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1. Introduction

In their study about cohomology groups of a locally compact group G with
coefficients in a unitary representation, A. M. Vershik and S. I. Karpushev ([16])
introduced the notion of the cortex of GG. It is defined as the set of all unitary
irreducible representations of G which cannot be Hausdorff-separated from the
identity representation 14, that is, for all neighborhood V' of 14 and for each
neighborhood U of 7, one has VN U is non-empty set. Note that if GG is abelian,
then (' is separated and hence Cor(G) = {1¢}. The set G is equipped with the
topology of Fell which can be described in terms of weak containment (see [12])
and, in general, is not separated.

When G is connected and simply connected nilpotent Lie group with Lie
algebra g, the Kirillov theory enables us to identify the cortex of G with certain
subsets of the dual space g*. Recall the well known facts. If g*/Ad*G denotes the
space of coadjoint orbits in g* endowed with the quotient topology of g*, then the
Kirillov correspondence g*/Ad*G — G is a homeomorphism. From [5], we have
7y is in the cortex of G if and only if there are {s,,} C G and {{,,} C g* such
that lim,, o0 £, = 0 and lim,, o Smfn = ¢ and then the cortex of G identifies,
via Kirillov-theory, with an Ad*(G)-invariant subset of g*.

Motivated by this situation, the authors define in [8] the cortex Cy (G)
of a representation of a locally compact group G on a finite-dimensional vector
space V' as the set of all v € V for which G.v and {0} cannot be Hausdorff-
separated in the orbit-space V/G. They give a precise description of Cy(G) in
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the case G = R. Moreover, they consider the subset ICy (G) of V' consisting of the
common zeroes of all G-invariant polynomials p on V' with p(0) = 0. They show
that ICy(G) = Cy(G) when G is a nilpotent Lie group of the form G =R x R”
and V = g* the dual of the Lie algebra g. This is false for a general nilpotent Lie
group (see [5]). In [5], the authors give a counter-example, moreover when G is
two-step nilpotent Lie group, the cortex of G is as follows:

Cor(g*) = {ad;(y), z €9, y € g* }.

In [3], the author consider the nilpotent Lie algebras g which satisfy dimg < 6
and check by direct computation that their cortex is exactly the set of common
zeros of Ad*-invariant polynomials vanishing at 0.

When G is exponential solvable (real) Lie group, the Kirillov-theory is still
working, there is a topological homeomorphism between the space of coadjoint or-
bits g*/Ad*G and the unitary dual G of G. That is, every unitary and irreducible
representation 7 is uniquely associated with a coadjoint orbit O, . With the above
in mind, it comes out that the set in question can be defined on g*/Ad*G as in [§]
and one can investigate the parametrization of g* to determine such a set. In this
paper, we focus on the orbit method to give a complete and explicit description
of the cortex of a class of exponential Lie algebras. More precisely, we first con-
sider the class of nilpotent Lie algebras g for which the generic coadjoint orbits
have codimension 0 or 1 in the complement of 3* in g*, where 3 is the center
of g. Now if g is an exponential (real) Lie algebra, then it is well known that
its roots are complex and when the roots are real then g is completely solvable.
The algorithm of parametrization of the dual of g was explicitly detailed in [1]
when g is completely solvable and in [2] when g is exponential. In fact, for each
"ultra-fine layer” we have an algorithm of construction of canonical coordinates
and cross-section mapping. When studying the cortex of nilpotent Lie algebras
we remark that the determination of the cortex depends on the determination of
the invariant functions appearing at the end of the parametrization of the generic
coadjoint orbits.

Now consider the two-dimensional real Lie algebra g spanned by (X,Y)
with [X,Y] = Y, then we can check that the generic orbits are 2-dimensional
and the cortex in this case is exactly g*. This Lie algebra is in fact completely
solvable. Now let us consider an exponential Lie algebra with complex roots,
for instance let g be the real Lie algebra spanned by {X,Y, A} with [A, X]| =
X +Y, [AY] = X — Y, then the trace of each generic coadjoint orbit on the
plane (X*,Y™*) is a spiral and we can check that the cortex in this case is g*. For
higher dimensional exponential Lie algebra g and when the roots are non real,
there are some directions in the coadjoint orbit of ¢ € g* on which the coadjoint
action is a dilation and the set ¢ (introduced in Section 4) shows the number of
times an almost similar dilation is repeated. The class of exponential Lie algebras
considered in this paper is, in some sense, a gluing of the two types of Lie algebras
mentioned above.

The paper is organized as follows. In Section 2 we recall some results about
stratification and parametrization of exponential Lie algebras. These results are
essentially cited in [1], [2] and [11]. In Section 3 we describe explicitly the cortex
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of nilpotent Lie algebras g for which the generic coadjoint orbits have codimension
0 or 1 in the complement of the dual of the center 3 of g. Note that the generic
coadjoint orbits of any nilpotent (non-abelian) Lie algebra g are never contained
in the complement of 3* in g*. More precisely one shows that for this class of Lie
algebras, one has the following

Theorem 1.1.  Let g be a nilpotent Lie algebra with center 3. If the codimension
of a generic coadjoint orbit in the complement of 3* is 0 or 1, then the cortex of
g* coincides with the set of the common zeros of all G-invariant polynomials P
on g* with P(0) =0, that is, Cor(g*) = I Cor(g*). More precisely

Cor(g*) = {£ € 3+, | P({) = P(0) =0, P invariant polynomial on g*}.

Section 4 is devoted to the study of the cortex of a class of exponential Lie
algebras. In [10], to each ¢ € g*, an index set ¢(¢) is defined, this set identifies
those directions in the orbit of ¢ where the coadjoint action of G is a dilation and
it is shown that ¢(¢) C ey, where e, is the set of jump indices of ¢. In this paper
we define the subset ¥(¢) of ¢(¢) so that if i € ¥(¢), then the dilation in this
direction is of the form ce? where ¢ > 0 and 6 ¢ 2wZ. More precisely, one shows

Theorem 1.2.  Let g be a real exponential Lie algebra and g* its dual. Denote
the center of g by 3 and suppose that the generic coadjoint orbits O satisfy:

dim 3 + dim O + #¢ = dim g.
Then the cortex of g* is the complement in g* of 3*.

Finally, in Section 5 we give a list of examples of Lie algebras in which the
general theory and the results of the paper are illustrated.

2. Preliminaries

2.1. Definitions and notations.

We begin by setting some notations and useful facts which will be used
throughout the paper. This material is quite standard. For more details, we refer
the reader to [11], [10], [1] and [2]. Throughout, G will always denote an n-
dimensional connected and simply connected solvable real Lie group with (real)
Lie algebra g. We denote by 3 the center of g. We assume that the group G is
exponential: the exponential mapping from g onto G is a global diffeomorphism.
We recall that this is equivalent to the condition that g is solvable and that any root
of g has the form (1+ia)c with ¢ € g* and o € R. We denote the complexification
gc of g by s. We regard the real dual g* as a real subspace of the complex vector
space s* in the natural way. Note that the adjoint (resp. coadjoint) action extends
to s (resp. s*) as well. For ¢ € g* we let O, = Ad*(G){ denote the coadjoint
orbit of ¢. Given ¢ € g*, we use the notation ¢(Z) for evaluation of ¢ at Z € s
and we shall denote ¢([Y, Z]) simply by ([Y, Z] for Y, Z € s.
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For a subset asubsets, we denote by a® the subspace:
at ={les*|l,=0}.
Let t be any subset of s and ¢ € g*, we set
t={Zcs|([Z,X]=0, forall X € t}.
Following [8], we recall the following:

Definition 2.1. [8] Let ¢ € g*. We define the cortex of g* as

Cor(g*) = { lim Ad; (¢n) | {sm} C G, {{n} C g" with lim ¢, =0}
m—00 m—00

In this paper, we shall investigate the results of parametrization of solvable
exponential Lie algebras cited in [1, 2, 11] and we shall give a complete and explicit
description of the cortex of a class of these Lie algebras. To this end, we recall
some essential tools of parametrization.

2.2. Stratification.
In this section we summarize some results about stratification (for more
details, see for instance [1, 10]). Let {X;, Xs,..., X,,} be a basis for g and set

g; = span {X1,Xs,..., X;},1 <j<mnand go={0}.
We choose the basis (X7, X, ..., X,) so that it satisfies
(i) for some 7, 1 <r <mn, g, is the nilradical of g, and
(ii) if g; is not an ideal, then g;+; and g;_; are ideals, 1 < j <n.
Let
I={j|gjisanideal }, I'={j|j€el and j—1€l} and I"=1I\TI".

Define elements Z; (1 < j <n) of s as follows: fix j in {1,...,n}, if j € I’ set
Zj = Xj, and lfj € [”, set Zj—l = Xj—l +ZX] and Zj = Xj—l — ZXJ We say
that (X1, Xo,...,X,) is a “good basis” for g if it satisfies conditions (i) and (ii),
together with the condition

(iii) for any j = 1,...,n set 5; = span {Z,...,Z;}, then {s;}"_, is a Jordan-
Holder sequence of ideals in s and the set {Z1,Zs,...,Z,} as defined above is a
Jordan-Holder basis for s.

We refer to {71, Zs, ..., Z,} as the Jordan-Holder basis corresponding to the good
basis {X1, Xs,..., X, } of g.

Remark 2.2. By [9], if g is a n-dimensional solvable Lie algebra over an
algebraically closed field K, then there is a sequence of ideals {g;} of g such
that:
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i) {0}=goC--CgiCgit1C--Cgn=9,
(i) dimg; =1,
(iii) if ¢ < 7, then [g;,9,] C ;.

{g:}: is called a Jordan-Hélder sequence of ideals in g and if for each i =1,...,n
we let X; € g; \ g;_1 then {Xy,..., X, } is a basis in g called a Jordan-Holder
basis.

We identify g* with R™ via the dual basis {Z7, Z5,..., Z}}, and for ¢ € g*,
we simply denote ¢(Z;) by ¢;. For each ¢ € g*, we let

e =T | 8 #50).

The set e, contains exactly dim O, jump indices which is necessarily even integer
since Oy is a symplectic manifold. Let &€ = {e; | £ € g*}, this set has a natural
total ordering: let e = {e; < -+ < egq} and € = {e] < --- < €y, }, we say that
e<é if:

d>d ;

or

d=d and e, < €], where r = min{s | es; # €.}.

Fix a non-empty e in &£, we let
Qe:{feg*| ee:e}.

Each €, is a G-invariant algebraic set, the collection {2} constitutes a partition
of g*, and for each e, the set U Qe is a Zariski-open subset of g*. The (),

e'<e
are determined by polynomials as follows: to each index set e one associates the
skew-symmetric matrix

Me(g) = (K[Zla Zj])i,j6e~

Setting
Qo(l) = det (Mo(0)),

one finds that {Qe} are semi-invariant polynomials and
Qe={leg'| Qu(f) =0, if & < e and Qe(¢) # 0}.

This partition {{2} is called the “coarse stratification”. This coarse strat-
ification was first introduced in [14]. As the name suggests, this partition is too
coarse for some purposes, even in the case when g is nilpotent, and various pro-
cedures have been given for its refinement. Fix a non-empty e in &, and let 2d
be the number of elements in e. We consider the set Je of all pairs (i,j) where
i={i,i2,...,iq4} and j = {J1,J2,...,Ja} are index sequences whose values taken
together constitute the index set e, and which satisfy the conditions 7, < j,. and
ip < ipy1 (1 < r < d). To each ¢ € Q., we associate subalgebras h,(¢) of
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s, r=0,1,...,d, and a pair of sequences (i(¢),j(¢)) by the following inductive
scheme: set ho(f) = s, and for r =1,2,...,d, let

i(0) =min{j | s;Nh_1(0) ¢ by (O N b ()},
br(£> = br71<£) (Slr N hr 1( ))
Jr(€)  =min{j [ s;0h,—1(f) Z b,(€)}

The sequence (i(¢),j(¢)) belongs to Je, h.(£), (0 <r < d) is a subalgebra of s of
codimension r, and hy(¥) is totally isotropic with respect to the skew-symmetric
bilinear form on s defined by ¢.

Put Fo = {(i(0),j(0)) | £ € Qc} and H = {(e,1,j) | e € &, (i,j) € Fo}.
Then H has a total ordering:
let (e,i,j) and (€',1,j’) be two elements in H, we say (e, i,j) < (¢/,1,j) if:

e<eé
or
e =€ and j, < j., where r = min{s | js # j.}.

From now on, we shall represent (e, i,j) by (e,j). Set
Qoj={e Q| j(0) =]}
Let e € £, |e| = 2d, with d > 0, for 1 <k < d, if we set
Mey, = (U[Zi, Zj))i jefin,sinsgisein}

let Pfe(¢) denote the Pfaffian of M (¢), and let Pe;(¢) = Hizl Pfer(f). These
polynomials Pfe(¢) are semi-invariants and

Qej={0€ Q| Poy(t) =0 for all (e,j) < (e,j) and Pej(¢) #0}.

These sets are also algebraic and G-invariant, and we refer to the collection of
non-empty {€Qe;} as the fine stratification of g*.

Suppose chosen a good basis (Z1,...,Z,) so that s, is an ideal for all j.
For each j, 1 < j <mn, let 7; be the complex-valued homomorphism on s defined
by

(X, Z;]=(X)Z;  mod span{Z;,,...,Z,},

and let p; be the corresponding character of G: pj(expX) = expy;(X). Let
(2e; be a fine layer, with 2d the dimension of the orbits contained in ;. For
each 1 < r < d, we have rational functions naturally associated with the fine

stratification. Fix ¢ € Qe j, define po(Z,¢) = Z; assume that py_1(Z,¢) is defined
and set

pk(Za f) = Pkfl(Z7 6) - ak(g)pkfl(zjka 6) b (g)pkfl(Zlkag)
where

Upp-1(Z), pp-1(Z,)]
E[pk—l (ij>> pk—l(Zikﬂ 7

Upr—1(Z), pr—1(Z;,)]
Cor—1(Zi), pe—1(Z;,)]
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these mapping
PrisxXQej—5

are used to compute Pfaffians corresponding to the alternating form [, ]. Define,

for 1 <r <d,
i T— Z; 76
blr<£) — ’Yr(p 1( Jr )) )
<, [Zira pT—l(ij ﬁ)] >
Then b;, is non-singular, real semi-invariant rational function on €2 ; with multi-
plier p; . For £ € Qej, set () = {i €i:b;({) # 0} and for each subset ¢ of i,
set

Qe,jﬁo ={le Qe j | o(£) = ¢}

The collection of non-empty layers {€e; .} constitutes a G-invariant partition of
g* that we call the "ultra-fine stratification” corresponding to the basis {Z;}. The
ultra-fine stratification also has an ordering for which the minimal layer is a Zariski
open subset of g*. The index set ¢(¢) identifies those directions in the orbit of ¢
where the coadjoint action of G dilates by the character uj_l (for more details see
[10]).

2.3. Parameterizing an orbit.
Take ¢ € g* and let e = {e; < e3 < -+ < egq} (we suppose that d > 0),
then the mapping R?¢ — G/ given by

(t1,t9, ... tog) — expti Xe, exptoXe, ... explogXe,, !

€2d

is an analytic diffeomorphism. In [10] and [11] there is a procedure for selecting the

X, in terms of ¢, so that the previous diffeomorphism is also analytic in ¢ and has

somewhat explicit form. More precisely, it is shown that for each 7 =1,...,2d,
there is r; : £ — g which is analytic and so that for each ¢ belonging to the
ultra-fine layer Q, the mapping R?? — G/ given by

(t1,ta, ... tag) — exptiri(€) exptara(l) ... exptagraq(L)l
is an analytic diffeomorphism and if Q(¢,¢) denotes
Q(t, ) = exptyri(£) exptora (L) - - - exp tograq(€)L,
then Q(t,¢) parameterizes each orbit G¥¢ in €2 and
Gl={Q(t,0), t=(ti,tg,... taq) € R*}.

Write Q(t,¢) = Z?Zl Q;(t,£)Z5, Then by Proposition [10, 2.6], each Q; satisfies

Q;(t,0) =0 (t1,...,t.),
where a is such that e, < j < e,y1. In particular if e = {e; < -+ < egq}, then

Q;t.0)=4;, j=1,...,e1—1.

Hence we deduce the following
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Corollary 2.3. Let g be the finite dimensional exponential Lie algebra with
center 3. The cortex of g is a cone in the dual g* satisfying

Cor(g*) C 3*.

Proof. We fix a good basis (Z1,...,%4,) with 3 = span{Z;,...,Z,}. Let
¢ € g*, then either e, = () and in this case G¢ = {¢} and lim,,,Gl{ = 0 € 3+
or e, # (), then let e = {e; < -+ < eyq}. On other hand, any jump index ey
satisfies e > p and hence

thus

Cor(g") = { lim Q™ (™), {(™},, Cg" {t™}, CR*W}c5t m
£m)—0

By density of the minimal ultra-fine layer, which is a Zariski open subset of
g*, we have

Cor(g") = { lim Q™ (™) {¢™}, cQ,{t™},, c R*},

2m) 0
where () is the minimal ultra-fine layer in g*.

2.4. Global parametrization.

Let O be a coadjoint orbit, then O carries a canonical symplectic structure,
meaning that O is equipped with a distinguished, closed two-form w with the
property that w is non-degenerate at each point of O. If (U, ¢) is a chart in O
with ¢ = (uy,ug, ..., ug, V1, Ve, ...,04), then ¢ = (uy,ug,...,uq,v1,09,...,04) are
called canonical coordinates on U if

d
wly = Zduj A dv.

Jj=1

A standard geometric result says that there is a chart for a neighborhood of every
point of O with canonical coordinates. In in many settings, it is possible to define
canonical coordinates globally for a given coadjoint orbit O: the domain of the
chart ¢ = (uj;,v;) is all the orbit O. In the nilpotent case, the approaches to
this question are based upon invariant layers in g* and an explicit cross-section
for each of these layers. Let us describe the procedure for construction of (u;,v;)
in the case where g is nilpotent (for more details see for instance [1]): it is a
recursive procedure based on a fixed real flag g, = span{Zi,...,Zy}. Given a
fine layer ) in g*, there are corresponding fine layers ), and cross-sections > in
g5 We suppose (u?, v;)) are built on the layer €25, and there are two new jump
indices 1i,, j, for Q1. Then the relation exptZy,1¢ € ¥i,1 holds for a unique
real number ¢ = v,(¢). Putting u,(¢) = ¢(Z41) and

u;(0) = ) (exp (vp(0) Z41)0), v;(€) = v (exp (v,(€) Zig1)L,
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we get global canonical coordinates for the orbit of any ¢ in €;.,. More over, for
any fine layer ) C g* there is a subset > C g* and a rational bijection

TU:0—R¥xY
£ = leXZ* > (Upy ey Uy V1 e Vgl L ML), A p—aa(£)),
i=1

with
xj = Z a;s(0,v)uj + ajo(l,v).

s | Js<j
The functions «; are rational in ¢ and polynomial in v. The cross-section ¥ is
given by
S={leQ u()=v;(0)=0, j=1,....d} =Qn (D _RZ)).
jge
Take any ¢ € 0, then the coadjoint orbit of £ is:
R x {(r, .. by My Anp2a) })-

Note that when €2 is the minimal fine layer (which is a Zariski open dense subset of
g*), then VU is a rational diffeomorphism and the cross-section ¥ is a submanifold
of g*.

In the sequel, we shall investigate separately the cortex of the nilpotent Lie
algebras and then the cortex of the exponential Lie algebras.

3. The nilpotent Case

Let g be a nilpotent Lie algebra (finite dimensional). Note that in this case, the
”good basis” can be assumed to be real, with (Zy,...,Z,) is a basis of the center
3 of g. On the other hand we have p; =1 since v, =0 ( j =1,...,n) and hence
the ultra-fine stratification coincides with the fine stratification.

Lemma 3.1.  Let g be a nilpotent Lie algebra with center 3. Let O be a generic
coadjoint orbit of ¢ and suppose that dim O = dim 3>, then

O=10+3",
and

Cor(g") = 3"

Proof. The generic orbits are parameterized by Q(¢,¢) = > 7, Q;(t,()Z;.
Since g is nilpotent then

(1) Qi(t,0)=1;if1<j<p,
(11) QPJrl(ta 6) = €p+1 — 14,
(iii) Qj(t7£> - EJ + 8j(£>ta + ‘Pj(t17 s 7ta—17£17 e 7€j—1) lf] =e, €€,



854 DALI

(IV) Qj(t>€) = éj +}/j<t7€) 1f] ¢ €,

where {P;(t,f)} are polynomials on t and rational on ¢ with P;(0,¢) = 0,
g;j(0) € {—1,1} and {Y;(¢,¢)} are also polynomial functions on ti,...,t, (a =
min{b | j < ey}) and rational on /4,...,¢;_y with Y;(0,¢) = 0. By our assumption
on the dimension of the generic orbits, each ¢ in the minimal layer, has a jump
index set

ee={e1=p+l<e=p+2<---<e=p+k<- - <ey=p+2d=n},

where n is the dimension of g and hence the Lemma follows from the above
description of {Q,}. n

In the remainder of this section we will restrict ourself to the class of
nilpotent Lie algebras g whose generic coadjoint orbits O satisfy

dim O = dimz* — 1.

Let ¢ be in the fine layer Q = Qe; with e = e, = {e; < ey < --- < ey}, then in
this case we claim that there is a unique positive integer k such that p+k ¢ e with
k > 1. Indeed, since (Zi,...,Z,) is a basis in the center 3 of g then e; > p+ 1.
On the other hand, if e; > p+ 1 thatis p+ 1 ¢ e, then Z,.; € g, + g° and
Zp1=U+V, where U€g,=3and V € g’. Forany X € g and / € Q:

UX, Zya] = (X, U + V] = ([X,U] + ([X,V] = 0,

but since {2 is the minimal layer which is a Zariski open dense subset of g* then
(X, Z,11] = 0 holds for any X € g and hence Z,,; € 3 which is a contradiction.
This shows the claim.

On other hand, let € = €¢; be the minimal layer in g*, then under our
assumption on the dimension of the generic orbits, one has a global parametrization
of this layer and there is a rational diffeomorphism

U:Q-—R¥x Y%
szxiXi* > (Upy ey Uy V1 e Vg O L A(D))
i=1

with
xj = Z a;s(0,v)uy + ajo(l,v).
s | Js<j
The functions o are rational in ¢ and polynomial in v. Each coadjoint orbit is
exactly the set W (R2*x{(¢1,..., 0, A1,..., A—24)}). More over the cross-section
YisX=a0n(] ide RZ?) and the cross-section mapping is given by

P —3
b= 077+ + 0,2+ MO 2,

where ¢ — A({) is a regular invariant homogeneous rational function on Q of the
form

A(‘€> — tp+k + f(gb s 7€p+k—1)-
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One fixes a coadjoint orbit O = O, C 2, then the invariant function ¢ — A(¢) is
a constant A on the orbit of £ and O is the algebraic subset of g* given by:

O={{=(x1,...,2n) €9", |m1="V1,...,2, =L, A\(§) = A(0) }.

Now, we give the following.

Proposition 3.2.  Let g be a nilpotent Lie algebra with center 3. Suppose that
the generic coadjoint orbits have codimension 1 in 3+ and let % be the irreducible
representation of the invariant rational reqular function \ appearing in the cross-
section mapping of the minimal layer of g*, then the cortex of g* is exactly the
algebraic subset of 3+ given by:

Cor(g") = {£ €5 | A(¢) =0}

Proof. First we claim that ¢ — A(f) is non-polynomial (rational) function
on . Indeed, since A(¢) is homogeneous of degree 1 then if it is polynomial
function, A can be extended to a linear function on g*. Now in the expression of
A(l) = A(ly, ..., l,41) we substitute ¢; by Xy, ¢ by X5 and so on, set X the
resulting vector. Then by invariance of A\ and density of €2, X is commuting with
all vectors of g. On the other hand, since X = Z,; +Y where Y € §,,;_1, then
the family {Z),...,Z,, X} is linearly independent and this contradicts the fact
that dim 3 = p. This shows the claim.

Let % be the irreducible representation of the regular homogeneous in-
variant rational function A. Since g is nilpotent, then both of A and B are
homogeneous and can be assumed to be invariant polynomials on 2. The form of
A is

)‘(@ = bptk + f(éb S 7€p+k—1)7

where f is regular homogeneous rational function on Q. Let £ = (xq,...,2,) € Q:
_ A A —zpeB(E) A
f(&) = A(€) — Tpn = B(6) Tp+k = B() ~BE)

where A;(§) = A(€) — 2p+xB(§). Now fix a coadjoint orbit O, C 2, then for each
&= (x1,...,2,) € Oy, one has

Ai(§)
B(£)’

Tpik = A —

where A = A({). Thus
B(O)xpyr, = A(l) — Ar(§),
but since B({)x,4 is polynomial function of £ and homogeneous of positive degree,

then A, (&) — A({) is also polynomial on ¢ and homogeneous with same degree and
hence any § = (x1,...,2,) in the cortex of g* satisfies:

zj=0forall j=1,...p,
and (1)
Al(ﬂfl, . 7~Tp+k71) = 0.
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On other hand, since B(&) is a product of {[X;,, X;,] with an other polynomial
function and g is nilpotent, then the system (1) is equivalent to:

zj=0forall j=1,...p,
and (2)
Axy, ..., xpy) = 0.

Conversely, any element in g* solution of the system (2), is a limit of a converging
sequence (or subsequence) of elements in

Qn{leg, Al)=0}=0n{leg", \{) =0},
and this achieves the proof. [

Now we can conclude the following

Corollary 3.3. Let G be a connected and simply connected nilpotent Lie group
with Lie algebra g, denotes by 3 the center of g. If any generic coadjoint orbit
O C g* satisfies

dim O > dim3* — 1,

then the cortex of g* coincides with the set of the common zeros of all G -invariant
polynomials P on g* with P(0) = 0. More precisely

Cor(g*) = {¢ € 3-, | P(t) = P(0) =0, P invariant polynomial on g*},

that s,
Cor(g*) = I Cor(g").

Proof. If dim O = dim 3", then by Lemma 3.1

O=0,=0+3",
and in this case, the set of G-invariant polynomials on g* is R[¢;,...,£,].

Now if dim©® = dim3* — 1, then since g is nilpotent, each G-invariant
polynomial function on g* is in R[(y,...,¢,, A, B] where A, B are the invariant
polynomials appearing in the parametrization of the minimal layer in g*, and
hence with the preceding Proposition, the conclusion follows. [ |

Corollary 3.4. If g is a two-step nilpotent Lie algebra, and if the coadjoint
orbits have codimension 0 or 1 in 3, then

Cor(g") = 3"

Proof. This is due to the fact that, when g is a two-step nilpotent Lie algebra,
then each invariant polynomial P on g* is a finite sum of the form:

P(() = > Ga(lpsr, - C)E 07,

a=(aq,...,ap)ENP\{0}

where, for each multi-index o € N?\ {0}, aa(Cpi1,...,0n) € R[lp1,...,0,]. m
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4. The exponential Case

In this section we shall assume that the Lie algebra g is exponential so that any
root of g has the form (1 4+ ia)c with ¢ € g* and a € R. If g is non-nilpotent,
then the chosen basis {Z,} is in s and recall that for each j =1,...,n, we have
a complex valued homomorphism on s given by

(X, Z7] = v(X)Z; mod span{Zj1,...,,Z,},

J

and p; is the corresponding homomorphism on G, that is, p;(exp X) = %) Let
Q0 = Qe be the minimal ultra-fine layer in g*, with e = {e; < ey < -+ < €aq},
we assume that d > 0. Recall that, for each ¢ € Q, Q(t,0) = [[>%, exptara(£)¢
parameterizes each orbit G¢, moreover

Gl={Q(t,0), t=(ti,...,laq) ER*™} L€Q.
Write Q(t,¢) = Z?Zl Q;(t,0)Z; , fix 1 <j<n,let a=1,...,2d with
a=min{b=1,...,2d | j<ep},

and put
g(t, ) = exptiri () exptara(€) - - - exp tarq(L).

In the following, we summarize the results of Proposition [11, 1.3.13] and Propo-
sition [10, 2.6]:

Proposition 4.1.  Let Q be an ultra-fine layer and fix ¢ € Q. Then

(Z) Q]<t7€) =0 (tb s 7ta)'
(ii) If j —1 € I, then the function Q;(t,¢) has the form

(e O Y0, i e
szgal(tjé))(fj FtaCa(0) +Y;(t,0),  if j=ead
szgal(taé))(fj + taCa(l) + tar1Gar1(0) + Y;(E,0),  if j=e€a &
\LEWWJM&MWm%@YU+E&@, if j=ea€¢

where for each, (t,0) — Y;(t,€) is analytic, £ + b;(€)~" is a rational function
non-singular on Q. Finally, for each a = 1,...,2d and each € in Q, (,(0) is
T -valued given by (,(€) = €[ Z,,ma(0)].

Remark 4.2. (1) Note that for each j = 1,2,...,n one has

J
Qi(t,0) = [[ exp tara(0)0Z;,
a=1

where
a=min{b=1,...,2d, j<ep}.
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(2) For each a =1,...2d and j =1,...,n, one has
(9" (8, €) = exp (3 15 (rs(0)),
b=1
depends upon fy,...,¢;_y and ty,...,t,.

(3) For each j € e, b;(¢) is non-singular rational function on € given by

- _ Yi, (prfl(ZjM 6))
b;(€) = b, (€) = <,[Zi,, pr1(Z;,, 0)] >’

and satisfies
bj(g)_l — fj + fj(fla ce agj—1)~

(4) A jump index j = e, is in ¢ if and only if 7;(r,(¢)) # 0 and in this case,
refereing to [1, p. 543], Q,(t,¢) takes the form

Q](t7 E) = Mj(ga_l(t7 g))(eta’Yj(Ta(é))bj(g)—l + fj(gla cee agj—l)) + y;)(t7 é)v

where
o

o t o
yj (tag) = Z a uj(a7€)7

aeNe—1\{0}

with
uf(a, €) = (€, mj1 (ad(ra—1(£)%* - ad(rs(0))*2ad(r1(€))* (Z)))),

and
Tj—1:86 — §5-1,

is the projection parallel to the vector space spanned by {Z,,...,Z,}. On
other hand (t,¢) — y3(t, () is depending upon t,...,t,1,€1,...,¢;_1.

(5) When Q;(t,0) = ui(g* (£, 0))(¢; + tala(€) + tas1Car1(€)) + Y;(t, £), the func-
tions (,(¢) and (,.1(¢) are T-valued, R-linearly independent, and orthog-
onal, that is, for each ¢ € Q, R((,(¢)(44+1(¢)) = 0, ( [10, Proposition 1.5 p.
254]). Moreover (t, /) — Y;(t,) is analytic and

Yi(t,0) = Y;(ts, ... ta s, 0).

Let O be a coadjoint orbit in the minimal ultra-fine layer 2 = Q.;, and
set:

Y = {is € ¢ | v, is a complex non-real root of s}.

Note that ¢ indicates the directions in the orbit on which the coadjoint action is
a dilation (see [10]), however the subset 1 indicates those for which the coadjoint
action is a dilation with the form ce? where ¢ > 0 and 0 ¢ 27Z. Now we give the
following;:
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Theorem 4.3.  Let g be a real exponential Lie algebra and g* its dual. Denote
the center of g by 3 and suppose that the generic coadjoint orbits O satisfy:

dim 3 + dim O + #¢ = dim g.
Then the cortex of g* is 3+.
Proof. Let Q be the minimal ultra-fine layer in g*. Note that if dim O = 0
for O € 2, that is g is abelian and hence the cortex of g* is exactly the trivial
null space. Set 2d the dimension of an orbit in Q, with d > 0 and set
e={e = p+1<62< o< egqt.

We shall prove that for any £ € 3+ with ¢ = Z iept1 ;25 , there exist
{tm = ™ 2d "y R2 and {(M}>_ C Q converging to zero so that
€ = lim,,, oo Q(t™), £(™). We consult the different forms of Q;(t,¢) mentioned in
Proposition 4.1.
Case 1: Qerl(t,g) = £p+1 — tl.

Then put : o

- KPTI SPTD

with {fz()ﬂ}gf:l is an arbitrary real sequence converging to ;.
Case 2: Qpi1(t,0) = lp1 + 11G(0) + 126(0).

Note that this situation occurs in the nilpotent part of g and it is shown in
[10] that in this situation, e; = p+1 ¢ I and both of e; and e; +1 = e5 belong to
e. On other hand, for each ¢ € Q, (;(¢) and (3(¢) are complex numbers of module
1 and linearly independent over R. In fact it is shown that they are orthogonal,

that is L
%(Q(ﬁ)@(@) =0

and since they are complex numbers of module 1, thus

(G (0)G(0)) = 1.

Now let {§p+1 >_, be a complex sequence converging to &,1, {(™}>_, C Q
converging to zero and put

o _ SGENEH - GT)) o __SEGE)EH - 4T)
1 - —_— 3 2 — .

(G (™) (£0m))) I(G (L) G (£0m))

Thus
T @yt 0, 67) = 6,1

Case 3: p+1leyp
In this case, Qp4+1(t,¢) is given by (see [11, p.29]):

Qpra(t,€) = O L (0) + fria(0),

where
— o1 (11(0))
boi8) = O
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and fp41 is rational function depending upon /4, ..., ¢, and such that

b;;—s}l(@ = Llpy1+ fpar(lr, .., bp).

Now we consider the following two subcases.
Case 3-1: p+1€p\ 9.

In this case, both of b,41(¢) and f,+1(¢) are real. We fix a component €y
in €2 so that

(£p+1 - fp+1 (f))pr (é) > 07

and hence we let

In (&1 = Frra (€7 by (67))
Vo1 (r1 (€M) 7

where {{(,)}m C €21 converging to zero.
Case 3-2: p+1 €.
In this case, one has, p+2 ¢ e and Z,.o = U —iV it Z,., = U +iV,
where U,V € g, and (p1o = (pi1. Let {t§m)}m so that
(m) In |(§p+1 - fp-i—l(f(m)))bp-i—l(g(m)”

t - )
' Y1 (1 (€M)

#™ =

and set - :
2 = ™t (m (e ))b;il(g(m)) + fopr (€M),

Without loss of generality, we can assume that {z(™},, is converging to a complex
number z with |z| = [{,11]|. Hence, we distinguish the following subcases:
Subcase 3-2-a: £, = 0.

In this case, we have lim,,_,oc Qp+1(tgm), (M) =¢,.,=0.
Subcase 3-2-b: £, # 0.

Since b4 (€) = lp1 + fps1(l1, ..., €p), then for cach t; € R, the map

O arg(n 0 OB (1) + (1)),

is continuous and surjective, then for a suitable choice of {#™},, C R/27Z,

if(m) (m)

»+1 > S0 that for each m, one has

substituting Egz)l by e

arg 2™ = arg §p+1,

hence

Tim Qpia (1™, 60) = &4, and also lim Qpea(t™, () = &1,

Now suppose have built {£"™}, ... {t%} € R and {{{™},,,... {6}, C Q
converging to zero so that

lim Q;(t™ (™) =¢;, forall j=p+1,...,q.

m—0o0
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Now if ¢ + 1 _§Z e, then by our assumption on the dimension of generic orbits,
g€ e =E&, Qu(t™ (M) =Q,(tm ¢(m) and hence

Tim Qyia (K, £07) = g1,

Suppose then ¢+ 1 € e, and then we have the following cases:

Case I: Qi1(t,0) = p1g+1(9° (L, ) (lgs1 + Cav1(Otas1) + Yora(t, €).
In this case, pqg+1(9%(t,0), Y 41(t, £) are real valued and (,11(¢) € {—1,1}.
We let

£ = Gt (00) ((Egur — Yaua (80 £00)) by (60 plm)y — ).

With this choice one has

lim Qg (17, 00)) = &40

m—o0

Case IL: Q41 (8, £) = pg+1(97(t, €) (g1 + tar1Car1(0) + tavaCata(l)) + Yoia(t, £).

Note that this situation occurs in the nilpotent part of g and that (,.()
and (,12(¢) are complex numbers of module 1, R-linearly independent and or-
thogonal, that is:

§R(CaJrl (g)Ca+2 (ﬁ)) = O

Hence, similarly to the construction of {tgm)} and {tgm)} in case 2, we can built

(m

the real sequences {t((lnj)l}zzl and {t,.5}0o_; so that

lim Qg (K™, 015, 60) = Ean and lim Qqua(t]™, . 6715, 07) = &y

m—ro0

Case III: g+ 1€
In this case

Qq+1 (t’ ﬁ) = g1 (ga(t, g) (eta+1’7q+1(7“a+1(@))b;il (g)) + Y;Hl(t’ g)’
where b,41(¢) is non-singular rational function on € such that
bq_ﬁ}l(g) = £q+l + fq+1(€1’ ce >€q)’

and Yy 1(t,0) = Y1 (tr, .. ta, b1, o, ).
Subcase III-1: ¢+ 1 € ¢\ 9.

Note that in this situation both of byy1(¢) and Y (¢, ¢) are real valued
functions. Now we choose the real sequence {tfﬁ)l}m so that

(m) r m — a(4(m m m m m
elai e (e (£7)) = gt (9" (87 )by (raga (E)) (Egur — Yora (80, £07))),

where {£(™},, C Q converging to zero and so that for each m,

bq-&-l(e(m))(fq—i-l - Yq-i-l (t(m)>€(m))) > 0.



862 DALI

Case I1I-2: ¢+ 1 €.

Note that in this situation Z,,; = U+iV € s5\g, Zyso = U—iV, {pio = &g
and ¢ +2 ¢ e.

First, we let {t{7)},, so that

(m) m m m — a m m m
elat (et (O — (g Yo (80 0y ek (g (80 00 ) )by (£07)].

More precisely, one has

¢ = In [ (g (£, 00)) )by (00 (Egr — Yo (87, £07)))]
! Yor1 (Fap1 (6))

On other hand, we let
2(t, ) = rgsa (9 (1, D) e e O (0) 4,4 (2,0)

Without loss of generality, we can assume that z(¢t(™), £(™)) is a complex sequence
converging to z with |z| = |{,4+1|. Then if {41 = 0, one has

lim Qq—‘rl(t(m)a g(m)) =0= §q+17

m—ro0
while if ;41 # 0, then again using the same arguments as in Subcase 3-2-b, for

each t, the mapping
0 — arg z(t, ()

is continuous on ) whose range is R/27Z. Thus we can suppose that, for each
m, z(t'™ M) satisfies

arg(z(t(m), E(m))) = arg(SQ-&-l)?

that is,
lim Qq—‘rl(t(m)a g(m)) = €q+17

m—o0

and this achieves the proof.

5. Examples

We conclude this paper by presenting several examples in which we explain the
different cases of our results. For the following examples, g is supposed to be (real)
nilpotent or exponential Lie algebra with a Jordan-Hoélder basis (X, ..., X,,). We
denote by g* the dual of g, which is identified under the dual basis (X7,..., X})
with R™. The minimal layer will be simply denoted by ). The coordinates of
¢ € g* are denoted by (¢y,...,¢,) and an element in the coadjoint orbit O of ¢
will be denoted by & = (z1,...,xz,).

Example 5.1.  Consider the two-step 5-dimensional nilpotent Lie algebra gs 2
whose basis (X1, X, X3, X4, X5) and non-vanishing brackets:

(X5, Xy = X35, [Xs5, X3] = X



DALI 863

The minimal layer is given by:
Q:{fég*, 617&0}

The set of jump indices e = {3 < 5}. The orbits of the minimal layer Q are
parameterized by:

( T =

Ty = L,

r3 = fv,

xy = lv+ A(0),
[ T5 = u.

Here p, q are real parameters and A is an invariant rational regular function on €2
given by:

MO =g, s _ Bl bl
12 12

The cross-section X is as follows
Z:{EGQ | £:(M7V7O7A70)7 M#07A7V€R}'

The description of the cortex in this example follows from Proposition 3.2 (or
Corollary 3.3):
Cor(g*) = RX} + RX; + RX; =3+

Example 5.2.  Let g be the Lie algebra with basis (X, Xs, X3, Xy, X5, X) and
brackets:
[Xo, X5] = X3, [Xe, Xs] = X, [Xo, Xo] = X, [ Xy, Xs] = = X0, [ X5, Xy] = X,
g is nilpotent and the minimal layer is given by:
Q={leg, 0 #0},

corresponding to e = {2 <3 <4 <6}, and j = {4,6}. If £ is in a coadjoint orbit
in €2, then

( T = €17

9 = {10y,

r3 = —lv+ %U%,

Ty = U,

Ty = —511)11}2 + %Ug + )\,
\ Tg = U2.

Here (uy,ug,v1,v2) € R* and A(¢) is an invariant regular function on €2 (constant
on each orbit) given by:
laly 05 33l — 301lols + (3

The cross-section X is:

Y={ecQ | {=(1,0,0,0,),0),#0,)X€R}.
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By Proposition 3.2 (or Corollary 3.3), we deduce that the cortex is the vector space
given by:
Cor(g*) = RX; + RX; + RX; + RX; C 3+

Example 5.3. Let g be the nilpotent Lie algebra with basis {X;}¢_, and the
non vanishing brackets are given by:
(X6, X5] = Xy, [X6, Xu] = X3, [ X, X3] = Xo, [ X5, Xo] = — X7, [Xy, X3] = X;.
The minimal layer is given by:
Q={teg", {#0}

and the set of jump indices is e = {2 < 3 < 4 < 5}, with j = {5,4}. The minimal
layer is parameterized by:

(11 = {,
g = —lvy,
r3 = (1,
Ty = Uq,
Ts = U2,
\ L = —UVUp — %'U% + A.

Here (uy,ug,vy,v9) € R* and )\ is invariant on € given by:

2 — 2,1,

MO =t + =5

The cross-section ¥ is as follows
Y={teQ | {=(1,0,0,0,0,\), pu#0, A €R}
By Proposition 3.2 (or Corollary 3.3)) we deduce:
Cor(g*) = {¢ € 3-,| (32— 205, =0}.

Example 5.4. Let g = Z?:l RX; with the non vanishing brackets:
(X6, X5] = X4, [X6, Xu] = X35, [ X, Xo] = Xy, [ X5, X4] = Xo, [ X5, X5] = Xy,
The minimal layer is given by:
Q={leg, { #0}.

The set of jump indices is e = {2 < 3 < 5 < 6}, with j = {6,5}. This layer is
parameterized as follows:

(21 = {4,

Ty = {vg,

r3 =l

Ty = £1U1U2 + )\,

Ty = U1 + %vw% + )\Ug,
\ Lo = U2.
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Where (uq,ug, vi,v9) € R* and \ is the invariant given by

The cross-section X is:

Y={eQ | {=(n,0,0,10,0), p#0, A € R}.
The description of the cortex follows from Proposition 3.2:

6 6
Cor(g") = { € 3+, lols =0} = ( > ]RX;‘) U (ZRXj) .
J=2,j#3 =3
We finally investigate the exponential case in the following two examples.
Example 5.5. Consider the Lie algebra g whose basis (X, Xo, X3, X4) with:
(X4, X3] = X3 — X, [Xy, Xo] = X5+ Xo, [Xy, Xi| = 2X, [X;5, Xo] = X5,

g is exponential. The "good basis” in s is:

7y =X1,72y = Xo+1X3, 73 = Xo — 1 X3, 24 = Xy,

with
[Z47 ZQ] = (1 - i)Z% [Z47 Zl] = 2217 [Z37 ZQ] = _27/21

Set { =027 +UaZ5 + U245 + 04 Z; € g*, the minimal ultra-fine layer is:
Q= Qe,j,cp = {E € g* | gl 7é 0},

where e = {1,2,3,4} , j = {4,3}, ¢ = {1}. In this example, ¢»p = () . The
parametrization of any single generic orbit is described as follows:

Qi(t,0) = fe 7,
Qz(t, 6) = 62 — (tQ — itg)(?iﬁ,
Qg(t, f) = 63 — (tz + Z.tg)@_ﬁ,
Qs(t,0) = Ly +1y.

Applying Theorem 4.3, we obtain:
Cor(g") =35

Example 5.6.  Let g be the exponential Lie algebra whose (real) basis (X, Y, A)
with:
AX]=X+Y, [AY]=X-Y, [X,Y]=0.

The "good basis” in s is 21 = X +1iY, 72y = X — Y, Z3 = A, with

[217 ZQ] - 0, [Zg, Zl] - (1 + i)Zh [Zg, ZQ] - (1 - Z)ZQ
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Let ¢ € g* with £ = 0,27 + 25 + aZ; = 2 X* + yY™* 4+ aA*, then the minimal
layer is given by:

Q=Qejp={l=(l1,02,a) €g", || =2"+y"#0},

where e = {1,3} and ¢ = {1}. For this example the set ¢ is ¢ = ¢ = {1}.
Put ¢, = |(1]e? where § = arg/; mod 27. Then coadjoint orbit of ¢ € Q is
parameterized by:

_14i Lt
Qi(t,0)= e ﬁ"fl‘tl& = |ly]e \/El‘fl‘ez(ﬂ“*l‘w),

Qa2(t,0) = Qu(t,0),
Qg(t,€> - gg "— t2.

where t1,t, € R. Any generic coadjoint orbit O satisfies:
dim O + #VU = dim 3.

By Theorem 4.3, one concludes that:

*

Cor(g*) =37 = g".
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