¢p € Auty;W. Computation shows that ¢p(g) C g and \(¢p) = D.
According to Lemma 4.4, we have that ¢p € Aut, ;W N Autg C Autp,g. So \; is
surjective, completing the proof.

Let V=V5® Vi be a vector superspace over F with basis {vy, ..., vn|Un41, ..., V2n}.
Let f denote the nondegenerate skew symmetric bilinear form on V' whose matrix
. L 0 I
with respect to the fixed basis is [ I 6L ] . Set
—in

P(V):={¢ € GLs(V) | f(z,y) = 0 <= f(o(x), ¢(y)) = 0 for all 2,y € V'}.

Remark 4.5. It is easy to show that P(V') consists of all matrices [é ( Ai))l] ,
where A € GL,,(F).

Let ¢ : M — N be a linear transformation of vector spaces over F.
If M = @®©Mj is graded, we denote by ¢j; the restriction of ¢ to M. Define
©* : N* — M* the dual map given by (¢*(f))(m) = f(¢(m)), where f € N*,
m € M. Then we have the following Lemma.

Lemma4.6.  If x(_1) # 0, then there exists ¢ € Auty,g such that X°(Dgo(z;)) =
dion for i € i\{2n + 1}.

Proof.  Let ¢ € (gi_1 N ggy)* such that ((Dio(;)) = 052, for i € I\{2n + 1}.
Then there exists o € P((gj-1))*) such that o(¢) = x[-1j, since xj_1} # 0. If the
map v : Autig — P((g-1)*) given by ¢ — ((0—1))*) " is surjective, then we
can choose o € Autyg such that ((G_y))*)"" = 0. Therefore,

X’ (Dro(w:) = (F-1)" (x(Dro(2:))) = 0~ (x(Dro(2:))) = ¢(Dko(:)) = 6i2m:

as required.

Let us show that v : Autyg — P((g(_1))*) is surjective. Since g_yj is dual
to Opy, we can identify g;_y with (Opy)*. It suffices to verify that v : Aut g —
'P(O[l]), o —> o is surjective and 5[_1] = (U[;]l)*.

If 7 € Aut)g, by Theorem 1.3(ii) there exists o € Auty,(O : g) such that
G(E) = oEo~! for E € g. Observe that o_y; € P(gi_1)). Thus o € P(Opy),
that is, v is well-defined. If opy; € P(Opy), then by [10, Lemma 2.5], o) extends
uniquely to an element o € Aut;, (O : W). Consequently, there exists ¢ € Aut, W
such that o(E) = oEo~ ! for all E € W. It is easy to verify that o(gy) C gy for
i < 0 and hence o(g) C g. Therefore, ¢ € Autyg, that is, v is surjective. For
D € gi_y), we have 5_1(D) = 0 Do} = Daﬁ]1 = (07;1)*(D), since Da[’l]l((’)m) CcF

(1] (1]
and o fixes the elements of F. The proof is complete. [ ]
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Proof of Theorem 1.5. Suppose x[—ij # 0. By Theorem 1.1, it is easy to
see that the automorphisms of g leave the height of x invariant. Then we may
assume that x(Dgo(xr)) = Okon for £ € Li\{2n + 1} by Lemma 4.6. Since
xjo) 7# 0, suppose first that x(Dgo(@2nt1)) # 0 and x(Dgo(xx;)) = 0 for all
i € Ip, j € 1\{2n+1}. Putting ¢ := —x(Dgo(x2,11)) ", by Theorem 1.4 we find
o € Autg satisfying

d(Dko(zr)) — [cDro(pn®ant1), Drxo(xk)] — Dro(xk) € g1 N gg
for k € I;\{2n + 1}. Noting that hty = 1, we obtain x(g1 N gg) = 0. Thus

X" (Dro(ar)) = x(@(Dko(zx))) = x([cDko(@nani1), Dio(zk)]) + x(Dko(ar))
= c(6wrX(Dro(T2nt1)) + X(Dro(znwk))) + x(Dro(xr))
= c(OwiX(Dro(r2n11))) + X(Dro(wk))-
Summarizing, we have x°(Dgo(zy)) = 0 for k € I;\{2n + 1}.
It remains to consider the case in which there exist i € Iy, j € I;\{2n+ 1}

such that x(Dgo(z;x;)) # 0. Assume in addition that 7 is chosen to be maximal.
By Theorem 1.4, there exists o € Autg such that

o(Dko(xk)) — [¢ Dxo(xixjzn), Dro(wr)] — Dro(zk) € g1 N g5
for k € I;\{2n + 1}. Consequently,

X" (Dro(xr)) = x(6(Drolar)) = x([¢ Dro(zixjxn), Dro(xr)]) + X(Dko(x))
= (0mx(Dro(xjzn)) + owrx(Dro(xir;))) + X(Dro(zr))

If i =n, put ¢ = —ix(Dko(waz;)) ™. If i # n, putting ¢ =: —x(Dgo(zz;)) ",
by the maximality of i, we have x(Dko(z;x,)) = 0. Arguing as in the above, we
conclude that x°(Dgo(z;)) =0 for k € I;\{2n + 1}.

Note that Dyo(z;x;) = (—=1)*Dz;0; + (—=1)HD+Or@) 2,9, for 4,5 € T\{2n + 1}.

Assume D =}, 1 oy fong1y Vi Do (i) € gjo) N gg and

X[o] *= > cp(Drolway),
1€lg,jel\{2n+1}
where bij/a Cijr € F and (DKO($1$]))*(DKO($k$Z)) = 25zk5jl Put B; := _<bij/)
o B 0 |G 0 ;
and Cy := —(¢;j). Set B := [0 —BJ and C' := [O —Cﬂ , where X* denotes

the transpose of the matrix X. A computation shows that (D) = tr(C*B).
Select G € GL,(FF) such that G;C,G; " is lower triangular, since F is algebraically
closed. Let G := [Gl 0 ] Then GCG™! = {Glchll 0 ]

‘ Lo (G 0 —(GiOiGTY)
Let ¢ € GLg(Op;) be such that its matrix with respect to the standard basis of
Op) is G'. 1t is easy to verify that ¢ € P(Opj). As in the proof of Lemma 4.6,
there exists 7 € Aut;g such that ¢ = 7p1), where 7 € Aut; (O : g) satisfying
7(E) =71E7T™! for E € g. Then we have

X" (D) = x(7(D)) = x(o)(1)D7}") = xp0) (9D~ ") = tr(C(G'B(G™)"))
(G1C1GNEBy 0 ]

_ —1\¢ _
= tr((GCG™)'B) =tr [ 0 GLCY G B
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From the equation above, we can obtain that x7(D) = 0 if By is strictly upper tri-
angular, since (G;C,G1")! is upper triangular. This implies that x7(Dgo(zi7;)) =
0 for all i € Iy, j € Ii\{2n + 1} with i < j'. Note that 7 € Autyg. It is easily
seen that x°"(g—1 N gg) = X°(gj-1] N g5) = 0. The proof is complete.
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