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Abstract.  We show that the Humbert surfaces rationally generate the Picard
groups of Siegel modular threefolds. This involves three ingredients: (1) R.
Weissauer’s determination of these Picard groups in terms of theta lifting from
cusp forms of weight 5/2 on SLy(R) to automorphic forms on Sp,(R). (2)
The theory of special cycles due to Kudla/Millson and Tong/Wang relating
cohomology defined by automorphic forms to that defined by certain geometric
cycles. (3) Results of R. Howe about the structure of the oscillator representation
in this situation.
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1. Introduction

1.1.  Let $, be the Siegel half space of genus g and let I' C Sp,,(Z) be a
congruence subgroup. The quotient Xt :=TI'\$), is the set of complex points of a
quasi-projective algebraic variety. These varieties are of considerable importance
in geometry and arithmetic, but they are really only well understood for the case
g = 1, the case of modular curves. Since the nineteenth century one has known how
to compute their Betti numbers. Also in the nineteenth century it was understood
that their cohomology was related to modular forms: H°(Xp, Q') c HY(Xt,C)
is canonically isomorphic to S(I"), the space of cusp forms of weight 2 for T'.
More recent is the discovery that certain special cycles, modular symbols, provide
a good set of homology generators, and these generators have good transformation
properties with respect to the Hecke algebra. Modular symbols are of great
practical value in computations with modular forms, providing the key to the
algorithms of William Stein and others that are implemented in software systems.
Finally, Eichler and Shimura proved that the zeta functions of modular curves are
expressible in terms of L-functions of modular forms.

1.2. We know much less even for the case g = 2, Siegel modular threefolds.
One cannot compute by any practical effective algorithm the Betti numbers of
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these varieties in general. Some cases where the computations have been carried
out can be found in [25], [26], [9], [10], [11]. Laumon, [23], [24], has proved
that the zeta functions of Siegel modular threefolds are expressible in terms of
the L-functions of automorphic representations, but his theorem is limited in an
important respect: neither side of this equation can be computed exactly except in
a very small number of cases because the expression of those zeta functions involve
multiplicities which are related to the Betti numbers of those varieties. It is true
that the cohomology can be described in terms of automorphic forms, this being
a general fact about quotients of symmetric domains by lattices, and for H2, one
has an explicit description, due to Weissauer.

1.3.  In this paper we study one piece of this H?, namely the Picard group.
Geometrically one can view this either as the group of algebraic line bundles, or as
the Chow group of codimension one algebraic cycles modulo rational equivalence.
We show that these Picard groups are generated by certain special cycles which
classically are known as Humbert surfaces. This is based on three key facts:

1. Weissauer has shown that Pic(Xr) ® C = H"(Xt) and that all the co-
homology classes in the complement of the canonical polarization can be
represented by (g, K)-cohomology classes with values in 6(o), the space of

theta lifts from holomorphic cusp forms o of weight 5/2 for the group éE(R)
to the group Sp,(R) ~ SO¢(3,2).

2. The theory of special cycles, due largely to two groups: Kudla-Millson and
Tong-Wang, asserts a close connection between cohomology classes defined
by automorphic forms on locally symmetric varieties and classes defined
by certain geometric cycles on those manifolds. In the case at hand, the
connection is between theta lifts of holomorphic cusp forms of weight 5/2 and
algebraic cycles which are combinations of transforms of classical Humbert
surfaces under the Hecke algebra. Here it is crucial that we are in a stable
range: 1 < (3+2)/4 (see theorem 9.2).

3. The main issue is then to see that the general theta lifts (o) occurring in
Weissauer’s theorem are in the span of the special theta lifts Ogpecial(0) oc-
curring in the theory of KM and TW. This is a problem about the oscillator
representation: the theta kernel Ogpecial is characterized by representation-
theoretic properties. We apply general structure theorems about the oscil-
lator representation and dual reductive pairs due to Howe to conclude our
result.

1.4. For the convenience of the reader, sections 8 through 12 collect some back-
ground utilized in sections 2 through 7 where the proofs of the main results are
given. The reader is warned that the notation sometimes changes (for instance the
letter V' is a local system in section 3; a real vector space of dimension p+ ¢ in sec-
tions 8, 9; a rational vector space of dimension 4 in section 10; a real vector space
of dimension 2n, in section 11). Eventually these are specialized to (p,q) = (3,2),
n = 1. This is done in part to be consistent with the notation in the references.
Also, the papers of Weissauer use the adelic point of view, and the group of sym-
plectic similitudes, whereas the papers of Kudla-Millson and Tong-Wang use the
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classical viewpoint of automorphic forms as functions on real Lie groups invariant
under a lattice (one exception: [18], but that paper deals only with the anisotropic
case, i.e., compact quotients). This necessitates a discussion of the connection
between them in section 5.

Acknowledgment. This paper was finished during authors’ visits to Tsinghua Uni-
versity, Morningside Institute (CAS) and Capital Normal University. The authors
would like to acknowledge their support. The authors would also like the thank
the referee for several helpful suggestions and comments.

2. Siegel modular threefolds

2.1. Let G = Sp,(R) be the group of real symplectic matrices of size four. This
acts on the Siegel space

9y = {7 € My(C) : '7 = 7, Im(7) is positive definite }
via
g7 = (a7 +b)(cr+d)™, g = (‘Z 2) :
The group G/ + 1 is the group of holomorphic automorphisms of $)s, and it acts
transitively. The stabilizer K of the point i1, = V—11, is {k = —&b 2 b,

which is isomorphic to the unitary group U(2) via k — a + bi. Thus )9 is the
symmetric space G/K attached to K. Reference: [17].

2.2.  Let I' C Spy(Q) be a subgroup commensurable with Sp,(Z). Then I'
is an arithmetic group. According to a theorem of Baily-Borel, Xr = I'\), is
the analytic space attached to the set of C-points of a quasi-projective algebraic
variety defined over C. The principal congruence subgroup of level N, for an
integer N > 1, is defined as

I'(N) ={v €Spy(Z) : y=14 mod N}.

Every subgroup I' C Sp,(Z) of finite index is a congruence subgroup in the sense
that I' D I'(IV) for some N. The spaces Xr admit several compactifications:
the Borel-Serre compactification (which is a manifold with corners); the Satake
compactification, which is a projective variety, but usually singular; the toroidal
compactifications, which are often smooth and projective. For a modern discussion
of compactifications of quotients of bounded symmetric domains, see [3]. The
general theory of Siegel modular varieties and their compactifications can be found
in [4].

2.3.  The algebraic variety X whose analytic space is X* = X (C) = '\, is
defined a priori over C, but in fact has a model defined over a number field (a
finite extension of Q). This can be seen from two points of view:

1. X is a moduli space for systems (A, ®) where A is an abelian variety
of dimension 2, and ® consists of additional structures on A, typically
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polarizations, endomorphisms, rigidifications of points of some order N.
The theory of moduli spaces then provides a structure of a scheme (or more
generally, stack) over a number field.

2. X is a Shimura variety. Shimura varieties arise as quotients of hermitian
symmetric spaces by arithmetic groups with certain additional properties.
It is known that these have canonical models defined over algebraic number
fields. For an introduction to this see [30].

3. Cohomology and automorphic forms

3.1. Let Xpr =I'\G(R)/K, where G is a semisimple (more generally: reductive)
algebraic group defined over Q, K C G(R) is a maximal compact subgroup, and
' € G(Q) is a congruence subgroup. If V is a local system of complex vector
spaces coming from a rational finite dimensional representation V,, of G with
highest weight p, then it is known that the cohomology H"( X, V) is computable
in terms of automorphic forms. There is a canonical isomorphism

H"(Xp, V) =H"(T, V,) =H"(g, K; C*(I\G) ®V,)

where the right-hand side is relative Lie algebra cohomology (see [1]). The major
result, due Jens Franke, [5], built on earlier works by Borel, Casselman, Garland,
Wallach, is that these spaces are all isomorphic to H"(g, K; A(I'\G) ® V,,),
where A(I'\G) C C*(I'\G) is the subspace of automorphic forms (see [2] for
the definition of this space; see [29] and [37] for a description and survey of this
result, and [6] and [31] for refinements and generalizations).

3.2.  As before, let G = G(R) be a semisimple algebraic group, and let ' C G
be a lattice (a discrete, finite covolume subgroup). Let L2, .(T'\G) be the discrete
part of the G-module L*(T'\G), so that we have

L(zhbc(F\G) = @ m(ﬂv F)HW

WGC’

where the sum is over the irreducible unitary representations, and the multiplicities
m(m, ') are finite. If " is cocompact or G has a compact Cartan subgroup, there
is an isomorphism

TH"(Xp, V) = Hiy (Xr, V) = @ m(r, T)H (9, K; H,®V,,)

el

where the left-hand term is intersection cohomology, the middle term is LZ2-
cohomology; the first equality records the solution to the Zucker conjecture. The
determination of which irreducible unitary 7 have nonzero (g, K')-cohomology is
due to Vogan and Zuckerman, [36]. These are the representations denoted by
Aq(A) for f-stable parabolic subalgebras q C g = gy ® C, gy = Lie(G), and
certain linear forms A\ on a Levi factor [ C q.

3.3.  For G = GSp,(R), which has a compact Cartan subgroup, the represen-
tations with nonzero (g, K)-cohomology have been determined. The list, without
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proofs, can be found in [33]. Because of the isogeny Sp,(R) ~ SO¢(3,2) (see sec-
tion 10) these representations can be described in orthogonal language and have
been listed in [8], [29]. The important case for us are those that contribute to
the Hodge (1, 1) part. These are: the trivial representation, and two others 7*.
These last two differ by twist: 7= = 71 ® (sgn o v) where v : GSp, — G, is the

canonical character with kernel Sp,. For more details, see section 12.

4. Weissauer’s Theorems

For Siegel modular threefolds, and V, = C, Weissauer has completely analyzed
H?(Xr, C) in terms of automorphic forms. See his papers [40], [42]. First, the
cohomology is all square-integrable, in fact:

Theorem 4.1. H?(Xr, C) = HY,) (Xr, C) = IH*(Xp, C).

This theorem shows in particular that H*(Xr, C) has a pure Hodge struc-
ture of weight 2. Consider the Hodge decomposition

H*(Xr, C) = H**(Xp) ® HY(Xp) @ H**(Xp), H®* = H20.

Via the isomorphism H?( Xy, C) = H?(g, K; A(I'\G)) recalled in section 3, we can
describe the cohomology in degree 2 as certain kinds of closed differential forms on
o with automorphic form coefficients. The automorphic forms that contribute
are square-integrable. More specifically one has:

Theorem 4.2.  The automorphic forms contributing to H*°(Xt) are given by
theta lifting from dual reductive pairs (GO(b),Spy(R)) where b are two dimen-
sional positive-definite quadratic forms defined over Q. This allows for an explicit
computation of dim H*%(Xr). See [/1].

This has been generalized in part by Jian-Shu Li to H%°(Xr) for quotients
of 9,, see [28].

Theorem 4.3. 1. Siegel modular threefolds have mazximal Picard number:

H"“!(Xr) = Pic(Xt) ® C.

2. There is a canonical decomposition Pic(Xr)® C = C- [L] ® Pic(Xr)o where
[L] is the Lefschetz class. Then:

2.1 [L] corresponds to the trivial automorphic representation of Sp,.

2.2 The automorphic forms in Pic(Xr)o are given by theta lifting from the
dual reductive pair (SL(2, R),S00(3,2) ~ Sp,(R)). More precisely,
they are all given by lifting of weight 5/2 holomorphic cusp forms on

SL(2, R) to the unique automorphic representation of SOq(3,2) that
contributes to Pic(Xr)o by Vogan-Zuckerman theory.
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Remark 4.4.  As the referee pointed out to us, Weissauer’s main result was for-
mulated adellically (see the next section). As such it is about the direct limit of the
Pic(Xr) for I' ranging over the congruence subgroups, viewed as an automorphic
representation. In this viewpoint, there is an archimedean and a nonarchimedean
component. The main result of this paper concerns the archimedean component.
The nonarchimedean component records the action of the correspondences in the
tower of Xp. In particular, the above theorem should first be understood to say
that for any class £ € Pic(Xt)g there exists a subgroup of finite index I' C I' such
that if p : Xz — Xt is the corresponding map, the element p*{ is a theta lifting.
Since p.p*€ = n& where n is the degree of the covering p, we get that £ is in the
automorphic representation generated by the image of the theta lifts. However, a
simple averaging argument shows that ¢ is already a theta lift. See section 9.6.

5. Adelic formulation

Let A =R x Ay be the ring of adeles of the rational field Q; Ay = Q® Hp 2y, is
the ring of finite adeles.

5.1. Let G = GSp, be the algebraic group over Q of symplectic similitudes,
i.e., of 4 x 4 matrices g such that

t _ (0 I

There is an exact sequence

0 — Spy — GSp; —“—= G, 0.
Let
h:S :=Resg(G,,) — GSp,
be the morphism defined over R with the property that = +1iy € C* = S(R) maps

to
rly  yly
—y12 LL’12 '
Let Ko C GSpy(R) be the stabilizer of h. Then K. = Zg - K., where

Zr C GSp,(R) is the center and K.  C Sp,(R) is a maximal compact subgroup.
For any open subgroup of finite index L C GSp,(Af) we define

My(C) = My (GSpy(Q), h)an = GSp, (Q)\GSp, (A)/Kuo L.

This is the set of complex points of a quasiprojective algebraic variety My defined
over a number field. This is a disjoint union of spaces of the type Xt discussed
above, for various arithmetic subgroups I' C Sp,(Q). For instance, if we take, for
an integer N > 1,

Ly = {keHG(Zp) k2~ 1, mod N}
p
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then My, (C) := My(C) is a disjoint union of ¢(NN) copies of I'(N)\$y. The
variety My is defined over @@, and each connected component is defined over

Q(¢w), (v = exp(27i/N).
5.2.  Recall that G = GSp,. We define

H'(Sh(G), C) := lim H(M,(C), C)

which is in a canonical way an admissible my(G(R)) x G(Ay)-module. For any
compact open subgroup L we have

H'(Sh(G), C)* = H(M.(C),C).

This is a module for the Hecke algebra #H; = C.(G(Af)//L) of C-valued com-
pactly supported L-biinvariant functions on G(Ay), which is an algebra for the
convolution product, once a Haar measure is fixed on G(Ay). The major result is
that there is a canonical isomorphism

H'(Sh(G), €) = H'(g, Koc; A(G)),
where g = Lie(G(R)) = gsp,(R), K is defined in section 5, A(G) is the

space of automorphic forms on G(A), and the right-hand side is relative Lie
algebra cohomology. This is an isomorphism of G(Af)-modules, for the canonical
structures on both sides. In this case, the above isomorphism can be refined to an
isomorphism of Hodge (p, ¢)-components.

5.3. Weissauer’s theorems are the following:

5.3.1. H*(Sh(G),C) = Hf, (G, C). Therefore we have, for each Hodge index (p, ¢)
with p+q = 2,

HP(ML(C) = € m(m)HP(g, Koo 7o) @ 7}

MT=Too ®7rf
Too €CohP 9

where the sum ranges over all the irreducible automorphic representations © =
Teo @ Ty which occur in the discrete spectrum

Li(G(QZ(R)\G(A), dg)

where Z(R)° C G(R) is the connected component of the center. The set Coh”? is
the finite set of unitary representations of G(R) with trivial central character and
with nonzero (g, K )-cohomology in dimension (p, q).

5.3.2. There is only one element of Coh*® (resp. Coh®?), call it 7. Then
HP(g, Ko; ) is one-dimensional for (p, q) = (2,0) (resp. (0,2)). Every automor-
phic representation contributing to H*°(M(C),C) is in the image of the theta
lifting from the orthogonal similitude group GO(b) as b ranges over the positive-
definite binary quadratic forms over Q.

5.3.3. Coh"' = {1,7%}, where 1 is the trivial one-dimensional representation,
and 7~ = 7" ® sgn, where sgn : GSp,(R) — {£1} is the sign character. One has

Pic(M(C)) ® C = HM (M (C))
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and we can canonically decompose this as
Pic(M.(C)) ® C = C.[£] ® Pic(ML(C)), ® C

where L is the canonical polarization (“Lefschetz class”). This term corre-
sponds to the automorphic representation 1. Weissauer showed that the classes
in Pic(M(C))y ® C = HY(ML(C))o in the complement of the Lefschetz class
are generated by the images of H (g, K;0(0,v) ® (x ov)). Here, ¥ : A/Q — C
is a nontrivial additive character, o is an irreducible (anti)holomorphic cuspidal
automorphic representation of éTJQ(A) of weight 5/2, 6(o,) is the theta lifting
with respect to the Weil representation w, to an automorphic representation to
PGSp,(A) viewed as a representation of GSp,(A), x : A*/Q*R%, — C* is an idele
class (Dirichlet) character, and v : GSp, — G, is the canonical character with
kernel Sp,.

5.4.  We get the Picard group by varying all the data in the above. First note
that we can fix one choice of nontrivial additive character 1. The reason is that,
every other nontrivial additive character is of the form ; for a t € Q*, where
Yi(x) = Y(tz). It is known that 0(o, ) = 0(oy, ) ([13], 1.8), where oy is the
automorphic representation

ol(3 e )

So from now on, we drop explicit reference to 1.

5.5.  For each integer N > 1 let My = Mp, , which is a scheme over Q.
My ®Q has ¢(N) (Euler phi) connected components, defined and all isomorphic
over Q(Cy), where (y is a primitive N*® root of unity. These are permuted simply
transitively by Gal(Q({x)/Q). We denote any one of these components by MY .
We have M$(C) = T'(N)\$2. The group Gal(Q/Q) acts on Pic(My) ® Q, fixing
the Lefschetz class. Weissauer proved [42, Theorem. 2, p. 184] that the action
of Gal(Q/Q) on Pic(My) ® Q factors over the abelian quotient Gal(Q*®/Q).
Therefore we have a decomposition

Pic(My)o @ C = @5 PicX(My)o

X

of isotypical spaces for the characters y of Gal(Q*®/Q). By class field theory
these can be identified with idele class characters x : A*/Q*R%, — C*. The space
Pic(My(C))g is the kernel of the canonical trace map

Pic(My(C)) ® Q — Pic(M;(C)) ® Q.

We can similarly define Pic(MJ(C))o. Evidently, for the inclusion of any connected
component MY — My, the restriction Pic(My)g ® Q — Pic(M¥)o ® Q is
surjective. By choosing these inclusions compatibly we can define a map

Pic(M)o := lim Pic(My)o ® Q — lim Pic(MY,)o := Pic(M°),.
N N
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Lemma 5.1.  For the identity character 1, the map Pic'(M)y — Pic(M°)y @ C
18 surjective.

Proof.  Let G, be the kernel of the map Gal(Q**/Q) — Gal(Q(¢,)/Q). Let
M € Pic(M%)o. Then there is an N’ > N with the property that Gal(Q/Q((n))
acts trivially on iy .M, where iy : MY — My is the inclusion (extension by 0
on all the other components). Let f : MY, — MY be the canonical projection,
and extend iy to a map iy : M](\),, — M+ which commutes with the projection
f: My — My. The line bundle M’ = iy, f*M is fixed by G+, and hence for
any g € Gal(Q(¢n)/Q), g*M'’ is well-defined. Then we define N € Pic'(My/)o
by

Ne Y em
9€Gal(Q(¢n)/Q)

Moreover, since Gal(Q((y/)/Q) acts simply transitively on the components of
My, it follows that %, N = f*M. This shows that after extension to N’ the
class M € Pic(M%)y C Pic(M?) is in the image of Pic'(My+)o C Pic'(M),. =

Lemma 5.2.  Any element of Pic(M)y ® C is in the image (in the sense of
section 5) of the Saito-Kurokawa lifts 6(c) of holomorphic cusp forms o of weight
5/2.

Proof. Weissauer showed more precisely that the elements of PicX(M), are
in the image of 0(0,9) ® (x o A). But lemma 5.1 shows that every element of
Pic(M°)y ® C is in the image of Pic'(M)y and these are in the image of the
Saito-Kurokawa lift. [

6. Structure of the oscillator representation

This section follows [14], [22]. We let V' be the R-vector space with a quadratic
form b of signature (p,q) = (3,2); n=5=p+q. Let W be the R-vector space
of dimension m = 2 with an alternating nondegenerate bilinear form ( , ). We
describe a model for the infinitesimal oscillator representation (w,sp(V @ W)).
The maximal compact subgroup of Sp;, = Sp(V ® W) = Sp(10,R) is isomorphic
to the unitary group Us;. We let §§10 = §13(10,R) be the metaplectic cover, and
in general putting a tilde over an object in Sp(10,R) denotes its inverse image in
the metaplectic cover.

6.1.  The space of (75 -finite vectors in the Fock realization of w is isomorphic
to the space of polynomials P(C?) in five variables z;, i = 1,...,5. The action is
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given by
— sp(LD) (2,0) (0,2)
w(spy ® C) = sp'" & p'™" @ sp

0 1
5p(1,1) = Span of { (ZZa—ZJ + 5(51'7]‘) }

sp9 = span of {z2;}

5p(0’2) = span of > )
8zic9,zj

In the Cartan decomposition sp,, = u; & q we have

wus ® C) =sp™). w(q® C) = sp®? @ sp®2).

6.2.  We are interested in the reductive dual pair
(G.G') = (O(V) = Osz, Sp(W) = SLa(R))

inside Sp(V @ W) = Spy, and especially the the structure of P(C?)
as a (g,K) x (¢, K')-module, where g = Lie(G) = o(V) = 035, ¢ = Lie(G’) =
sp(W) = shh(R), K = O(3) x O(2) is the maximal compact subgroup of G,
K’ = SO(2) is the maximal compact subgroup of G’. Following the convention
in [22, p. 154] we number the variables z; as z,, a = 1,2,3, and z,, p = 4,5;
generally indices «, #,... run from 1 to 3 and indices pu,v,... run from 4 to 5. In
this numbering the group O(3) x O(2) acts so that O(3) rotates the variables z,
and O(2) rotates the variables z,.

6.3. Let
P=PC)= P

cER(K w)

be the decomposition into K -isotypical components; the notation R([? ,w) refers
to the isomorphism classes of irreducible representations of K that occur in the
oscillator representation. We recall the definition of harmonics. The Lie algebra
t = 03 X 05 of the maximal compact subgroup of G = O(V') is a member of a dual
reductive pair (& ['). In this case, [ = sly(R) x sl3(R). We can decompose

[ =120 @D g0 where [ = Mgplhs),
Then the harmonics are defined by
H(K) = H(K) = {PeP:U(P) =0 foral l € (*2}
H(K)e = H(K)N I,

The crucial point for us is Howe’s result [14, p.542]:

Theorem 6.1.  For each 0 € R(K,w):

1. The space H(K), consists precisely of the polynomials of lowest degree in
I, ; these polynomials are all homogeneous of the same degree, deg(o).



HE AND HOFFMAN 779

2. Iy =UW) HK), = U ([/(2’0)) - H(K),, where % denotes the

universal enveloping algebra of the respective Lie algebra.

6.4. Let D be the Hermitian symmetric domain attached to the Lie group
SO0 (3,2). This is isomorphic to the Siegel half space £, via the isogeny Sp,(R) —
SO0(3,2). The tangent bundle to D is the homogeneous vector bundle associated
to the action of the maximal compact Ky = SO(3) x SO(2) on p := g/t via
the adjoint representation. The complex structure is given by the action of the
subgroup SO(2) C SO(3) x SO(2), and we have a decomposition into Hodge types
pt. = p10 @ pOl  where

~( cos(f) sin(6)
k(0) = (-m(a) cos(9)> €50(2)

acts as exp(ifl) (resp. exp(—if) ) on pt9 (resp. p®V). We are interested in the
bundle of (1,1)-forms on D whose fiber is a subrepresentation

AMPE C A%

In fact, as a SO(3) x SO(2)-module, the SO(2)-factor acts trivially, and the SO(3)-
module decomposes as 1 & 3 & 5. Here for each odd integer ¢, i is the unique -
dimensional irreducible representation of SO(3). Thus, as SO(3) x SO(2)-module,

AMlph 21210321059 1.

As these representations are self-dual, we have the same decomposition for Abpc.
By abusing notation, we will use A!'p to denote Ab'pc. The theta-lifting kernels
relevant to us will define classes in H'!(g, K; P(C®)), which is a subquotient of

HOHIK(/\l’lp, P(CS)) = HOHIK(/\Llp, j1®1) @ HOHIK(/\1’1]J7 j3®1)
@ Hompg (A"'p, F5e1) -

In fact, only the first and last summand above will contribute to the Picard group,
as we will see. Since these isotypical spaces are generated by their harmonics, we
need to analyze those.

Proposition 6.2. 1. H#(K)1g1 I-dimensional, spanned by 1 € P(CP).
2. H(K)sg1 is the 3-dimensional C-vector space spanned by the z, € P(C?).

3. H(K)se1 is the five dimensional C-vector space consisting of quadratic

forms
3

3
Z Caﬁzazﬁ, Caﬁ = Cﬁa € (C, with ana =0.
a=1

a,f=1
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Proof. Define

1o 1 02 > o 0
Xa = —5223” Ya = 52@, Ha = Z (Zaa_za + a_zaza>

1 a=1 @ a=1

N —

o |

5
1 1 0 1 0 0

X,=—=% 22, V,=- = H,=- (zu—+—zu)
2 B 2 2 622 2 = 0z, 0z,

=4

=

One verifies that each of these satisfies the relations for slh(R): [H, X] = 2X,
[H,Y]=-2Y [X,Y] = H. Evidently, [}, = span{H,, Xo,Ys} commutes with [,
= span{H,,, X,,,Y,} and one checks that I' = [}, x [[, commutes with the operators
in w(t) where £ = o(V) = o032 is the maximal compact of 0(3,2): one must
compute that all these operators H;, X;,Y; commute with the operators w(X,z3),
w(X ) that appear in [22, Theorem 7.1, p. 155], which they do. This gives explicit
formulas for the dual reductive pair (&' =1, x[).

The space [(*?) is spanned by the operators Y, Y, . Recalling that the
first factor in O3 x Oy acts by rotation in the variables z, and the second factor
acts on the variables z,, it is first of all clear that there are no constant or linear
polynomials in P(C®) in the representation 5®1. It is also clear that the space of
polynomials mentioned in the statement of the proposition are harmonic: they are
annihilated by the operators Y,, Y, and do constitute a representation of type
5 ® 1. This shows that deg(5 ® 1) = 2, and there cannot be any other harmonic
quadratic forms in the representation 5 ® 1.

An alternative Proof: It suffices to find the SO(3) x SO(2)-modules in .#5; and
551 that are of lowest degrees. These modules, according to Howe, are unique,
homogeneous and harmonic. The degree zero polynomials in P(C?), yield a trivial
SO(3) x SO(2)-module. Therefore, (K )1g1 is the one dimensional C-vector
space spanned by 1 € P(C%). The degree 1 polynomials yield a standard repre-
sentation 3® 1 of SO(3) x SO(2). They are of lowest degree in .35, . Therefore
H(K)3g1 is the three dimensional C-vector space spanned by the z, € P(C?).
The space of degree 2 polynomials is simply

SPCPp C?) 2 S*(CH e CP e C? @ S*(C?).

The first summand decomposes into 5®16G1®1. The 5® 1 summand is spanned
by
3

3
Z CaBRa’B, Caf = CBa € C, with ana =0.
a=1

a»le

Clearly, it is of the lowest degree in #5g7. It must be equal to (K )se1 - ]

6.5. Kudla and Millson define

3
p = Z 2028 Waa N\ Was
a,f=1
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This is an element of Homg(Ab'p, P). It is clear that ¢* induces a K-
isomorphism from A''p, and P, ,, the space of quadratic forms in the variables
Za, @ = 1,2,3. As representation spaces these are 5@ 1@®1®1. Thus ¢ induces
an isomorphism of isotypical spaces

(Al’lp)5®1 — (P2a)ser -

which are irreducible representations of K, the right-hand side being described
in proposition 6.2. It is easily seen that de'™ = 0, so that we have a class
[p*] € HY (g, K; P).

6.6. Recall that the U(5)-finite vectors in the Fock model are the polynomials
in P(C%). Given any (g, K)-module homomorphism P(C%) — A(T'\G) to the
space of automorphic forms of G = SO(3,2), we get a map

HY (g, K; P) — H"!(g, K; A(T\G)).

For our purposes these are given by theta liftings. Let o C A(I"\G'), G’ = SLy(R),
be the space of holomorphic cusp forms of weight 5/2 belonging to an irreducible
representation of G'. Given a linear functional © : P(C%) — C with the property
that ©(w(v,7)p) = O(p) for all p € P(C?), all (v/,v) € I" x ', defining the
theta kernel as 6,(¢',9) = O(w(q’, 9)p), we define, for any f € o,

090 = [ 05 91(5)d9,

and let 0,(c) C A(I'\G) be the space spanned by the 6,(f). Note that, for any
fixed f, the map ¢ — 0,(f) is a (g, K)-module homomorphism .#(C°)x) —
A(I'\G). Hence, each f € o defines a map

HY (g, K P) <0 HY (g K2 A(T\G)).
We define 0,+(f) := 0(f)([¢7]). Finally note that the symbols 6(f), etc., defined

here are ambiguous in that they depend on the initial choice of functional ©.
In the theory of special cycles, functionals © are constructed by summing over
subsets of the form x + L C R® for rational vectors x and lattices L. By varying
x and L we obtain all the special cycles in that theory. This is best formulated
in adelic language. It will always be assumed that our functionals have this form.
The more precise notation will be Qg’N (f), etc., but we will follow Kudla and
Millson in simply writing 6,(f) when reference to the specific form of the kernel
is not needed. We will need:

Lemma 6.3.  We have 0z,(f) = 0,(Z*f) for the involution Z — Z* induced
by the map g — g~ ' of G'.

Proof. The map Z — Z* is given by

X1 Xo... X, > (-1)”Xan_1 c.. Xl,
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and it is complex conjugate linear. Recall that 6 : ¢ € P — 6, € C*(G’" x Q)
preserves the actions of % (g) and % (¢'). VZ € % (g'), we obtain

0z,(f) = /F > 020(9',9)f(g)dg'
- / 200,)(d', 9)f(g')dg
\G

:/ 0.(9',9) 2" f(g')dg
\G’
= 0,(Z" ). L

6.7.  According to Weissauer’s theorems, any cohomology class £ € HY(Xt, C),
in the complement to the Lefschetz class, occurs in HY! (g, K;60(0)) where 0(0) C
A(I"\G’) is a theta-lifting belonging to a space ¢ of holomorphic cusp forms of
weight 5/2 for G/ = SLy(R). We can lift this to an element £ € Homg (Ap, 6(c)),
and without loss of generality we can assume that it factors as

§:AMp —— (NMp)ggy —2 [8(0)]se
where the first arrow is projection onto the isotypical component, and the sec-
ond arrow is an injection of K-modules. These assertions follow from Vogan-
Zuckerman theory [36]: any such class will factor through H"!(g, K; A,) for an
inclusion of the cohomological representation A; — 6(0). But the minimal K -type
in Ay is 5 ® 1, with multiplicity one. According to the isomorphism in section 6
each ¢ € P(C)y,q = H(K)551 is equal to ™ (v) for a unique v € (AV'p)g.;.
Thus, for any v € (A"'p)s,, we can write, applying Howe’s main result theorem
6.2,

29 1(fi),  ©; € P(CO)spn, fjE€0
=D 070, Z e (). ¢ € H(K)sen
— Z 9% "(Z;f;), by lemma 6.3

- ZH Z*fJ v € (/\l’lp)5®1
:ZQ(ﬁ (9;)(v;), g =272 fj€0

where the last line interprets ,+(g;) as a K-morphism (A"'p)g . — 6(0). See
section 9.3 for an explanation of the symbol QZ’N (f), as well as remark 7.4. This
calculation shows that the image of the K -morphism &, is contained in the sum
of the images of the K-morphisms 6,+(g;) and since the source of these maps
is an irreducible K -representation, Schur’s lemma implies that we must have
& = > cjb,+(g;) for some ¢; € C or in other words, we have proved:

Proposition 6.4.  Any cohomology class & € HYY(Xr) in the complement of
the Lefschetz class, can be written as a finite linear combination of Hi’iv (f) where
[ € o, and where o is an irreducible automorphic representation belonging to the
holomorphic cusp forms of weight 5/2 for SLy(R), and @™ is the special element
of Kudla-Millson.
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7. Main Theorem

We can now show that the Picard groups of Siegel modular threefolds are generated
by special cycles by combining proposition 6.4 with theorem 9.2. In the notations
there, we have p =3, ¢ =2, m =p+q =5, n =1, so that we are in the range
n < m/4. In this case, the special theta lifting is from the holomorphic cusp forms
of weight 5/2 for é\iz(@) to harmonic (1, 1)-forms on the manifold Xr.

Theorem 7.1.  Pic(Xr) ® Q is spanned by the classes of special cycles. More
precisely, any class in ligPic(Xp) ® Q, for I' ranging over the subgroups of finite
r

index T' C Spy(Z), can be written as a finite linear combination of the cycles C’E’N
for € Q,5 >0, N>1 an integer, and x € L ® Q (see section 8.5 for notation
and remark 7.4).

Proof. = We already know that Pic(Xr)®C = H" (X, C). We also know that
HY(Xp, C) =C-n@®HY(Xr)o, where 7 is the Lefschetz class and H" (Xr, C)g
is its canonical complement. In fact, n is in the span of the Humbert surfaces; this
follows from Yamazaki’s formula, [43, Lemma 7]

10y = 2[E] + N|[D]

for the principal congruence subgroup I'(N). Here E is the divisor which is
the sum of the Humbert surfaces of discriminant 1, and D is the sum of the
boundary components. This formula holds on the toroidal Igusa compactification
of Xy . Since Xy is the complement of the divisor D, this shows that a multiple
of n is in the span of the special cycles. Thus it is enough to see that any
class in the canonical complement Pic(Xr)p ® Q is in the span of the special
cycles. Evidently the special cycles generate a subvector space. We know that
Pic(Xt)o ® C = HY(Xr)o. We must show that given any class £ € HM(Xt)g,
it is in the span of the special cycles. According to proposition 6.4 we know that
this class is a linear combination of Gi’iv (f) where f € o, and where o is an
irreducible automorphic representation belonging to the holomorphic cusp forms
of weight 5/2. By theorem 9.2 these are in the span of the cycles CE’N. See
remark 7.4 below. [ |

Remark 7.2. The referee proposes an alternative proof that the Lefschetz-
Kahler class 7 is in the span of the special cycles. Namely, the Kudla-Millson
theta series (see Theorem 9.1) sees not only the special cycles, via the Fourier
coefficients with 5 > 0, but its 0th Fourier coefficient is n. Thus if a class w is
perpendicular to the special cycles with respect to the intersection pairing, the
pairing of w with the KM theta series gives a holomorphic modular form all of
whose positive Fourier coefficients vanish, and thus its constant term must also
vanish, showing that w is orthogonal to 7.

Remark 7.3. If a class ¢ € H*(Xr) comes from a theta lifting after pulling
that class back to Xp for a subgroup of finite index IV C I", the above theorem
states that, if p : Xp» — Xr is the corresponding projection, p*¢ can be expressed
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as a linear combination of Hi’iv (f) for data x, N. Theorem 9.2 shows that this
class is in the span of the special cycles. Then p,p*¢ is an integer multiple of &
and p, is induced by the naive push forward of the corresponding algebraic cycle
on XF’ .

Remark 7.4. Concerning the data x, N that appear in the definition of the
theta correspondence, L = Vz C V is a fixed lattice (L ®z R = V) in the 5-
dimensional R-vector space with a quadratic form b of signature (3,2). The
bilinear form b is Z-valued on L. These are defined in sections 10, 11; see
especially 11.2.3. x € L® Q = Vg, and N > 1 is an integer. This data gives rise
to a theta distribution: summing over the elements in the coset x + NL. There
are arithmetic subgroups IV C SLy(R) and T' C SOg(b) that fix this distribution.
Both the definition of the special cycles Cs and of the theta lifting of automorphic
forms depend on this choice (x, N), as do the main theorems of Kudla-Millson’s
theory, especially theorem 9.2. In order to obtain the whole Picard group, we
must take the union over all (x, N). This gives a description of the inductive limit
of the Pic(Xr) for I' ranging over all congruence subgroups. This whole theory
can be more efficiently expressed in the language of adeles (see section 5). The
theta kernel depends on a choice of Schwartz-Bruhat function ¢ = ¢ ® ¢y on
V(A) (here V' = V7). Our proposition 6.4 is that we may take Kudla-Millson’s
ot for po. The ¢; correspond to the data (z,N). In fact each such ¢ is

~

a finite linear combination of characteristic functions of sets x + NV(Z), for
z € V(Q), and integers N > 1 (see also section 8). The corresponding 6, sums

~

over (x + NV(Z)) N V(Q). Thus according to Weissauer’s results, we obtain all
the cohomology from the lifting kernels 6, with ¢ = ¢™ ® ¢y and without loss
of generality we can take ¢; to correspond to these cosets. These lifting kernels
are the ones appearing in the papers of Kudla and Millson. Finally note that, if
a class £ € H?*(Xy) comes from a theta lifting after pulling back to a covering
Xz — Xp, it is already a theta lifting on Xt (see section 9.6). However, to
express that class in terms of the cycles C’g’N it may still be necessary to pull this
back to a covering, because in decomposing ¢y into a linear combination of the
characteristic functions of the cosets z + N V(z), those distributions will a priori
only be invariant under a smaller congruence subgroup.

8. Special cycles

8.1.  The theory of special cycles has its origin in the discovery, by Hirzebruch
and Zagier, of special curves on Hilbert modular surfaces and the connection of
these with modular forms: the intersection numbers of these special curves appear
as Fourier coefficients of modular forms. This was vastly generalized by two groups:
Kudla and Millson, [19], [20], [21], [22]; and Tong and Wang, [34], [38], [39]. The
symmetric spaces in question are those associated to one of three classes of groups:
O(p,q), U(p,q) and Sp(p,q). In this section we briefly recall the definition of
special cycles in our context.
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8.2.  We will follow the notations of the papers of Kudla-Millson.

G =0(3,2), V' = the standard module for G

D = 50¢(3,2)/(SO(3) x SO(2)), the symmetric space for G

b:VxV =R a symmetric bilinear form, sgn = (3, 2)
LcvVv a Z — lattice with b(L, L) C Z

rcaG congruence subgroup

G’ =SL(2, R) G' =SL(2, R)

We assume that I' preserves the lattice L. Let n is be integer with 1 < n < p.
Go = S0¢(3,2) is the connected component of the identity in G.

It is also the set of elements of spinor norm 1. We can identify the symmetric
space D with Gr,(V'), the subspace of the Grassmannian of 2-planes Z such
that b | Z is negative definite. Let Vi = L ®z Q. Define Xt = I'\D, a complex
manifold of dimension 3. Because of the isogeny Sp,(R) ~ SO(3,2) and D is
isomorphic with the Siegel space of genus 2, and the X are the Siegel modular
threefolds. See sections 10, and 11 for the dictionary to go between the symplectic
and orthogonal viewpoints. More generally Kudla has studied special cycles on the
Shimura varieties attached to O(p,2) , but only for the case of compact quotients,
see [18].

8.3. We are now going to define certain cycles on Xp. Let Ug C Vi be an
oriented subspace such that b | U is positive-definite. Here we use the convention
that suppression of an index such as @Q means the R-span of the corresponding
object; here U = Ugp ®q R.

Then we have a decomposition V = U @ U+. We define

Dy={ZeD:ZcU*}cD

and let Gy be the stabilizer of U in G and GY; the connected component of the
identity. Put T'y = TN Gy and T = T'NGY. Define Cy = T'Y\ Dy . The natural
map 7 : Cy — ['\D is proper, and thus the pair (Cy,7) is a locally finite singular
cycle in Xp. This will be orientable if I' is a subgroup of SO(3,2), which will
always be the case in our examples, since the I' we work with will be the images
of corresponding subgroups of Sp(4,R), which is the spin covering of SOy(3,2).

8.4. Via the isomorphism D = §),, Dy is an embedded copy of $; x 1,
resp. $i, resp. a point, corresponding to dimU = 1, resp. 2, resp. 3. When
dimU = 1, Dy is a Humbert surface (see section 11). For a good discussion of
Humbert surfaces, see [7, Ch. IX]. In general, Humbert surfaces give the loci in the
quotients T'\$, (which are moduli spaces of principally polarized abelian surfaces
with level structure) where the corresponding abelian surface has endomorphisms
by an order in a real quadratic field. This corresponds to the case where the
discriminant (see section 10) A is not a square; when it is a square, the Humbert
surface is a product of modular curves. When dimU = 2 the special subvariety
is a Shimura curve embedded in the moduli space, corresponding to those abelian
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surfaces with endomorphisms by an order in an indefinite quaternion algebra over
Q. The case when dim U = 3 corresponds to the isolated points where the abelian
surface has complex multiplication by a quartic number field.

8.5.  We now define certain linear combinations of the cycles Cpy. These can be
defined for any integer n in the range 1 to p, but to simplify the discussion, we
take n = 1, which is the only case relevant to this paper. Let § > 0 be a rational
number. Let

Qs ={X €V :bX, X) =128}

G acts transitively on this, and by a theorem of Borel, Qg N L consists of a finite
number of I'-orbits. Let Yi,...,Y; be a set of representatives of these orbits and
let U; =QY;. If x € L®Q and an integer N > 1 is given, we define

Cs=)» Cu,.

where the sum extends over those Y; in the coset x4+ N L. If need be, the notation
C’;’N can be used. Note that each Uy N L = ZY, where Y is defined up to £Y.
The integer b(Y,Y") is called classically the discriminant of the Humbert surface
Cu.

8.6. In [18], Kudla sets up a theory of weighted cycles for Shimura varieties
belonging to the groups O(p,2). In the context of that paper we can take V
to be a Q-vector space with a quadratic form b of signature (3,2).The standing
assumption in [18] is that b is anisotropic, which is not our case. Nonetheless, it
is clear that many of the constructions of that paper could be applied here. We
can define cycles Z(3, ¢, K) as in that paper, where § € Q,8 > 0, K C G(Ay)
is a compact open subgroup, and ¢ is a K-invariant Schwartz-Bruhat function
on V(Af). Note that G = GSpin(V) and the symmetric space D has two
components, so the Shimura varieties are not connected (see section 5). The cycles
we defined above correspond the connected cycles of that paper. The data K,
corresponds to the data (N, z) in the above paragraph. In fact, the congruence
subgroups Ly (see section 5) are cofinal among all the K. The functions ¢
are linear combinations of characteristic functions = + N V(z) for a fixed lattice
V(Z) C V, with = € V(Ay) and without loss of generality, we may take x € V
since V(Q) is dense in V(Af). Note also that the definition of the Z(5, ¢, K)
involves shifting the basic cycles (“natural cycles” of [18]) by elements of G(Ay).
Geometrically this is the action induced by correspondences: pulling back and
pushing forward in the tower of spaces given by congruence subgroups. We do not
make use of these weighted cycles in this paper because the main result we need,
theorem 9.2, has not been proved in this context.

9. Theta correspondence

For the convenience of the reader, we outline the main constructions of Kudla-
Millson. In the applications of this theory to our paper, the reader can substitute
n=1, (pg) = (3,2), thus a =6, m =5,V =R G =0WV) = 0(3,2),
G' =Sp(2,R) =SL(2,R), K =U(2), K' =S0(2).
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9.1.  Given a dual reductive pair (G,G’) in the sense of Howe [12], the theta
correspondence is a mapping between automorphic forms on G and automorphic
forms on G’, and conversely. With (G,G") = (O(V),Sp(2n,R)) the general set-up
is as follows: Let S(V™) be the Schwartz space of C*° complex-valued functions
all of whose derivatives decrease rapidly to 0 at infinity. This carries a canonical
action w of G x G', where G' — G’ is the metaplectic double cover. The first
factor acts via:

w(g)p(X) = alg)ely™' X).

where o : G — C* is the nth power of spinor norm. The second factor acts via
the Weil, or oscillator representation. Given any I' x ["-invariant distribution (F’
the inverse image of I in G') © : S(V") — C, and any ¢ € S(V") one can form
the kernel 0,(g,¢") = ©(w(g, ¢')¢) then one defines

/ £(9)6,(9.9')dg

0,(f)(9) = f'(90,(g,9')dg"
G/
If f (resp. f’)is a cusp form on G (resp. G’) then O,(f) (resp. O,(f")) is
well-defined and yield an automorphlc form on G’ (resp. G) provided that ¢ is
K x K' -finite where K (resp. K’ ) is a maximal compact subgroup of G (resp.
G'). The most important case for us will be the distributions given by summing
over a lattice in V™. For instance, we can define, for x € (L® Q)", N € Z,

Ounl(p) = Y. @(X)

Xex+NL™

From now on we assume our distribution has this form.

9.2. In practice, ¢ will transform according to specific representations o, o’ of
K, K'. These representations define homogeneous vector bundles E, (resp.F,)
on the symmetric space D (resp. $,,), and we may interpret 6, as defining linear
operators between spaces of sections:

F(XF7 Ea) — F<F,\ﬁna EU’)y F(F,\ﬁna EU’) — F(XFa EO’)

The crucial case for us is when o defines the bundle of differential forms of degree
ng on D and ¢’ defines the line bundle L£,, whose holomorphic sections are the
Siegel cusp forms of weight m/2 = (p + ¢)/2. It is a nontrivial fact that there
exists a kernel 0,+ which gives rise to a linear map

At Sy o(I7) = HM(X7)

where the left side above is the space of holomorphic cusp forms of weight m/2 on
a congruence subgroup IV C G = Mp(2n,R), and the right hand side is the space
of closed harmonic ng forms on Xr. The element % is then a Schwartz function
with values in differential forms on D.
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9.3. Kudla and Millson present this construction in the following way. They
construct a pairing

((,)): H(Xp,C) x H (G, S(V?)) — C=(G),  a=dimXp

where H; is continuous cohomology. Recall the isomorphism: H(G,S(V")) =
H*(g,K,S(V")), (see [1])). Introduce the notation

0.(n)(g) == ((n,¢))(g")-

Note that this pairing depends on an initial choice of distribution of the sort given
in section 9.1, so that a more accurate notation is Qfg’N . One of the main results of
[22] is that, with suitable restriction on ¢, the image of this is in the holomorphic
sections in I'(L£,,) the space of Siegel modular forms of weight m/2 on G'. The
relevant ¢ define classes in a space they denote

(G, S(VY))S,,

whose precise definition can be found in the introduction of [22]. Thus they obtain
a pairing:
() s Ho(Xp, €) x Hi (G, S(V))S,,, — T'(Lm)-

X

Kudla and Millson construct a canonical element ¢* = @t € H (G, S(V"))1
such that, for any n € H.(Xp,C), the Fourier coefficients of the Siegel modular
form 6,+(n)(7) are essentially given by the periods of 7 over the special cycles.
Recall that the Fourier expansion is given by (7 = u + iv)

s () (1 +i0) = 3 a5(v) exp(2miTe (Bu)
peZ

the sum ranging over a lattice .Z in the space of symmetric matrices of size n
with Q-coefficients.
They prove:

Theorem 9.1. (i) The induced pairing

((, )+ HeXrp, ©) x Hi (G, S(V)),, — T(Lu)

takes values in the holomorphic sections.

(i) If n € H(Xrp,C) and ¢ € Hy (G, S(V"))3  then all the Fourier coefficients
ag of 0,(n)(g’") are zero except the positive semi-definite ones. Suppose
further that ¢ takes values in S(V™), the polynomial Fock space (see [22,
Intro.] for the definition) then these Fourier coefficients are expressible
in terms of periods over the special cycles Cg. For the canonical class

pt = cp:{q, 1 =nq, and for positive definite B one has

awmmwzﬁWWLn
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9.4.  Recall the pairing

() s Ho(Xr, ©) x HiT (G, S(V))3,, — T(Lw).
The line bundle £,, is on the space I'\$),, for some congruence subgroup I'". The
holomorphic sections of this bundle is the space S,,/2(I") of Siegel cusp forms of
weight m/2. Let f € S,,/2(I") be such a cusp form. For any ¢ € Hi'(G,S(V))3,
we get a linear functional

sl 0,0 (g) f(g)dg - HP ™ Xp, C) = C,  0,(n) = ((n, ©))

which is essentially the Petersson inner product. By the perfect pairing given by
Poincaré duality,
H™(Xp) x HP~9(X) — C,

this linear form is identified with a class 6,(f) € H"(Xr, C). By construction:
0ol A)i= [ 00T = [ 0n8.1) = (.0,
MG Xr

The map f > class of 6,(f) is the theta lifting Ay, : Sy /2(I") — H™(Xp). We
denote this simply by A for the canonical ¢ = ¢ = ;.

9.5. Let Hf C H?™(X1) be the subspace of all classes of closed compactly
supported (p —n)q forms that are orthogonal under the pairing [, | to the image

of Sy jo(I”) under A. Let Hy,, C HP ™7(Xr) be the space of all classes of closed
compactly supported (p —n)q forms that have period 0 over all the special cycles
Cp with 8 > 0 (positive-definite). Let Hy, Heyee be the subspaces of H™(Xr)

defined by these by Poincaré duality. They prove:
Theorem 9.2. /21, Theorem 4.2] If n < m/4 then Hy = Heyee -

Thus by Poincaré duality, in the case of finite volume but noncompact
quotients the subspace of H"?(Xr) spanned by the duals of the special cycles
coincides with the space of theta lifts. In the above theorem the special lifting
kernel ¢ is used. It is important to realize that there is also an initial choice of
a theta distribution of the type ©, v (see section 9.1). This choice appears both
in the definition of the kernel 6+ and in the definition of the special cycles Cg.
This distribution is invariant under the arithmetic subgroup I" x IV. The above
isomorphism should more properly be written as Hy"™ = nyﬁe In our application,
(p,q) = (3,2), n =1, m=p+q=>5, so we are in this stable range. Eventually
we take the union over all (z, N) (see remark 7.4).

9.6. Let us address the issue raised in remark 4.4. We use the adelic formulation.
The basic theta distribution is



790 HE AND HOFFMAN

The theta kernel is
0,(/)(g) = / 0wl g)R) (g
F(Q\G(A)

where w is the Weil representation, and ¢ is a Schwartz function with values
in closed differential forms of type (1,1) on the symmetric space D. Let £ €
HY (Mg (C)) (notation of section 5; K C G(Ay) is an open compact subgroup).
If p*¢ € HY (M (C)) has £ = 6,(f) for an L-invariant ¢ for a subgroup L C K
of finite index, then define the K-invariant Schwartz function

¢ = Zw(gi)w

where g; are the left cosets of K/L. One sees that
0:(5)(9) =D 0:(F)(99:).
i=1

Both sides define closed differential forms of type (1,1) on
Mg (C) = GSp,(Q)\GSpy(A)/ K K.

It is now clear that p,.0,(f) = 6(f) in cohomology: the push-forward map for
a finite covering is just summing over the fibers of p, which is what the above
expression is. Therefore we obtain & = (1/n)p.p*¢ = (1/n)85(f).

10. The isogeny Sp(4,R) ~ SO(3, 2)

In sections 10 and 11, the letter V' will represent a 4-dimensional vector space, as
opposed to the 5-dimensional space with quadratic form b of the previous sections.
In section 11.2.3 we reconnect with the notation of the previous sections.

10.1.  Let Vg = Q* with standard basis €;, ¢ = 1,...,4 and let U be the
alternating bilinear form

(z, y) = (z, y)» = 'wVy, where ¥ = (_012 102>

The group of symplectic similitudes GSp(¥) = GSp(4) is defined in section (5).

10.2. Let V be the free Z-module with basis ey, e, e3, e4. We have a symmetric
bilinear form

2 2 4
b: AVax AVe— A\Ve 52

where the first arrow is wedge product and the second is the isomorphism defined
by
det(el N eg N\ €3 A 64) =1.
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Clearly, the natural action of GL(4) on /\2 V' preserves this quadratic form up to
scalars. The subgroup GSp(4) stabilizes the line spanned by 1) = e; Aes+es Aey
and thus we have a representation on the orthogonal complement relative to b:

a1 GSp(4) — GO (1", b | ) == GOg(by),

where the group GOg(by) is the connected component of the group of orthogonal
similitudes. Restricting this to the subgroup Sp(4), one knows:

Proposition 10.1.  « induces an isomorphism

o Sp(4)/{£1} = SO, (by)

One checks that the 5-dimensional quadratic form b, has signature (3,2).

10.3.  Let Skew(4,Q) be the space of skew-symmetric matrices of size 4 with
entries in Q. There is a natural action of GL(4, Q) on this space by M — g.M.'g.
Note that ¥ € Skew(4,Q) and the stabilizer of ¥ for this action is Sp(4, Q). One
can check that the symmetric bilinear form on Skew(4, Q) defined by

bo(M, N) := %Tr(M\IJN\IJ) - %Tr(M\IJ)Tr(N\II)

is invariant under all M — ¢g.M.g for g € Sp(4,Q). It is also Z-valued on
Skew (4, Z). The space

Ut = {M € Skew(4,Q) : by(M, V) = 0}

is 5-dimensional and invariant under Sp(4, Q). We therefore obtain a morphism
of algebraic groups Sp(4) — O(¥). This necessarily lands in the connected
component SOg(¥+) since Sp(4) is connected. It is well-known that this is an
isogeny with kernel 1. The signature of the form on ¥t is (3,2).

2
10.4. Given n = Zrijei Nej € /\ Vo, we can associate the skew-symmetric
matrix -

R, =R = (r;;) € Skew(4,Q), 1 = —rj;.

This assignment sets up a GL(4, Q)-equivariant isomorphism
2
/\V = Skew(4),
with the action of g € GL(4,Q) given on the skew-symmetric matrices as

R — gR'g.

The form 1 above maps to . Under this isomorphism the form b in section 10
goes over into the form by of section 10, ie., b(§,n) = bo(Re, R,)). In coordinates,

bo(M, N) = miangs + maania + Magnig + MigNaz — MagMyz — My3N24.



792 HE AND HOFFMAN

Ut is defined by my3 +mas = 0, 9+ is defined by 715+ 94 = 0 and these bilinear
forms restrict to this subspace as:

bo(M, N) = 2mq3ni3 + miangs + MasNia + MisNas + MagNyy.

10.5. The quadratic form associated to the bilinear form b is

Q(a) = aipazs — aiza24 + a14a93

2

in the natural indexing Z aje; \ej € /\ Vo. On the orthogonal 1 the induced
i<j

form is b?> — ac — de in the basis

{fis fo, f3, fa, fs} = {e1 Nea,er Neg —ea A ey, —es A eq, —er N ey, ea Aest.

It is better to work with the form on the dual lattice spanned by { fi, % fo, f3, fa, [5},
or rather twice it, given in this basis as

A(a,b,c,d,e) = b* —4dac — 4de

This is the quadratic form that appears in the theory of Humbert surfaces.

11. Symmetric spaces and Humbert surfaces

11.1. Symplectic viewpoint

11.1.1. The underlying analytic space A of a complex abelian variety over C
of dimension n is a quotient A = C"/L where L C C" is a lattice. Thus
L®R :=V = C" has a complex structure J (J? = —1). We have canonically
L =Hy(A,Z), and H*(A,Z) = Hom(\’ L,Z) for all s. There is a Riemann form
for A, or polarization, namely, an alternating bilinear form ¢ : L x L — Z such
that

1. ¥(Ju, Jv) = P(u,v) for all u,v € V.
2. Y(v,Jv) >0 forall 0 £veV.

The first condition for a polarization is that ¢ € H*(A,Z) NH"'(A) in the Hodge
structure on cohomology. Recall that the existence of a complex structure on V'
is equivalent to the existence of a Hodge structure with

Ve=VoC=V"eVvi!

where V710 (resp. V%7!) is the +i (resp. —i) eigenspace for J. As is well
known, the cohomology of A then has a Z-Hodge structure, with H'(A,R) being
the dual V. There is a canonical isomorphism

A=H,(A,Z)\H (A C)/F° = H{(A,Z)\V°.
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The holomorphic tangent space at 0 is canonically identified TyA = Hy (A, C)/F° =
V=10 In coordinates zi,...,2, we get a basis 0/0z1,...,0/9z, and thus a dual
basis dzy,...,dz, of TfA = H(A,Qac) = VIO = FY(HY(A,C)). The natural
map L = Hi(A,Z) — Hi(A,R) = Homc(H(A, Qa/c),C) sends v to the func-
tional w —» fvw, so that L is the lattice of periods.

L=Hi(A,Z)

|

V=H;(A,R) —— Hom¢(F'H!,C)

| T

V(CZHl(A, (C) — HOH](;(Hl(A, (C), C)

11.1.2. Let % be a principal polarization, i.e., 1 induces an isomorphism L —
L = Hom(L,Z). We may then find a basis ey, ..., e, of L such that ¥(e;,e;) =0
unless |i — j| = n, and (e, e,4) = 1, for all ¢ = 1,...,n. It is also well-
known that we may find a basis wy, ... ,w, for H°(A,Q4/c) such that the n x 2n
period matrix fej w; has the shape (7,1,) for some 7 € $,. Since we have

w; = Z?Zl( fej w;)é;, once we fix the symplectic basis e; we can regard the row

span F; of the matrix (7,1,) as the subspace
F, =H(A,Qa/c) C H'(A,C) =C"
Thus there is an isomorphism
T F, 9, ~ Gr (Vp),

where Gr(V¢) is the Grassmannian of n-dimensional complex subspaces F C Ve
such that

a) F is 1)-isotropic, i.e., (z,y) = 0 for all z,y € F.

b) —ith(z,7) > 0 for all 0 # z € F, where T denotes conjugation relative to
k-

Here, 1 is the dual alternating form on V. Then F, is F'H'(A,,C) for the
Hodge structure on the principally polarized abelian variety A, = C"/L,, where
L, =7"+7"T.

11.1.3. Now we specialize the preceding to the case n = 2. A little more
generally, for any commutative ring R let Vz = R* with basis {e1,es,e3,€4}.
Let W = Hom(V, G,) be the dual with dual coordinates é;. Let 1 € \*W =
Hom(A”V, G,) be the alternating bilinear form whose matrix in these coordinates

is
(0 1
¥ = (_12 0) |
Each point 7 € £, determines a Hodge structure of type (1,0),(0,1) on W i. e,
W™ = (W(c = Wl’o @ Wo’l ODWr D Wz) .
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Concretely, W? = F!(TW¢) is the span of the rows of the matrix (7, ;). This is the
canonical Hodge structure on H*(A,) for the 2-dimensional abelian variety A, =
C?/Z*7+7Z*. The form 1 can be identified to an element of H*(A,, Z)NHY(A,),
and is a principal polarization.

11.1.4. Each 7 € $, also gives a Hodge structure on any tensor space of
W = H'(A,). In particular, consider A\>W = H2(A,). This is a Hodge structure
of dimension 6 of type of type (2,0) + (1,1) + (0,2). Note that a real form
n e /\2 Wg has type (1,1) if and only if n(u,v) =0 for all u,v € F!. Since F!W
is generated by the rows of (7,1) we see that a real form 7 is of type (1,1) if and
only if (notation as in section 10)

(r, )R, G) = 0.

Since the Néron-Severi group of A, is isomorphic to H?(A,, Z) N HY(A,) we see
NS(4,) = {R € Skew(4,Z) : (r,1)R G) = 0}.

11.1.5. Now let Skew(4,R)y := ¥+ C Skew(4, R), for any commutative ring
R C C, where the orthogonal is taken with respect to the inner product in section
10. We define, for any X € Skew(4,R),

5253 = {rems (nx (7) <0y

Clearly Hx = $H:x for any ¢ € R*. It can be shown that this set is nonempty
if and only if A(X) > 0, in which case it is isomorphic to $; x ;. When the
entries of X are integers without common divisor, we call this the Humbert surface
associated to X, provided it is nonempty, and we call A(X) the discriminant of
the Humbert surface. It is a positive integer congruent to 0 or 1 modulo 4.

11.2. Orthogonal viewpoint
11.2.1. The symmetric space for the group SO(3,2) is

POS&Q = {Z € M573(R) . tMIgQM > 0}, [3,2 = (103 01 )
— 12

More generally, replacing the split form I3 by any real symmetric B of signature
(3,2), the condition is that the real symmetric 3 by 3 matrix ‘M BM is positive
definite. More intrinsically, fix a 5-dimensional real vector space Tg with a sym-

metric bilinear form b of signature (3,2). Then the symmetric space is the open
subset of the Grassmannian of 3-planes in Tg:

Gry (Tg) :={U CTg : dimU =3, b | U > 0}

By choosing an orthonormal basis we can identify Tz = R®, and Posz, with
Gry (Tr) by assigning to M the subspace of R® spanned by the rows of M.
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11.2.2. Recall from section 11.1.4 that 7 € $5 gives a Hodge structure on
/\2 W . Since 1 € /\2 Wy is of type (1,1) for this Hodge structure, and since the
bilinear form of section 10 is a morphism of Hodge structures, the orthogonal space
T :=¢*+ C /\2 W carries a Z-Hodge structure. We have seen (see proposition 10.1)
that the bilinear form denoted by, on Tr has signature (3,2). Thus, any 7 € £,
gives a Hodge structure

T7=(Tc=T*"aT" @ T > Tr D Ty)

The space T is the complexification of a real 3-dimensional subspace Z, C Tg
and it is known that b, | Z, is positive-definite.

Proposition 11.1.  The map ™ — Z, sets up an isomorphism
S{)Q ~ GI‘;{(TR)

This map is equivariant, via the isogeny p : Spy(R) — SOg(by) = SO¢(3,2):
Zgr = p(9)Z-.

Note that we have a canonical equivariant isomorphism Grj (Tk) = Gry (Tk)
where the right-hand side is the Grassmannian on 2-planes Z’ in Tr such that
by | Z' is negative-definite: let 7' = Z+.

11.2.3. In section 8 the letter V' represents a 5-dimensional real vector space
with a quadratic form b of signature (3,2), which corresponds to Ty here, and the
lattice L in that section corresponds to T7. Also in the notations of that section,
D = Gr, (1g). For any x € L = Ty, with b(z,x) > 0,1let U = Rz C V = Tg.
Under the natural identification = — X : Ty = Skew(4,Z), (see sections 10, and
11.1.3), the Humbert surface $)x maps to the special locus Dy of section 8. This
is because:

7' € Dy < 7' cU*
—=UcC(Z) =2
<= U C Z, for a unique 7 € $9
<= x is of type (1, 1) in the Hodge structure 77"

— (1, 1)X G) =0

<~ T7E€ NHx.

12. Cohomological unitary representations

This section records the basic facts relevant to us from Vogan-Zuckerman theory.
These results are well-known in that they have appeared in print on multiple
occasions, but with no proofs. We do not provide complete proofs either, but at
least some more detail. It is convenient for us to work with the orthogonal as
opposed to the symplectic viewpoint. So g = sp,(R) = s0(3,2).
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12.1.  Let

50(3,2) = A B\ A= -—'A€cMzs(R), BeMgy(R),
T C D) D=-'DeMy(R),C="'B

The Cartan decomposition g =€@®p has ¢ = {B =C =0} = s0(3) x s0(2), and

p={A=D=0}=My(R) via (t% ?) — B.

The action of (A, D) € O(3) x O(2) by conjugation on p = g/¢ = M35(R) is
B~ ABD™".

The complex structure on p = M3 o(R) is given by right multiplication by

J = ( 0 1) so that pc = pT ®p~, pi = 41 eigenspace of J.

-1 0
12.2. A compact maximal torus for g is
000
7l g 0 0
t= 0000 Of:ay, xe€Rp={[r1, 2]}
000 7
000 ™

The roots are
A(g(Cat) = {iOQ :i:ﬁa ta+ ﬁ}

where o[z, 23]) =iz, B([z1,22]) = i x2. We have
tc=tc® Jo D g-a

pt = 95 D Dot D DBPY_ais
p =93P DBga—p D DBI-0a-5

Writing g, = CX,, we have:

0 0 100 00 0 0 0
0 0 i 00 00 0 0 0
Xo=|-1 =000 Xs=|00 0 i —1
0 0 000 00 i 0 0
0 0 000 00 —-10 0
000 —i 1 00 0 i 1
000 1 i 0 0 0 —1 i
Xoss=]0 00 0 0 Xos=]0 0 0 0 0
—i 10 0 0 i =10 0 0
1 i 0 0 0 1 i 0 0 0
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The map i — —i sends root/spaces v — —.

12.3.  The unitary representations with nonzero (g, K)-cohomology are of the
form A, for #-stable parabolic subalgebras q C gc (more generally Ag(\) for
coefficients in a local system). These parabolics can be taken up to K -conjugation.
Each such ¢ can be constructed by choosing a = € it and defining

q = sum of the nonnegative eigenspaces of ad(x).
[ = sum of the zero eigenspaces of ad(x).

u = sum of the positive eigenspaces of ad(x).

Then we have a Levi decomposition q = [ @ u. Also, if R* = dim(u N p*) and
p— Rt =q— R =j>0 then

HP(g, K;C) = Hompg (A¥ (INp),C).

If § C q is any subspace stable under ad(t), we let p(f) be as usual half the sum
of the roots of t occurring in f. Then for a #-stable parabolic q it is known that
if a representation of € with highest weight 6 € A*(¢,t) occurs in Ay, then

d=2p(unp)+ Z N4y,

YEA(uNp)

for integers n, > 0, and the representation of K with highest weight 2p(u N p)
exists and occurs in A; (K is the connected Lie group with Lie algebra £).

12.4. The cohomological representations are obtained by choosing, respectively
x € it as follows (see [8, pp. 91-92)):

x =[0,0], L =S0¢(3,2), nonzero in bidegrees (j,j) for 0 < j < 3.

r =[—ix1,0], 11 >0, L=S"xS0¢(1,2), nonzero in bidegrees (j, j) for
I<j<2

xr =[—i|zs|,ixs], 3 #0, L =TU(1,1), nonzero in bidegrees (2,0),(3,1), if
s < 0:(0,2),(1,3) if 25 > 0.

r =[—ix1,izs], 1 > |T2| #0, L= S*xU(0,1), nonzero in bidegrees (2, 1), if
xe < 05(1,2), if 29 > 0.

x =[—izy,izs], 2] > 21 >0, L=S'%xU(0,1), nonzero in bidegrees (3,0), if
xe < 0;(0,3), if x5 > 0.

A complete list even with nontrivial local coefficients can be found in [33].

12.5.  If we choose z = [—iz1,0] € it with 27 > 0, we find

[=tc®gs®gp U=0aDI pra®Fsra, R =%l

The K = SO(3) x SO(2)-representation u(q) with highest weight 2p(unp) = 2« is
the tensor product 5® 1 of the irreducible 5-dimensional representation of SO(3)
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with the trivial representation of SO(2). Since this representation occurs with
multiplicity one in Al'p we see that

H" (g, K Aq) = Homg (AM'p, 1(q)) = Homgnr (A (Np), C)) =C

is one-dimensional, and also that x(q) occurs with multiplicity one in A,.

12.6.  Let s be the discrete series representation of S’Eg(R) of lowest weight
g. Now we must show that the representation 9(71'% ) has the following properties:

i. The minimal K -type is the 5 dimensional representation 5 ® 1;

ii. The infinitesimal character is equal to the infinitesimal character of the trivial

representation, (%, %) )

Then by the theorem of Vogan-Zuckerman, () is the A, for which H"'(g, K Aq)
is nonvanishing. This is a direct consequence of a theorem of Jian-Shu Li ( [27]).

As a matter of fact, this can be seen by the following observations. First, back
to Prop. 6.2, the compact group U(1) C SLy(R) acts on the constant func-
tions by 2, (z € U(1)). It acts on the first three variables by z2,(z € U(1)).
Consequently, it acts on polynomials of degree 2 on the first 3 variables by
2%, (x € U(1)). In addition, the polynomials of degree 2 on the first 3 vari-
ables give the first occurrence of representations of weight g for U (1) in P. So

the constituent 5@ 1 consists of the joint harmonics for U(1) and for O(3) x O(2).
By Howe’s theorem, #(ms) contains a unique O(3) x O(2)-type 5® 1. So 5® 1
is the O(3) x O(2)-type2 that is of minimal degree 6(7s) in the sense of Howe.
As we have seen from the proof of Prop. 6.2, the smaller O(3) x O(2)-types,
3®1 or 1® 1, must not occur in Q(W%). Therefore, 5 ® 1 is also the minimal

O(3) x O(2)-type of Q(Wg) in the sense of Vogan ([35]).

Secondly, the infinitesimal character of T s (2), under the Harish-Chandra ho-

momorphism. By a theorem of Przebinda [32], the infinitesimal character of H(ﬂ'g )
can be obtained from (%) by adding an entry % So the infinitesimal character of

O(ms) is exactly (3,3).
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