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Abstract. In this paper the authors study irreducible subquotients of the cer-
tain class of induced representations of classical p-adic groups SO(2n+1, F') and
Sp(2n, F'). The induced representations in question are the ones which contain,
as subquotients, generalized Steinberg and generalized trivial representation. We
prove that the only unitarizable irreducible subquotients of the induced repre-
sentations in question are precisely generalized Steinberg and generalized trivial
representation, thus continuing the previous work of the first author and M.
Tadié. This is, in a certain sense, a generalization of Casselman’s results in the
case of classical p-adic groups.
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1. Introduction

This paper continues the work begun in [H-T].

Let F' be a p-adic field and G the F-points of a connected reductive
group defined over F'. Let B denote a minimal parabolic subgroup of G' and 9
the corresponding modular function. The induced representation Indg((ﬁ) has
the trivial representation as a quotient and the Steinberg representation as a
subrepresentation ([Cal]). In [Ca2], Casselman showed that none of the remaining
irreducible subquotients of Ind%(62) is unitary. The aim of [H-T] and the present
paper is to show the corresponding result for the inducing representation which
gives rise to the generalized Steinberg representation (in the sense of [T5]) of

Sp(2n, F) and SO(2n+1,F).
Let p be an irreducible unitary supercuspidal representation of some GL(ny, F)
and o an irreducible supercuspidal representation of Sp(2ng, F') or SO(2ne+1, F).
If p 22 p, then the parabolically induced representation (see section 2 for more de-
tails) |det|*p x o is irreducible for all © € R; if p = p, there is a unique o > 0
such that v®p x o is reducible ([Sil2]). Based on certain conjectures, one expects
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o € 17Z; see [Mee],[Zh] and [Sh1],[Sh2] for more on expected and known values of
a. For a > 0, the representation |det|*t"p x |det|* ™ 1p x - -+ x |det|*p x o has
a unique irreducible subrepresentation, which is square-integrable. This subrep-
resentation is analogous to the Steinberg representation in a number of respects;
we refer to it as a generalized Steinberg representation ([T5]). The analogue to
Casselman’s result is that the unique irreducible subrepresentation (generalized
Steinberg representation) and unique irreducible quotient (which might be called
a generalized trivial representation) are unitary; the remaining subquotients are
not. The generalized Steinberg is square-integrable, hence unitary; the generalized
trivial is dual to the generalized Steinberg (in the sense of [Aub], [S-S]) so unitary
by [H]. The nonunitarity of approximately half the remaining subquotients was
proved in [H-TJ; this paper deals with the remaining cases.

The basic strategy for proving the non-unitarizability of a representation
7 remains the same as in [H-T]. We choose a suitable ¢, an irreducible unitary
representation of a general linear group and consider the induced representation
Ind%(¢ ® 7). We then identify an irreducible subquotient 7; of Ind%(¢ @ ).
Were 7 unitary, Ind%(¢ ® ) would decompose as a direct sum, so m; would be
a subrepresentation. In particular, the Jacquet module 75, ¢(7m) would have to
contain (®m as a composition factor. However, by identifying 7; as a subquotient
of a different induced representation Indg(T ®0), we can show that this is not the
case. In particular, we use the p* structure of [T4] to show that 7y, (7 % 0) does
not contain a copy of ( ® m. Thus 73 ¢(m) cannot contain a copy of ( ® 7, so
m cannot appear as a subrepresentation of Indg(g ® m). Therefore, m could not
have been unitary.

We now give a brief overview of the paper. The next section reviews
notation and background material needed in the remainder of the paper. It also
contains a statement of the main result—Theorem 2.2. In the third section, we
prove the non-unitarizability of L(5(A1),...,0(Ax);0(Axi1;0)) (notation for the
Langlands classification—cf. section 2) in the case where |Ayyq| > 1 following the
strategy discussed above. In the fourth section, we prove non-unitarizability in
the case where |Ag;1| =0 and |Ag| = 1 using the same basic strategy. However,
to expedite matters, we show that this case is dual (in the sense of [Aub], [S-S])
to that of |Agyi| > 1. This allows us to transfer the results needed using duality
rather than reproving them from scratch.

We would like to take this opportunity to thank the Erwin Schrodinger
Institute for their hospitality during the authors’ visits, where work on this paper
began.

2. Notation and preliminaries

In this section, we review some notation and background material needed in the
remainder of this paper. We largely retain the notation of [H-T].

As in [H-T], we have F a p-adic field with char(F) # 2 and S,(F)
Sp(2n, F) or SO(2n+1, F). Recall that for G = S,,(F) (resp., G = GL(n, F)), a
standard parabolic subgroup of G has the form P = MU with M = GL(ny, F') x
- X GL(ng, F) x Sy, (F) (resp., M = GL(ny, F) x -+ x GL(ng, F) for GL(n, F)).
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Asin [B-Z], if P = MU is a standard parabolic subgroup of G, we write i¢ s and
7, for the normalized induction and Jacquet functors. We interpret these as both
induced representations, as well as their images in the corresponding Grothendieck
group setting (i.e., their semisimplifications). Similarly, we interpret m > m in
the Grothendieck group setting-the multiplicity of any irreducible 8 in m; is at
least that of 6 in my.

We now recall some structure theory from [Z] and [T4]. First, let

R =D R(GL(n, F)) and R[S] = @G R(S,

n>0 n>0

where R(G) denotes the Grothendieck group of the category of smooth finite-
length representations of G. We define multiplication on R as follows: suppose
p1, p2 are representations of GL(ny, F), GL(ngy, F'), respectively. We have M =
GL(ny, F) x GL(ng, F) is the Levi factor of a standard parabolic subgroup of
G = GL(n,F), where n = ny + ny, and set 71 X 7o = igm(7 @ 72). This
extends (after semisimplification) to give the multiplication x : R x R — R. To
describe the comultiplication on R, let M; denote the standard Levi factor for
G = GL(n, F) having M) = GL(i, F) x GL(n — i, F'). For a representation 7 of
GL(n, F), we define

m*(1) = Z "M G T
i=0
the sum of semisimplified Jacquet modules (lying in R® R). This extends to a map
m*: R — R ® R. We note that with this multiplication and comultiplication
(and antipode map given by the Zelevinsky involution, a special case of the general
duality operator of [Aub],[S-S]), R is a Hopf algebra. Similarly, if one extends x
from above to a map x : R® R[S| — R[S], we have R[S] as a module over R.
Now, let My = GL(i, F) ® S,—i(F), a standard Levi factor for G = S,(F'). For
a representatlon 7 of S,(F), we define

n
m) = Z M), G
i=0

the sum of semisimplified Jacquet modules (lying in R ® R[S]). This extends to
a map p* : R[S] — R ® R[S]. This gives R[S] the structure of an M*-module
over R ([T4]):

Theorem 2.1.  Define M*: R — R® R by
M =(m®1)o("®m")osom”,

where m denotes the multiplication X : R® R — R, = denotes contragredient,
and s : R® R — R ® R the extension of the map defined on representations by
S T ®TeH—— To 7. Then

P xem) = M*(7) 3 p*(m),

where X on the right hand side is determined by (11 @ 72) X (T®0) = (11 X T) @
(7'2 X 9) .
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We now review the Langlands classification for general linear groups and
the classical groups under consideration (see [B-W], [Sil], [K]; also [T3]). As in
[H-T], we favor the quotient setting. However, in certain places we use the sub-
representation setting, as well as certain Jacquet module observations which fol-
low directly from the subrepresentation setting, so review both. We start with
general linear groups. Suppose 7,...,7; are irreducible tempered representa-
tions of general linear groups and 7 an irreducible tempered representation of a
symplectic or special odd-orthogonal group. If 3 > x9 > -+ > z, > 0 (resp.,
x> - > xy, then v 1y X U™y X+ - - X UPRT XT (T€Sp., V71T X U2 Ty X+ - X VP Ty, )
has a unique irreducible quotient which we denote L(v*'7,...,v"1;7T) (resp.,
L(v™ 1, ...,v"7)). Note that the switch from L to £ to distinguish the case
of general linear groups from that of classical groups represents a minor nota-
tional change from [H-T]. The Langlands classification for general linear groups
is used more frequently in this paper; the change was made for added clar-
ity. Every irreducible admissible representation of a symplectic or special odd-
orthogonal group (resp., general linear group) may be written in this way, and
the data v"'1y @ VT, ® -+ @ V™7, @ T (resp., V"' Q V2T ® -+ Q VT, @ T)
are unique. Similarly, if 13 < yo < -+ < yp < 0 (resp.,, y1 < -+ < Yr),
then v¥'1 X V%219 X -+ X VYT X T (resp., VYT X V¥2Ty X -+ X VYETL) has
a unique irreducible subrepresentation which we denote Lg,(v¥'7, ..., VY7 7)
(resp., Loup(V¥'71y,...,0%71;)). Again, every irreducible admissible representa-
tion of a symplectic or special odd-orthogonal group (resp., general linear group)
may be written in this way, and the data v¥'7; ® V21, ® -+ - @ VY%7, @ T (resp.,
VT @ V2T ® - - - @ VYETY ) are unique. These are related by

L™y, .. V™7 7) = Loy (V" 0, o v T 7).

and
LWy, V) 2 LoV T,y .., V5 T).

Note that it follows immediately that for the appropriate standard Levi factor M,
one has
rucl(VoiT, . VT T) > TR @ QU R @ T,

and that v ™7 ® -+ ® v "7, ® 7 is the unique irreducible subquotient of
rac(VPi T X - - - X VPR ) T) having its central character (see Proposition 5.3 [B-J]).
The corresponding claim also holds for general linear groups.

Asin [Z], we let v = |det|. For p an irreducible supercuspidal representation
of GL(r, F), we let [1%p, v*] denote the segment {v%p, v p, ... vp} (a < b with
b—a € 7). The representation 1°px *~1px .- x v%p has a unique irreducible sub-
representation &([v%p, ?p]) (which is essentially square-integrable) and a unique ir-
reducible quotient s([v%p, %p]). Note that s([v%p, vp]) = L(vbp, 1’ 1p, ... 1) =
J ([u“/p,\l/bp]), where ~ denotes the dual in the sense of [Aub], [S-S].

Suppose p is an irreducible unitary supercuspidal representation of GL(r, F') with
p = p. If o is an irreducible supercuspidal representation of some S;(F), there
is a unique a > 0 such that v*p x o is reducible (if p 2 p, then v"p x o is
irreducible for all z € R). For this «, the representation v*™"p x v+t~ 1p x ... x
v®p x o has a unique irreducible subrepresentation—denoted §([v*p, v* " p|;0). It
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is regular and square-integrable ([T5]). The remaining irreducible subquotients of
vty x potnTly ) x v¥p X o have the form L(6(Aq), ..., 0(A); 6(Agy1;0)),
where the A; are disjoint segments with U;A; = {v%p, v*Tlp, ... v*T"p} and the
exponents appearing in A; are greater than those appearing in A;,;. The result
we are after is the following:

Theorem 2.2.  With notation as above, an irreducible subquotient
T oof VT x vt o x % X o
1s unitary if and only if
7 =06([vp, vt pl;0) or m= L(v*™p, vt o o v 0).
Proof.  That m = §([v*p,v*""p];0) is unitary follows from the fact that it is
square-integrable ([T5]). Next we note that L(v*™p, v 1p . . v%p;0) is dual
to o([v*p, v*T"p|; o), hence unitary by [H]. If 7 is any other irreducible subquo-
tient of v px vt oo x VX, write T = L(6(A1), ..., 0(A); 6(Agy1;0))
with £ > 0 and |A;| > 1 for at least one i. Nonunitarity when either (1) Ay =0
and |Ag| > 1, or (2) |Ags1| =1 is proven in [H-T]. Nonunitarity when |Ag | > 1
(resp.,Agr1 = 0 and |Ag| = 1) is Theorem 3.7 (resp., Theorem 4.2) of the present
paper. |

3. The case |Agiq| > 1

In this section, we prove non-unitarizability in the case |Ag | > 1.
Write

T =L(06(A1),...,0(A%); 0(Aky1;0)) = L(a, 6([v%p, v*T"pl; ).

If @« = 0mod1, p x §([v¥p,v*™p|;0) is irreducible if @ > 1 and has two
components if a =1 (e.g., see [Mu]). Write

T(p;o) if a>1,

p > o([p, v pli0) =

To(pio) + 17,(p; 0),

with T},(p; o) having the smaller Jacquet module when o = 1. Now, set

L(a,v*t™p x v*tp .. I/%p X V%p; S p, vt p; o)) if o = %mod 1,
™ =
L(a,v*t™p x v*t™p . vp x vp; T(p; o)) if @ =0mod 1.
Lemma 3.1. m <s([v = ™p,v*™p|) x 7.

Proof.  First, it follows directly from the Langlands classification that p*(7w) >
L(—a) @ o([v*p,v*t™p|;0), where —a is the corresponding data in the subrep-
resentation setting of the Langlands classification (i.e., L(a;7) = Lgup(—a;T)).
Further, since the supercuspidal support of £(—a) lies in {v="""1p p=o=m=2,

..v7"p} it follows that £(—a) ® &([v*p, v ™pl;0) is the only term in u* ()
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having its central character (since, e.g., any term in M*(L(—a)) other than
L(—a) ® 1 involves sign changes). It then follows that

(s, v Mpl) }om) > L(—a) @ (v p, v p]) 2 3([v7p, v pls o),

and this is the only term in p*(s([¥~*™p, v* ™ p]) x7) having its central character.

= lmod1,

Next, a straightforward p* argument tells us that if a = 3

wr (s([p = p, v p]) X 8([vp, vl o))
> L™ 2p X v 2p, v T p X v T ) @ 6([17 p, vl o),

and this is the only term in p*(s([v=""p, v* ™pl) x §([v¥p, v " p|; o)) with its
central character. Then, for a suitable standard Levi factor M, we have

rara((s([v™ " p, v p]) xom) >

L(—a)® E(zfép X vT2p, .. v X v ) @ §([vp, vt pl; o),
which implies (by central character considerations)

a—m a+m

= L(—a) X £(V*%p X u*%p, VT x v M) o ([vp, v T )5 o),
where 7} is the irreducible subquotient of s([v=* ™ p, v ™ p]) x 7 containing
L(—a)@ LW 2pxv2p, ... . v Mpx v o mp)R8([%p, v*TMpl; o) in its Jacquet
module. However, by the Langlands classification,

—a—m a+m

m = L(—a) X L ipxvTip,. .. v pXv M) X d([Vp, vl 0)
as unique irreducible subrepresentation. Thus 7} = 7, as needed. This finishes
the case @ = L mod 1.

The argument when o = Omod 1 is similar, but with a few minor changes.
Again, we have

pr (s, v pl) 2 La, 6([%p, ™ pl; 0)) =
L(—a)x Lvpxvlp,..., v Mo x v ™)@ (p x ([, v

L)),
and this is the only term in p*(s([v=*""p,v* ™ p]) x §([v*p, v " p|;0)) with
its central character. If o # 1, we have p x §([v%p,v* ™ pl;0) = T(p;0)
(irreducible) and the same basic argument as above applies. If @ = 1, we have
p X o([vp, v pl;0) = T(p;0) ® T (p;0). Then, we let 7} be the irreducible
subquotient of (s([v=*™p,v*™p|) x L(a,o([v*p,v* ™ p|;0)) containing
L(—a)@ L(vpxvip . .. .v7o"pxv="p)QT,,(p;0)

in its Jacquet module. An argument similar to that above then shows 7] = 7, as
needed. [

Lemma 3.2. Let
% if a = % mod1,

Qp =

1if a=0modl.
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Then
L(v=p,....v7*Mp, —a) X s([v™*™, v %pl|) =
L(v=®pXx v p .. v "p X v M —a),
wmn particular, s irreducible.
Proof.  First, we show L(v*p,...,v"* ™p,—a) x s([v~*"™, v~ *p]) is irre-

ducible, then address the Langlands data. By duality, it suffices to show the
irreducibility of

L %p, ..., v "p —a)” X (v, v %p]).

By section 3.3 [J3], L(v™%p,...,v % ™p —a)” = L(§([vITI7p v p]) a*)
with j > m and suitable a*. Irreducibility now follows from Lemma 1.3.3 [J3]
(noting that

L(S([rH17%0p,v70p]),a%) = Loup(—a”, (3([v 77170 p, 70 p]),

and every §([vep,v°p]) appearing in —a* has ¢ < —m — 1 so §([v¢p,v°p]) x
§([pItta0p =2 pl) is irreducible).
Let 7= L(v p,..., v p —a) X s([v™*™, v~%p|). Since

s([v™ ™ v %) = L(v™"p,...,v" %" ")
we have a surjection
L(v™p,...,v" 0 Mp) x L p,..., v "p) X L(—a) —> T.

By [Z], L(v=%p,...,v=% " p)x L(v™p,...,v" ™) is irreducible, hence is iso-
morphic to L(v=*px v~ %p, ... v "px v=* "p). Now, we have a surjection
(™% p xw™%p) x - x (WO x v ) X I(—a)
— L(v %, ..., v ) X LY, ., v T ) X L(—a)
— T,
where Z(—a) denotes the corresponding standard module (the induced representa-

tion having £(—a) as unique irreducible quotient). By the Langlands classification,
VTP X TN X e X T X 00T g x T (—a) has

Lvp X v p ... v "p XV *Mp —a)
as unique irreducible quotient so
T=LV pXv % ... vy XV " —a),
as needed. [
With aq as above, let
Lia, v mp, .. v2p; 6(vop, v p: o)) if a = 1mod1,

T =
L(a,v*™™p, ... ,vp; Th(p;0)) if a =0mod 1.

Lemma 3.3.

—a—m

m < s([v P,V p]) X mo.
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Proof. = We actually show more: m < s([v"* " p,v"*p|) x m9. We do the
case @ = Omod1; the case a = %mod 1 is similar but slightly easier. Here, we
work in the subrepresentation setting of the Langlands classification for much of
the proof. First, observe that from Lemma 3.2,

a—m

Py VT p XU p) X T 0)
v ) X T o),

T = Low(—a, v Mpx v~
= £8ub(y_a_mp7 BRI V_lp) X 'Csub(_aa v
so, by Lemma 5.5 of [J2], it follows that

m

T Lop(V™" ™p, ... ,v 1 p) x 0

for some irreducible 6 < Lop(—a, v ™p,...,v71p) x T,,(p;0). Next, write

p*(0) => .7 ®0;. Then a straightforward calculation using Theorem 2.1 gives

() < MH(Low(v™""p, .., v ) X 1 (6)

-1 j
= Z Z Z Low(vp, ..., v 77 ) X Lop(v™™p, ..., Vp) x 15

i j=—a—m—1l=—a—m-—1

& ‘Csub(ya_lpa SRR Vjp) A 01

By Frobenius reciprocity, u*(m) > Lep(r™>™p,...,v71p) ® 0. To have a term
of this form above, we must have j = —1. Further, since

T; & 61 S /1/*(9) S ,U/*<£sub(_a7 Vﬁaimpa trt Vﬁlp) X Tm(pv U))?
we see that any term of the form v"p @ A < T'M(T),G(Ti) must have
rg{-a—m,—a—m+1,...,—1}.

In particular, it follows that we must have 7; = 1. Therefore, the only term of the
form Lo "p,...,v p) @60 in p*(m) is Lap(v™>"p,...,v p) ®6. Now,
by Frobenius reciprocity, this implies (for a suitable standard Levi factor M)

T Lon(V ™ ™p, . v p) X Low(—a, v ™p. .. v p) x Thn(p; o),
so that
rc(m) > Lo p, v ) @ Low(—a, v p. v ) @ Trn(p; o),
and, consequently,

:u*<0) > 'Csub(_aa V—a—mp R V_lp) ® Tm(p7 U)'

a—m

Since the only component of Ly(—a,v=*™p...,v"1p) x T,,(p; o) having

a—m

‘Csub<_a/7 v payilp)®Tm(p7 O')

—a—m

in its Jacquet module is Lg(—a, v 0, v tp; Tu(p;0)) (a property of the
Langlands classification—see [B-J]), it follows that

0= Lsub(_aa V_a_mp R V_lp; Tm(pa U))7

as needed. n
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Lemma 3.4.  Suppose v°p @ 0 < 1, q(mo) with v € {—a —m,—a —m +
L...,a+m}.

1. Suppose a = 5 mod 1.

(a) ]fa:%, then x = a+m.
(b) If a > 3, then x € {3, a+m}.

2. If « =2 0modl, then x € {0, +m}.

Proof.  For 1, observe that any v"p ® 7 < m*(L(v"2p,...,v"""™p, —a)) has
r < —a —m (by Proposition 2.1.4 [J3]). Also, any

TRVp < m*(ﬁ(y*%p, N )

has © = —1 or © < —a —m (by Proposition 2.4.3 [J3]). It then follows that any

vip@T < M*(E(l/*%p, co v M —a))

has z = 1 or |z] > o+ m. Also, any v*p @ X\ < p*(6([v*p,v*™™p|;0)) has
r = a+m. Since

—a—m a+m

WOSL(V_%pa"WV p]70)7

p, —a) X ([ p, v
it then follows from Theorem 2.1 that the only possible v*p 6 < r M(T)yg(ﬂ'o) with

|z| < a+m have = 3 or a+m. This finishes 1(b). For 1(a), we must still rule

out the possibility x = % For this, observe that
o = Law(a) x s([v2""p, ... v72p]) 0 (L(v2p, 8([v2p, 2" p); 0)).
It then suffices to show there are no terms of the form V%p ® A in
Pty (L2 p, 8([v2 p, v ™ ] 0))).
To see that this is the case, observe that
Lw?p;8([v2p,v2 " pli0)) < v2p 3 6([v2p, vl 0).

Therefore, its dual is a subquotient of the generalized degenerate principal se-
ries V_%p X L(Vm+%p, e ,V%p; o), analyzed in [J1]. It has two irreducible sub-
quotients; only the one labeled 75 in Theorem 6.1 of that paper contains a
term of the form y%p ® ... in its Jacquet module, hence must be the dual
of L(vzp:o([vzp,vit™pl;o)). Since TM,.c(T2) contains no term of the form

lim

v 2p® ..., it follows that TM(T)’GL(V%p;(s([V%p, vzt"pl; o)) contains no term of
the form v? p X ..., as claimed. The argument for 2 is similar-observe that

a—m

7TO<_>‘C(V_1p7"'7V_ Ps _a) NTm<p;O—)

tells us the only possible values of = from the set are z = 0,1,a + k. To see that
x # 1, observe that

mo < L(—a) x s([v™""p, p]) 3 o([v7p, v pl; 0),

finishing 2. [ |
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Lemma 3.5. If a = 0modl, then
L™ p, .. vp; T(p;0)) < px Lw*™p, ... vp; 6([v%p, v ™p]; o).

Proof. Observe that

Sy—a-mpgau-1,(p X LW p, L vps (¥ p, v Tl o)) =

V@@ p@ (p ) 6([vp, v pls 0)),

where s,-a-m)g..g,-1, denotes the sum of everything in the (appropriate) Jacquet
module of the form v™*"p ® --- @ v 1p ® 0 for some §. Let 7, denote the
irreducible subquotient of p x L(v*t™p, ... vp;d([v*p,v* ™pl; o)) containing

v Qv p @ T(p; o)

in its Jacquet module. If « > 1, then p x o([v*p, vt p|;0) = T,.(p;0) is irre-
ducible and it follows from central character considerations that mj, — v=*""p X
- x v p x T, (p;0). Tt then follows immediately from the Langlands classifica-
tion that 7y = L(v*t"p,...,vp; Tm(p;0)), as needed. The argument when o = 1
is the same if s,-a-myg..u-1,(T)) =V * "p - @ v ' p R T,(p;0). Were it to
also contain v™* "p®--- Qv p QT (p;o), one might have
T v X - X v p T (py o)

instead. However, this would give 7, = L(v*"p,...,vp; T, (p;0)), which does not
contain v Mp R - Qv pRT,,(p; o) in its Jacquet module (by Proposition 5.3
[B-J]), a contradiction. Thus we must have 7, = v=>"px ---x v 1 px T, (p;0),
hence 7y = L(v*™™p, ..., vp; Tm(p;0)), as needed. u

~ 1

Lemma 3.6. 1. Suppose a = 3
the form s([v2p,v°t™pl) ® 0.

modl. Then p*(m) contains no terms of

2. Suppose a = 0modl. Then p*(mg) contains no terms of the form
s(lp, ™)) @ 6.

Proof. We first address the case a = %modl. If a = %, the result follows
immediately from Lemma 3.4. If o > %, observe that it follows easily from the
Langlands classification that

mo < L(a) x s([v ™" p,vp)) % L p, w2 s 6([V%p, v pls ).
Next, we claim that

L p, .. vEp; 6([v%p, "™ ) 0)) <
s((v™ " p, v 2p]) 3 L™ i 8([v*p, ™) 0)).

To see this, observe that s([v=*"2p, v=2p]) x L(v*p; §([v*p, v*™p]; 0)) contains
vty @ @ vm2p @ 8([vep, vt mpl; o) in its Jacquet module, and it is the
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unique term in the Jacquet module having this central character. The irreducible
subquotient containing this term then embeds in
vt @ @ vTip X 5[, vl 0)
by central character considerations, hence must be
L(v'p, ... v3p;8([v°p, v pl; o),
as claimed. Combining these observations,

7o < L(a) x s([v™"""p, v p]) x s([v ™ 2p, 72 p]) 3 L 5 ([, v )i 0)).
By supercuspidal support considerations, in order for
w(mo) = s([vip, v mp)) @ 0
to hold we would have to have
v lp @0 < (L 6 ([v2p, vl o)
for some ¢'. Now, it follows from [Mu] that
L p; ([ p, v ™ pr0) < 0([v* o, v M p)) 30

(Proposition 3.1(i) if @ > 3/2; Theorem 5.1(ii) if & = 3/2). From this, it follows
immediately that p*(L(v* 'p;d([v*p,v*T™p|;c))) contains no terms of the form
v lped.

We now consider the case @« = 0mod 1. By Lemma 3.5, it suffices to show

p(L(a) X px LW p, . vp; 6([v°p, v pl; 0))

contains no such terms. For p*(L(a) x px L™ p, ..., vp;d([v®p,v*T™pl;0)) to
contain such a term, we would have to have either

P (LW, vy 6([%p, v pli ) > s([p, v p]) @ 0
for some 6'—which cannot happen by supercuspidal support considerations—or
P (LW, vy 6([Vp, v T i o) > ([, v T p]) @ 6
—which cannot happen by Lemma 3.4. The result follows. [ |

Theorem 3.7.  Suppose |Api1| > 1. Then m = L(0(Ay),...,0(Ak);0(Agt1;0))
18 not unitary.

Proof. By Lemma 3.1,

a+m

m < ([, v ] x

Were 7 unitary, we would have to have m; appearing as a subrepresentation. It
therefore suffices to show m; is not a subrepresentation of s([v=*""p, v**™p|) x 7,
or by Frobenius reciprocity, that p*(m) 2 s([v=* ™p,v*™p]) ® 7. Now, by
Lemma 3.3,

m <s([v™Mp, v %p]) X .
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It therefore suffices to show p*(s([v=*""p,v=p|) x7m) 2 s([v=* " p, v*T"p|) Q7.
Write p*(mp) = > 7 ® 6;. A straightforward calculation using Theorem 2.1 gives

—ag

w (s, v ) =Y Z s([v*p, v pl) x

i j=—oa—m—1ll=—a—m-—1

5([V_a_mpa Vep]) X T ®5([V€+1p7 Vjp]) X 0;.
First, suppose a = %modl. If ¢ = —%, then 57 = —%; in order to pick up
s([v* " p, v ™ pl)@7 we would then need 7'2®9 = s([vzp, v*™mp])@7. However,
by Lemma 3.6 this is not the case. If £ < —35, then s¢y7;—hence s()my—must
contain a term of the form v**'p ® \. However by Lemma 3.4 this is not the
case. Thus p*(s([v=>""p,v2p]) x m) 2 5([V‘O“mp, vt pl) @ 7, and non-
unitarizability follows. Now, suppose @« = Omod1l. If / = —1, then 7 =
—1 and we need 7; ® 0; = s([p,v**"p]) @ 7’ for a suitable 7’. However, by
Lemma 3.6, this does not happen. If £ < —1, then s()7;—hence s()mo—must
contain a term of the form v**'p ® A. Again, by Lemma 3.4 this is not the case.
Thus p*(s([v="™p, v p]) xm) 2 s([v"*"™p, v* ™ p]) @7, and non-unitarizability
follows. [

4. The case A1 =0 and |Ag| =1

In this section, we address the case Ay = 0 and |Agx| = 1. In particular, we
show that this case is dual to that covered in section 3; the results needed to prove
non-unitarity are then obtained by duality from those in section 3.

Proposition 4.1.  Suppose m has the form m = L(Ay, ..., Ay;0) with |Ag| =
= |Ag_ps1] =1 and |Ag_¢| > 1 for some ¢ > 1. Then, T has the form

L(AY, .. Ak 6(A 13 0))
with |Ap 41| = €+1. Conversely, if © has the form m = L(AY, ..., A 0(AL150))
with Al 4| > 1, then 7@ has the form & = L(Ay, ..., Ap;0) with |Ay] = -+ =
|Ap—ey1| =1 and [Ap_g| > 1 for £ =|AL 4| -1
Proof. Write
7= L(§([v*p,v™pl), ..., 8([0m+ p, vom+1p]), v ™ p, 0Ty L 0% o)

with m > 0. Note that b,,1 = a+m+1 and for £ > m+1, by = ap_1 + 1.
Observe that for the appropriate standard Levi factor M, we have

(v p, v p) @@ p vt ) @ TRV @ @Y o

in 7p¢(m), and this is the unique irreducible subquotient of 73, ¢(7) having its
central character (see Proposition 5.3 [B-J]). By duality,

s p,v®p)) @ @s([ 1 p, v ) @ TP @ - @1V p R0
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is the unique irreducible subquotient of ry; ¢ (7) with its central character. There-
fore, by central character considerations,

7 s([Pp, v p]) X - x s([VPmrip, U pl) X VT X - X VP X o
— s([Vp, v p]) x - - x (VT p x ([P T p i p)) X VT X XV p o
2 ol s 0Ty X x v x s([0p, v p)) X - x sV p, vPmE2 pl) ¢
([Pt p, vt pl) oo

using the observation that &([vp, v%p]) x v%p = vp x §([v°p, v%p]) (irreducible if
r < c—1) to “commute” v*t" 1y . v%p to the front. Next, using the fact that

s([vep, v?pl) x o =2 s([v™p,vp]) x 0
for ¢ > a (again irreducible), we get T <

Voz+m+1 a+m

pX e X I/ap % 5([V—am+1p7 I/_bm+1_1p]) > 5([V—am+2p’ V_bm+2p])
X x s([v % p, v p]) Mo

([t p, vt pl) xs([pm a2 p vt pl) - xs([ T p, v pl)
Va+m+1

p XUV

I

pXVT X XV p X o
so, by Lemma 5.5 of [J2], 7 < L(b) x 6 for some irreducible

L(b) < s([v*m+1p, Vﬁbm“*lp]) x s([y=m+2p, V*bm+2p:|) X - x s([v%p, Vﬁbsp])

and 0 < potmtly x potmpy x oo x yap X 0. Since Spin(7) contains terms of
the form --- @ vty @ 2Ty @ ... @ V% ® o, it follows that u*(7) > L' ®
d([v™p, u0‘+m+1p] o) for some L. Smce () < M*(ﬁ(b)) X 1* (@), supercuspidal
support considerations tell us 6 = 6([v®p,v* " p|;0). It then follows from
the Langlands classification that & = Ly (b; 6([v%p, v*T" 1pl; o). Note that this
corresponds to |A} | =m +2=/{+ 1, as needed.

In the other direction, suppose 7’ has the form

7 = L[, g .. S0 p, 152 ]); 6 ([0 p, 1™ s ).

Again, for a suitable Levi factor M, we have

(=" p,v " p) @ - @ ([ p, w01 pl) @ 6([vp, v pl; 0)

unique in 7 ¢(7’") having its central character. Again, by duality we have

s s([hp, v%p)) X - x s([PmHp, v pl) ) L(v T, vty ;o)
= 5[V, v p]) X - x s([UPmE p, v p]) X VT p L(V‘”m‘lp, L V0pi0)
=y xs([vp, v p]) cx s ([P p, vt pl) s L p, v o)
=y Mpxs([vTimtp, v b’"“p]) X ... xs([v ™% p, v p) X L(v*T L v o)
using

s([vop, vpl) x L™ p, v pso) Z s([v T, v 7)) 4 LT, 1% 0)
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for ¢ > a4+ m by irreducibility (cf. [Mu]) and a “commuting” argument. It now
follows from Lemma 5.5 [J2] that

7 s L(b) x L(v*T™ 1 p, . v¥p;0)

for some irreducible £(b) < v~ pxs([p=m+1 p, v~ lm+1pl)x- - xs([v ™% p, v~ ).
Further, since TM<T>7(;(7T/ ) contains a term of the form v~ ™p® ... we must have

Paty UL (B) = rar 6 Laan B0 ™ o), S0 .0 ) = v

By Proposition 2.4.3 [J3], we have §([v=p,v=%p]) # v=*"™p. In particular, by
the Langlands classification,

7= L(6([v™p, v™p)), ..., 8([v"p, v p]), vt ™ Lo, vt ™2y 1% o)
with §([v%p, v p]) # v*+t™p. The result follows. n
Theorem 4.2.  Let 7’ = L(Aq, ..., Ag;0) with |[Ag| =+ = |Ap_p11| =1 and

|Ag—¢| > 1 for some ¢ > 1. Then 7' is non-unitary.

Proof. We argue using duality and the results of section 3. By Proposition 4.1,
let
7 =12 La,6([v*p,v* " pl; 0))

as in section 3. We then let my and 7 be as in section 3.
First, observe that by duality and Lemma 3.1, we have

71 <O "p, v p)) X
Further, by duality and Lemma 3.3,
71 < 6([p*p, v* T p]) 3 7.
Now, by duality and Lemma 3.6, we have p*(7) contains no terms of the form
Sy p, v ) @ 6

if @ =3mod1, and no terms of the form §([v=*""p,p]) ® 0 if &« = 0mod 1.
At this point, the same basic argument as in the proof of Theorem 3.7 may
be used to show that @ = 7’ is nonunitary, as needed. |
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