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Abstract. Using an idea of Dirac, we give a geometric construction of a
unitary lowest weight representation #* and a unitary highest weight repre-
sentation ¢~ of a double cover of the conformal group SO(2,n+ 1), for every
n > 2. The smooth vectors in #% and #~ consist of complex-valued solu-
tions to the wave equation (0f = 0 on Minkowski space R = R x R™ and
the invariant product is the usual Klein-Gordon product. We then give explicit
orthonormal bases for the spaces % and J#~ consisting of weight vectors;
when n is odd, our bases consist of rational functions. Furthermore, we show
that if ®, ¥ € .7 (RY") are real-valued Schwartz functions and u € €>°(RY™)
is the (real-valued) solution to the Cauchy problem Cu = 0, w(0,z) = ®(z),
0;u(0,z) = ¥(x), then there exists a unique real-valued v € ¥>°(R>") such that
u-+iv € AT and u—iv € .
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1. Introduction

Symmetries of the wave equation and representations. We consider the
classical wave operator on Minkowski space R := R x R",

PP o
=1

where (t,x) = (t,1,...,2,) are the canonical coordinates on R"". Lie’s prolonga-
tion method calculates the infinitesimal symmetries of the differential operator [
to be the Lie algebra g := s0(2,n+ 1) plus an infinite dimensional piece reflecting
the fact that O is linear. In particular, ker O = {f € C>*°(R"") | Of = 0} carries
a representation of g. This Lie algebra action does not exponentiate to a global
action of the conformal group G := SO(2,n + 1) or any cover group. However,
for n odd, it is known that ker [J contains a nice g-invariant subspace that carries
the minimal representation of GG. In this paper, we give a uniform realization of
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302 HUNZIKER, SEPANSKI, AND STANKE

the minimal representation of a double cover of G in ker[J as a positive energy
representation H* for n even and odd. Using this realization, we obtain an ex-
plicit orthonormal basis for H* that is well behaved with respect to energy and
angular momentum. The lowest positive energy solution is, up to normalization,

1
- n—1
V(L —at)? + (]2

where va denotes the principal branch of the square root. (Of special note, for n
odd, all functions in our basis are rational functions.) Finally, using Fourier anal-
ysis with respect to this basis, we prove that every classical real-valued solution to
the wave equation is the real part of a unique smooth element in the representation

HE.

f(t,l’) =

Statement of the main results. To state our results precisely we introduce
some notation. More details will be given in the following sections. There is
a unique (up to conjugation) maximal parabolic subgroup Q = MAN of G =
SO(2,n + 1)y such that M = SO(1,n) and N = RY" as an M -manifold. Thus,
Minkowski space RY"™ embeds as the “big cell” in the generalized flag manifold
G/Q~, where @~ = MAN~ is a parabolic subgroup opposite to ). From a
representation theoretic perspective it is therefore natural to consider the non-
compact picture ﬂ; C ¢°°(RY") of a degenerate principal series representation
Indgf(x). When n is odd, there is a unique character y of M A such that the
kernel of [J restricted to #{ is G-invariant and non-zero. However, when n is
even, there is no such character and we need to replace G by a double cover. The
relevant double cover is not Spin(2,n + 1)g, but the double cover 7 : G — G
corresponding to the double cover of the SO(2)-factor of the maximal compact
subgroup K = SO(2) x SO(n + 1) of G given by SO(2) — SO(2), 2z — 22,
Let Q_ =7 1(Q7). Then @ is a maximal parabohc Subgroup of G such that
G/Q* ~ G/Q as G-manifolds via 7. Write Q— = = MAN- for the Langlands
decomposition of Q _The group M has four connected components and the
component group M /MO is isomorphic to Z,. Hence a character of M MA is
determined by a discrete parameter m € Z, and a continuous parameter r € C.
Write .#! = C €*(RY") for the non-compact picture of Indg,(xm,r). It turns

m,r
out, and in fact follows from Lie’s prolongation algorithm, that the kernel of [J
restricted to % . is g-invariant, and hence G-invariant, if r = 1_7” With this

setup in place we can now state the first main result.

Theorem 1.1.  Suppose n > 2 and consider the é—representatz’on ker ] C

f,;”, where r = 1’7" Let A% be the unitary lowest weight representation of

G of lowest weight —rey = "T_lso, and let 7€~ be the unitary highest weight

representation of G of highest weight req = —"T_l €0, where gy is the fundamental
weight that is orthogonal to the compact roots. Then if n is odd,

T oA if m=n-—1 mod 4,
ker [0 &

otherwise,
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and if n is even,
T if m=—(n—1) mod 4,
kerLl= ¢ 7~ if m=n—1 mod 4,
0 otherwise.

The unitary structure is given by the Klein-Gordon product. It is positive definite
on FT and negative definite on .

The second main result gives explicit orthonormal bases for 7+ and .

Theorem 1.2.  Suppose n > 2 and let r = I_T” For l € Z>y and p € Z~o of
the form p =n+2l — 1+ 2d with d € Z>¢, define a polynomial g,,(t,x) of degree

2d by
1—qlt, x))
At,x) )’

where q(t,z) == —t* + ||z||?, (¢, x) = (1 — q(t,x))? +4||x|\2)%, and C" is the
normalized Gegenbauer polynomial of degree d and parameter | —r. Let hy;(x)
be homogenous harmonic polynomials on R™ of degree | such that the functions
hyjlsn—1 form an orthonormal basis for £*(S™'). Then the smooth functions

fpvl,j(taf) = QZ_Tp—% gp,l@aﬂf)hz,j(x) .
(VO=@E T

form an orthonormal basis for A+ with respect to the Klein-Gordon product. In
particular, when n is odd, all basis elements are rational (sm_ooth) solutions to the
wave equation. Similarly, the complex conjugate functions form a basis for

T

gpu(t, ) == A(t,2)? CL" (

pil,J

The smooth vectors in " and 5~ are complex-valued solutions to the
wave equation [Jf = 0. The third main result shows that every smooth real-valued
solution u(t,z) satisfying certain decay conditions at ¢ = 0 can be written as the
real part of function in 7.

Theorem 1.3.  Suppose n > 2 and let r = 5%, Let u(t,x) € €*(R"™) be a
real-valued solution to the wave equation Uu = 0 satisfying the conditions

[0]u(0,2)] < C(L+||z]*)™7 for 0<j <232
Then there exists a unique v(t,z) € €>*(R"™) such that u + v € A" and
u—ive A,
We will, in fact, prove a stronger version of this result (Theorem 11.2) in
the last section.

Related work. The wave equation is an extremely well studied operator in
mathematics and it is therefore no surprise that some of our techniques and results
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overlap with existing literature. We mention a few of the most relevant here. In the
case when n = 3, many of the formulas and results of the present already appear in
the paper [26] by I. Todorov, in the paper [8] by H. P. Jakobsen and M. Vergne, and
in the papers [22, 21] by 1. Segal et al. A more recent reference for the n = 3 case
is the paper [5] by V. Guillemin and S. Sternberg in which the connection to the
Kepler problem is explained. Important early work on the minimal representation
of SO(4,4) was done by B. Kostant starting with the paper [17]. B. Binegar and
R. Zierau then constructed the minimal representation of SO(p,q)e, p + g even,
in [1]. Their model was based on the kernel of the ultrahyperbolic wave operator
0,4 acting on the set of smooth functions on the cone

P = {(z,y) e RP" =RY x R? | |[zf| = [ly[| # 0}

of homogeneous degree 2 — ’%. There they proved that

p—2\* (q—2)°
ker Ll g = ker <—980<p> +Qs0(9) — (T) + (T) ) :

where 2 is a Casimir operator and that the unitary structure was motivated
by the Klein-Gordon inner product from physics. In particular, for p = 2 and
g = n+ 1 with n odd, their model was based on the kernel of the operator
Osn+1 acting on homogenous function on the cone C*"*1 of degree 1_7” A
more general study of homogenous functions on generalized light cones was given
by R. Howe and E. Tan in [7] and connections to dual pairs were studied by
C. Zhu and J. Huang in [27]. T. Kobayashi and B. Orsted made an exhaustive
study of the minimal representations of O(p,q), p + ¢ even, in [13, 14, 15]. Of
special note, they realized the representation as the kernel of the Yamabe operator
Agr-1xga-1 acting on € (SP~1xS771) | as a certain subspace of ker J, 1,1 acting
on €*°(RP~1971) "and, via Fourier techniques, as .£?(CP~14~1). In particular, for
p =2 and ¢ = n+ 1 with n odd, they realized the representation in a subspace
of the kernel of the usual wave operator O, in €*(R""). T. Kobayashi and
G. Mano in [11] start with a representation of SL(2,R) x SO(n) on Z?(R", %)

and show that the representation extends to one of a double cover of SO(2,n +H1|$0
when n is even. More recent work can be found in [12], [10], and [6]. The minimal
representation (being a unitary highest weight representation) also has a complex
picture living in the space of holomorphic functions on G/K, the Hermitian
symmetric space for G = SO(2,n + 1)p. Here the minimal representation arises
as the first reduction point. An older reference for the complex picture (including
Gegenbauer polynomials in the K -finite vectors) is the paper [20] by E. Onofri.
A more recent reference is the paper [3] by J. Faraut and A. Koranyi. Finally,
further motivation for this paper is found in [23, 24|, where similar results were
obtained for the heat and Schrodinger equations.

Acknowledgements. We thank B. Speh, T. Kobayashi, and the referees for
pointing out several references to other works.
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2. Groups and Representations

Basic notation and conventions. For p,q € Z>( let

I, 0
I,,:= ,
0 | -1,

where [, and I, and are the identity matrices of size p X p and ¢ x ¢, respectively.
Define the Lie algebra so(p, q) by

50(p, q) = {X € Myy(R) | XLy + 1, X7 = 0}

A|B
%(%) |A=—AT,D=—DT,O=BT}

and the Lie group SO(p,q) by

SO(p,q) :=={g € SL(p+ ¢,R) | gL, 09" = I,4}

If p,g > 1, the group SO(p,q) has two connected components and we denote
by SO(p, q)o the connected component of the identity. As usual, we write SO(p)
for SO(p,0) = SO(p,0)9. The group SO(p) x SO(q) is the maximal compact
subgroup SO(p,q)o. In particular, m (SO(p,q)o) = m(SO(p)) x m(SO(q)). It
is well known that m(SO(p)) = Zy for p > 2, m(SO(2)) = m(S') = Z, and
m(SO(1) = m({pt}) = {1}.

The group G and a distinguished subgroup. Throughout the rest of the
paper, assume that n > 2 and let G = SO(2,n+1)p and K = SO(2) x SO(n+1).
Let g = € ® p be the Cartan decomposition of the Lie algebra g with respect to
the standard involution given by 6(X) := —X7T for X € g. The real rank of the
group G is 2, i.e., a maximal abelian subalgebra of p has rank 2. We will fix the
maximal abelian subalgebra a, C p given by

0 h1
ha 0
a, 1= 0 he |h1,h2€R
hi O Opt1

The set of restricted roots ¥ := ¥(g, a,) is of type B,. We write

Y = 4{e; + 9,61 — €9,61,62} with the obvious notation.
The roots +¢; £ g5 have multiplicity 1 and the roots 4e;, £e5 have multiplicity
n — 1. Suppose that {Hy, Ey, Fi} are standard sl(2)-triples corresponding to
+e1 4+ e9. Then, by commutivity, {H .= H,+H ,E:=F,+F F:=F,+F }
is also an s[(2)-triple. Furthermore, we may choose the s[(2)-triples so that

000 0 1 -1 0 -1 —1
002 ~10 0 1 0 0
HZ(O 0 >v EZ(—IOO >, FZ(—loo ) (1)
(0% On On

In this setting, sl(2,R) = spang{H, E, F'} embeds in g as the copy of s0(2,1)
in the upper left corner. The centralizer of this algebra is the Lie algebra so(n)

N OO
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embedded in g as the in the lower right corner. We define a subalgebra s C g

5= {(%‘%) cg| X €so(2,1), YEﬁO(n)}.

This subalgebra s C g and the corresponding subgroup S C G will play an
important role in our examination.

Parabolic subgroups The eigenvalues of ad(H) on g are {2,0,—2}. Write n,
[, and n~ for the 2, 0, and —2 eigenspaces, respectively. Then n and n~ are
abelian and q := [@® n and q~ := [ @& n~ are maximal parabolic subalgebras of
g. Write the Langlands decomposition for the Levi component as [ = m & a with
a=RH C a,. In gory detail, we have

0 0O0]|b
m = {LA,b = ( 0 0 olo | 1beMun(R), Ac Skewn(R)}
00lA
0o t —t |0
n = {Nt,x = (_z 8 8 i ) ‘ (t,l’) € Rl,n}
0 z7 —zT |0,
0 t t 0
n = {thac = <_tt 8 8 jx) | (t,l’) S Rl’n} :
0 = =z On

Write @Q and )~ for the corresponding parabolic subgroups of G with Langlands
decomposition Q = MAN and Q- = MAN~, respectively. Writing SO(1,n),
for the identity component of SO(1,n) and SO(1,n); for the other connected
component it is straight forward to verify that

1
coshs sinhs
A= {hs T ( sinh s cosh s ) ‘ s € R} )
T

a 0 0|b .

M = |5_i1 ,
L SO(1 if e = —1
coold ) -

1 t
—t 1+21q(tx) q(tac
_ R 1
N = Ntz = —¢ L _1 | e RY" )
5q(tx) 1 2qtm
0 T
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1 t t 0
_ - —t 1+%q(t,m) %q(t,x) x in
N = Mo = t  —2qtx) 1-iq(ta)|—= ‘ (t,]ﬁ') €R ’
0 T T ' In
where
qt,z) = —t* + ||z||* = —* + 22’ (2)

Note that M = SO(1,n) and N = R,
Characters. Let v € ay be defined as
1
V= 5 ((81 + 62) + (—81 + 62)) = &9.

By restriction of a, to a, view v € a*. Next, suppose a, ©t, t C £, is a maximally
split Cartan subalgebra of g and write ¢ = Ad (e1"#+F)) for the Cayley transform.

Then by :=ic(ay) @ t is a compact Cartan subalgebra of g. Define p € by by

,u:yoc_1

on ic(a,) extended C-linearly by 0 on t. Explicitly, with our setup,

0 ho
—hs 0
ic(ay) = 0 M | hi,he € R
~h1 0
Onfl
and
0 ho
—hs O
v 0 M = ihs
~h1 0
We will also need v € by, given by
1
V=

Turning to characters, v exponentiates to the character v4 on A given by v (hs) =
e®. In particular, for r € C,
Vi(hs) = €.

The linear form ~ € b, does not exponentiate to K. However, p = 27 is the
differential (on expe (hept)) of the character px on K = SO(2) x SO(n+ 1) given

by
R .
LK ( v ) = e,
Un+41

where u,1 € SO(n+ 1) and R, = ( o8P Sinso) is the usual rotation by an

—sing cosgp

angle ¢. Observe that

000
MOK:{( 828) |e =+1,k € O(n), detkze}.
0 0k

oo oM™
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Writing My for the connected component of M = SO(1,n) containing the identity
and M; for the other connected component, it follows that p|ynx is +1 on
MyNK andis —1 on M;NK . Therefore p|ynx extends uniquely to a character
far on M given by

par(M;) = (=1)7.
As a result, we can define a character x,,, on Q= for m € Z (determined only
up to parity) and r € C. Namely, let

X (@) = pr(anr) via(ay)

where ¢~ = 3,4, qy- is the Langlands decomposition of ¢~ € Q= with ¢,, € M,
gy € A,and q,- € N™.

The group G. For certain parameters, in particular when n is even, it is
necessary to pass to a double cover of G. Begin first with K = SO(2) x SO(n+1).
Keeping the Lie algebra ¢ fixed, the appropriate covering }N(~0f K in our setting
is given by the double cover K = K with covering map 7 : K — K defined by

(L))
Un+1 Un+1

Given this setup, it is easy to calculate the exponential map for K , expp € —
K = K. Namely, since

@ R,
expr | —¢ = Ko
Xn+1

and since 7o expgi = expy, it follows that

¥ R
eXpg | —¥ = eXnt1 |

XnJrl

Up to isomorphism, K can be uniquely extended to connected Lie group G that
is a double cover of G. Writing 7 : G — G for the covering map we have a

commutative diagram
expga ~

g G
I
g =% @

Let é and @‘ be the parabolic subgroups of Gtv covering ) and )~ with Lang-
lands decomposition ) = MAN and Q- = MAN™, respectively. Also write
Nz = expa (Niaz), Ny, 1= expg (N’), and hg = expg (Hs) 50 T (Nyz) = Mg,

t,x

W(ﬁ;x) = Ny, and W(%s> — hy. Note that 7 : N = N, m: N~ S N, and
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m: A A However, 7 : M — M is a double cover. Since MNK =7~ (M NK),
we have

RJ’g 0 |o
MNK = 0 (=170 | |keO(n), dethk=(-1)
0 0 |k

It follows that M has four connected components. Use j =0,1,2,3 in the above
equation to index the components of M as My, My, Ms, Ms. Viewing the indices
for the components of M as elements of Zy and the indices for the components of
M as elements of Zy, it follows that = : ]\Z =Y M; where the index map is given
by the natural map Zs — Z, given by mapping j > j.

Turning to characters, v exponentiates to the character v; on A given by

vi(hs) = €® and satisfying vy = v4 o w. In particular, for r € C,

The linear forms v, u € by, both exponentiate to K as characters Vi W With
'y%{ = pp and pg = pg om. Since vz oexpp = €7, it follows that

Re i
Y =e'2.
K Un+1

It follows that 7f<|z\7jmf< is @/, where i = \/—1. Therefore, vz|5.z extends

M

uniquely to a character y3; on M given by

”}/MlMJ_ = ij. (4)

As a result, we can define a character X,,, on Ct)v* for m € Z (determined only
mod 4) and r € C. Namely, let

Xmr(07) = 737(@ 57) v3(a5),

where ¢~ = 4379595~ is the Langlands decomposition of ¢~ € C/Qv_ with Iy € M ,

q; € ,ZL and I5- € N—. Note that Xm, descends to a character of @)~ if and
only if m is even. In that case, X, = m . 0T,

Induced representations. For m € Z, and r € C define
d5 (Vnr) = {6 € €2() |6(57) = L@ )o@ ¥GeGi eQ ) (5)

with G-action given by (§-¢)(q) = ¢(g~1q’) for 3,9’ € G. The G-action on
Indg, (Xm,r) descends to a G-action if and only if m is even. In that case, as a

GG -representation, Indg_ (Xmr) = Indg, (Xm/QJ,) .
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3. The Cone Picture

The cone and its projectivization. Let C*"! be the subset of R*"! =
R? x R™"*! defined by

C*mh = {(a,b) € R*™H| lal| = [[b] # 0}.

The set C?>"*! is a cone in the sense that the action of the multiplicative group
R* :={X € R| XA # 0} on R*>""! given by scalar multiplication preserves C%"!,
Note that the natural action of G = SO(2,n+1)y on R*"*! also preserves C?" "1,
Since the G-action commutes with the R*-action, we obtain a G-action on the
projectivization P(C?"*1) := C?"+1 /R* given by ¢-[c] = [¢- ¢|. Here [c] denotes
the equivalence class of ¢ € C?"*! with respect to the equivalence relation ¢ ~ Ac
for A e R*.

Proposition 3.1.  The group G acts transitively on P(C*" 1) and the stabilizer
of [vo] :=[0,1,—1,0,...,0] is the parabolic subgroup Q= = MAN~. In particular,
as G -manifolds,

G/Q_ o~ P(CQ’n+1).

Proof. The K = SO(2) x SO(n+ 1)-orbit of vy = (0,1,—1,0,...,0) in C?"*!
is S' x S". Hence K and G act transitively on P(C*"*1). A straightforward
matrix calculation shows that @~ = Stabg([vg]). n

Corollary 3.2.  The map RY™ — P(C%"1) given by
(t,x) — [2t, 14 q(t,x), —1 + q(t, ), 2]
is an M x N = SO(1,n) x RY™-equivariant open embedding.

Proof. By the general theory of parabolic subgroups, the unipotent group N
embeds into G/Q~ as the “big cell”. Furthermore, the group M normalizes N
and the embedding N — G/Q~ is M x N-equivariant. Now recall that we have
a group isomorphism R 2 N given by (f, ) + n,,. A direct calculation shows
that

Nt vo = (26,14 q(t,x), —1 + q(t, z), 22) (6)

Thus the corollary follows from the previous proposition. |

Remark 3.3. The embedding R"™ — P(C?*"*1) is sometimes called the con-
formal compactification of Minkowski space. The idea of studying wave equations
in P(C*"*1) goes back to Dirac [2].

Double covers. Recall the double cover m : K — K given by (3). Since
K = SO(2) x SO(n + 1), the group K also acts naturally on C*"*1. Write
C?ntl = 27+ for the cone viewed as a K-manifold and define a double cover
q: O2ntl _y o2l by

q(a, ap,b) := (

2 2
2apa,q ag — aj b
2 2’ 2 2’

\/ao +aj \/ao +aj
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for (a,b) = (ay,a0,b) € C>". Writing (a1, ag,b) = (Asin £, Xcos £,b) we also
have

q(Asin g, A cos g, b) = (Asinp, Acos , b).
Thus q(k - c) = (k) - q(c ) for all ¢ € C2ntl ke K. We will now show how to
extend the K-action on C*™! to a G- actlon such that ¢(g-¢) = 7(q) - ¢(c) for
all ¢ e C* g e G. First we need a general lemma.

Lemma 3.4. Let G be any real semisimple Lie group with parabolic subgroup
QQ~ = MAN~. Then the multiplication map K x A — G, (k,a) — ka induces
diffeomorphisms of manifolds,

G/(MN7) = K/(MNK)x A

and

G/(MyN™) = K/(My N K) x A.

Proof. We will use some standard facts about parabolic subgroups (cf. [9,
Ch. V, 8§5]). Consider the map ¢ : K/(KNM)x A — G/(MN~) given by
(k(KNM),a) — kaM N~ . Note that the map 1 is well-defined since M C Z(A).
By the Iwasawa decomposition G = KA,N,”, we have G = KMAN™ and hence
1 is surjective. Since K N (MAN~) = K N M, it follows that v is also injective.
To prove that v is a diffeomorphism we have to show that the differential of v
is regular at all points. By the Iwasawa decomposition, the differential of i at
(e(K N M),e) is surjective and gives an isomorphism ¢/(¢Nm) P a = g/(mPSn7).
Now note that there is a well-defined K x A-action on G/(MN~) such that ¢ is
K x A-equivariant. Thus the differential of v is regular everywhere. This proves
that 1 is a diffeomorphism. To prove the second diffeomorphism we observe that
M = Zi(A)M, and then use the same arguments as above. m

Proposition 3.5.  There exists a commutative diagram

é/ (]\/Z()N* ) = . (O2ntl

2sll7r 2:11(1 5

G/ (MgN—) —— (%l

R

where the diffeomorphism at the top is K- equivariant and the diffeomorphism at
the bottom is G -equivariant with respect to the natural actions. In particular, the
K -action on C?*™*' extends to a G-action such that q(j - c) = m(g) - q(c) for all

ceC?tl Ged.

Proof.  Let the multiplicative group R.g := {\ € R | A > 0} act on C%"*!
and QZ’"“ by scalar multiplication. Then K x R acts transitively on C%"+!

and K x Ry, acts transitively on C2n+l . A direct matrix calculation shows that
Stabg (vg) = K N My and Stabz(vg) = K N M. Thus we have a commutative
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diagram
K/(Kﬂ MO) X Ryg —— C?ntl

x| K

K/(K N M) x Ryg —— O,

Now identify A and A with R<o by hgs +— e® and ﬁs — e°, respectively. Then by
the lemma above

é/<MON7> <i k/(%mﬁo) X A/ i) 6’2,n+1

ﬂl ml lq
G/(MyN™) +—— K/(KN M) x A —— C>mL,

We still need to verify that the isomorphism G/(MyN~) = C*™! given by the
bottom row is equal to the isomorphism that is induced by the natural G-action
on C?"*1 Let g € G and write ¢ = kman~ = kamn~ with a = h,. Then, going
from left to right in the bottom row, gMoN~ +—— (k(Mo N K), hs) — k - €*vy.
On the other hand, via the natural G-action on C?"*' g-vy=ka vy = k- e*vy.
Thus the isomorphism do indeed coincide. This completes the proof. |

How to calculate the group action. The compact group
K =850(2) x SO(n+1)

is linear and the action of K on C*"*! is the restriction of the linear action of
K on R2ntl given by matrix multiplication. However, the group G is not linear
and there exist subgroups of G that are linear, but whose action on C2n+1 ig not
the restriction of a linear action on R*"*!. The next lemma gives a procedure for
calculating the action for a neighborhood of the identity in G which in principle
determines the action for all of G.

Lemma 3.6. Let X € g and c € C2n+1 . For s € R in some neighborhood of
0, using matriz multiplication it is possible to write

expg(sX) - q(c) = (A(s) singp(s), A(s) cos p(s), b(s)),

where \(s) € Rxo, ¢(s) € R, and b(s) € R™™ are smooth functions of s. Then
expg(sX)-c= (A(s) sin @, A(s) cos @, b(s))

for s in the given neighborhood of 0.

Proof. By the implicit function theorem, it is clear that for s € R in some
neighborhood of 0 we can write expq(sX)-q(c) = (A(s) sin p(s), A(s) cos p(s), b(s)),
where A(s) € Rxg, ¢(s) € R, and b(s) € R"™ are smooth functions of s. Then,
since g(expg(sX) - c) = expg(sX) - q(c),

expa(sX) ¢ = (i)\(s) sin ¢(28> , £A(s) cos @, b(s))

By continuity, the + sign has to be + for all s in the given neighborhood of 0. m
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Remark 3.7.  More generally, if ¢(s) is any 1-parameter subgroup of G then
there exists a unique 1-parameter subgroup of G such that ¢(g(s)-c) = g(s)-q(c)
for all ¢ € C?>"*1. Using these ideas it is possible to define G “explicitly” by

G = {'g € Diff*(C2"*1) | 3g € G such that ¢(§(c) = g - ¢(c) Ve e 52“1} ,

where Diff*(C2"+1) denotes the smooth diffeomorphisms of the manifold C%n+!.

The action of N. The action of the group N = R on O2m+! will play an
important role in what follows. First we introduce some notation. For (¢,z) € R'™
define A(t,z) € Ry and ¢(t,z) € (—m,m) by

N[

At, z) = (4t2 + (1 + q(t, x))2) ,

sgn(t) cos™! (1—;(3—7(7;’;)) if t # 0, (7)

0 ift=0.

o(t,x) =

Using complex numbers we can give another useful interpretation of A(¢,z) and
o(t,x). Writing z = (1 4+ q(t,z)) + 2it € C, A(t,xz) = |z| and ¢(t,x) is the
principal argument of z. (Note that z € C\ (—o0,1) since ¢ = 0 implies
1+ q(t,z) =1+ |z||* > 1; in particular, 2 € C\ (—00,0].)

Proposition 3.8.  For (t,z) € R, we have

p(t, ) p(t, )

ﬁt,m - Vg = (A(t’l‘) sin ,)\(t,l‘) COS 7_1 +Q(t7$)a2$> 3 (8)

where A\(t,z) and @(t,x) are given by (7). Furthermore,

p(t, z)
2
= At,2) 72y /(1 +it)? + |2 (9)

= Mt.o) (VE—aE )

GZW(Z b CoS %,x) + ¢ sin

Here, for z € C\ (—00,0], \/z denotes the principal square root.
Proof. By (6), for fixed (¢,z) € R'" and for every s € R,
expa(sNi ) - vo = (2st, 1 + s%q(t, x), —1 + s%q(t, 1), 2s7).
Note that for every s € R, (1+s%q(t, z))+2sti € C\(—o0,0] and hence there exists
a unique A(s) € R.g and a unique ¢(s) € (—m, ) such that (1+s%q(t,z))+2sti =

A(5)e™®) or equivalently,

expe(8N;2) - vo = (A(s) sinp(s), A(s) cos p(s), —1 + s*q(t, x), 2sz).
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Clearly, A(s) and ¢(s) are smooth functions in s such that A(0) = 1 and ¢(0) = 0;
furthermore, \(1) = A(¢t,z) and (1) = ¢(t,z). By Lemma 3.6, for every s € R,

expg(sNya) - vo = ()\(s) sin @, A(s) cos @, —1+ s%q(t, ), 2335)

and we obtain formula (8) by setting s = 1. To prove (9), observe that

(1+q(t,x) +2it  (14it)* + |||
A(t, x) B A(t, x) '

elp(tr)

Thus, by taking the principal square root,

- p(t,x 1 't 2 2 1
st _ ¢ ( +;(>@;Hxn ) AT R

The last equality of (9) follows by noting that for z € C\ (—o0,0] with |z| =1
we have /2 = (ﬁ )_1, where Z denotes the complex conjugate of z. |

Quotients of the cone. Here we study a certain finite quotient of 5%“ that
will be used later to give a realization of the induced representation Indg, (Xm.r)

as a space of functions on C?>"*!. Define

R=x
w = ( I > . (10)

Clearly, the matrix w has order 4 and lies in the center of the group O(2)xO(n+1).
Let (w) be the subgroup of O(2) x O(n+ 1) generated by w. Since (w) acts fixed
point free on C2"! | we have a quotient manifold C*™ /(w). Since w commutes
with the elements of K = SO(2) x SO(n+1), the action of C2"* descends to the
quotient C2™1 /(). Similarly, the group G acts on the quotient C2+! /{£1}.

Proposition 3.9.  The G -action on C>"1 commutes with the (w) -action and
hence the G-action descends to an action on C*"*1/(w). Furthermore, there
exists a commutative diagram of G -equivariant diffeomorphisms

G/(MN-) —— C>™/(w)

wlg til% s (11)

G/(MN~) —— C2n+1/{£1}

where, allowing some ambiguity, q is the map on the quotient induced by the
original map q. In particular, q(g - [c]) = 7(9) - q([c]) for § € G and [d] €
C2n 1/ ().
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Proof. The proof mirrors the proof of Proposition 3.5. By the observations
above, the natural, transitive group actions of K X A and K x A on C*"*! and
€241 descend to transitive actions on C2+! /{w) and C*" 1 /{£1} respectively.
As before, a direct matrix calculation shows that Stabgya ([vo]) = (KN M) x {1}
and Stabz. 7 ([vo]) = (KN M) x {1}. Thus, we have equivariant diffeomorphisms

l?/(f(ﬂ M) x A= C2nH1/ () and K/(KN M) x A= C?"/{£1}. Define a
map ¢ : C*" /(w) — C?" 1 /{+1} by

[k - Avo] = [rr(k) - Avl. (12)
Then we have a commutative diagram

G/(MN™) «+—— K/(KNM) x A —— C>"/(w)

| e | s

G/(MN-) «—— K/(KNM)x A ——— C>"1/{+1}.

Since 7 {(MN~) = MN~ and 7~ '(K N M) = K N M, the vertical arrows are
all diffeomorphism. This gives the commutatitive diagram (11). The proof of the
G -equivariance is the same as in the proof of Proposition 3.5. |

Line bundles and the cone picture .7, ,.. The representation Indg, (Xm.r)
can be identified canonically with the space of global sections of the homogeneous

line bundle %%, = G x5- Cy,,, over G/Q~. Here, as usual, G x5- Cg,,, is
defined as (G x C)/~, where ~ is the equivalence relation given by (gq—,z) ~
(g X (@)2 ) for g € G, ¢ € Q, z € C, and the bundle map is given by
G>< (CXmT—>G/Q [gq-, ]l—)gQ Note that since 7 1(@’)2@ as a G-

manifold, G/Q~ = G/Q~ = P(C2"H), where the G-action on G/Q~ = P(C2n+1)
is obtained from the G'-action via 7. We will now use the constructions from the
previous subsection to identify Indg_ (Xm,r) with a space of functions on C%ntl,

Lemma 3.10.  There is a canonical isomorphism of é—representations,
5 (V) = {6 € Sy () [ 6(Fh) = €"0(5) Vg€ Gos € R}

gwen by ¢ — ¢. Here the character vy : M — C* that was defined in (4) is
extended to M N~ by setting ’Vﬁlﬁf =1.

Proof. This is obvious. [

Note that Ind~~ (vf3) can be identified canonically with the space of
global sections of the line bundle G x (3T5-) C, ym Over é/ (]f\\/[/]\vf*) Recall that

by Proposition 3.9, as a G-manifold, G/(MN ) = C2 1 /(w). For m € Zy,
define a line bundle C*™*1 x s C,, over C>™1/(w) by (C2"*! x C)/~, where
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(¢c-w’,z) ~ (¢,i"™iz). Since the G-action on C*"™ commutes with the (w)-
action, the line bundle C?"*! x,y C,, is in fact a G-equivariant line bundle over

C2mHL [ (w) .

Lemma 3.11.  There is a canonical isomorphism of é—equivam’ant line bundles,
G X (3IN-) Cym = C*™ Xy Cpy, e, there is a commutative diagram
M
~ = o 2ntl
G Xirn-) G —— O Xy G

| |

G/(MN-) —— >/ (w),
where the diffeomorphism at the top is linear on fibers. In particular, there erists
a canonical isomorphism of G -representations,

Ind%ﬁ_ (7%) o {¢ e cgoo<52,n+1) | p(c-w) =i ™p(c) Vee 62,114—1} 7
with inverse map given by ¢ — (g +— &(g - vo))-

Proof. In light of the proof of Proposition 3.9, it is clear that we have com-
mutatative diagram

G X Gz K X grinea Cypa —— O X Gy,

| l L
G/(MN-) +— K/(KENM)xA —— C>/(w)

where the diffeomorphisms at the top preserve fibers. |

Definition 3.12. For m € Z, and r € C define

wawziw@mmamzxw@} »

Iy =14 ¢ € E(CH ! ~
’ {gb ( )| Ve e C?mHL N e Ry,

with the G-action given by (ﬁ gb)(c) =¢(gt-c) for g€ G, c € C*"1. Note

that the action is well-defined since the G-action on C2"*! commutes with the
(w)-action.

Proposition 3.13.  There exists a canonical isomorphism of é—representations,

Ind37 (%m,r) = jm,ra

with inverse map given by ¢ — (g +— &(g - vo))-.

Proof. By Lemma 3.11,

Indf () = {6 € €2(C*™) | (c-w) =i "g(c) Vee O,

. . G (> G m
Under this isomorphism, by Lemma 3.10, the subspace Ind s (Xm,r) C Indi75 (755)
corresponds to the subspace

g C{O € E(CP™) | dle-w) =i "g(c) Vee CPH .
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4. The Non-Compact Picture

The non-compact picture .7, .

Definition 4.1. For m € Z, and r € C define
dp € Z,, such that f(t,x) = ¢(n. - vo)

I = € €= (R ’ ’ ) 14
e {f B | 0 (14)

By definition, we have a surjetive “restriction” map %, — .%, . given by ¢ > f.

Proposition 4.2.  The “restriction” map Iy, r — Z,, . is a linear isomorphism.

R
In particular, ., . can be given a linear G -action such that as G -representations,

~Y /
jmﬂ” - jm,r .

Proof. The lemma below implies that the image of the map N x (w) x Ryg —
CEMHL 0 (Mg, w? ) N) — Typ - Avg - w? is dense. Hence the “restriction” map
Iy — &, is an isomorphism. (]

T

The inverse map .9, . — J,,. Whereas it is very easy to describe the
restriction map %, — .Z, ., it is much harder to describe the inverse map

m,r )

F) . — Fm, because of the non-trivial dependence on the discrete induction

m,r

parameter m € Zy.

Lemma 4.3. Let ¢ = (a,b) € C2n+l (S x S™) with a = (sin¥,cos £) and

b= (by,...,b,). Then ¢ can be written in the form
L J’ (15)
C=———<Nty Vo W
At,z) o

for some j € Zy and (t,x) € RY™ if and only if cosp # by. If cosp # by then

(t,x) = m(sin 0, b1, .., by) (16)
and
(0, if cosp—by>0 and 5 € (—%,%) mod 27 ,
i 1, if cosp—by<0and$ e (0,m) mod 2, a7
2, if cosp—Dby>0and £ e (5,3) mod 2,
\3, if cosp—by<0and ¥ € (m,2r) mod 27
Moreover,
q(t,z) = cosp + by and \t,x) = 2

cos ¢ — by ~ |cosp —by|
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Proof.
Suppose that ¢ is of the form (15). By (10),

c-w = (singp_jﬂ,cos@_jﬁ,(—l)jb)

2 2

and hence ¢(c-w™7) = (sin(p — jm),cos(p — jm), (=1)7b) = (—=1)’(sinp,cos ¢, b).
On the other hand, ¢(n(t, z)"2 Nee - vo) = (26,1 + q(t,x), -1 + ¢(t,x),2x). Thus,

(—1)j(sin ©,co8p, by, by, ..., by) = (2t, 1+ q(t,z),—1 4 q(t,x),2z). (18)

A(t, )
Taking the difference of the second and third entry on both sides gives
. 2
—1)d — b)) = ——— > 0. 1
( ) (COSQO 0) A(t,l’) >0 ( 9)

In particular, cos p—by # 0 and (18) and (19) immediately give (16). Furthermore,
(—1)7 = sgn(cosp — by) and this determines j mod 2. Given that j is known
mod 2, the condition ‘p;j” € (—%,%) mod 27 then uniquely determines j mod
4. This implies (17). The converse is straightforward and left to the reader. u

Proposition 4.4.  Let ¢ € S, and f € I, . such that f(t,x) = ¢(nse - Vo).
Let ¢ € C?>™1 and write ¢ = (AsinZ, Acos £,Ab) with A € Ryo, ¢ € R, and
b= (by,...,b,) €S™. If cosp # by then

S\ —bo|\" i b b,
o) =i (Aeme=hly p(_sme b ,
2 cosp — by cosp — by cos ¢ — by

where j = j(p,bo) is as in the previous lemma.

Proof. This follows immediately from the previous lemma and the definition
of .7, given in (13). [

The group action. Before we give a formula for the G-action on S, . we look

at the rational G-action that arises from the linear G-action on the cone C27+!
and its projectivization P(C%"!). Recall that RM < P(C*"1) | (¢, 2) > [ng.vo)
embeds RY"™ as an open and dense subset. Via this embedding, the linear G-action
on P(C*"*1) gives a G-action on R™ by rational transformations as follows: for
(t,z),(t',2') e R" and g € G,

(t',2") =g (t,z) if and only if [ny . - vo] = [gnis - Vo).

The following lemma gives an explicit formula for this action.

Lemma 4.5.  Let (t,z),(t',2') € R"™ and g € G. Write

ay a2 a3 | b
ag1 A2z A23 by

b )
az1 asz assz | 03

C1 Co C3 ‘ d
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where a;; € R, b; € Mixn(R), ¢; € Myxi(R), d € Myxn(R). Then (t',2') =
g (t,x) if and only if

1
t = % (2a11t + ap(1+q(t,x)) + a13(—1+q(t,x)) + 2b1xT) , 20)
20
1
= % (20th +ey(T+q(t,z) +c (=14 q(t,x)) + 2de) ,
where 6 = 6(g;t,x) is given by
d(g;t,x) = (ag — az )t + %(022 —as2)(1+q(t, )
) - (21)
+ 5(@23 — agg)(—l + q(tw)) + (bg — bg)l‘ .
Proof. A straightforward matrix calculation shows that the second minus the

third entry of the vector gn;, -vo =g - (2t,1+4q(t,x), -1+ q(t,z),2z) equals 20,
with 0 = 0(g;t,z) as in (21). On the other hand, the second minus the third
entry of the vector ny . - vg = (2,1 4+ q(',2"), —1 + q(t', 2'), 22") equals 2. Thus
(t',2") =g - (t,x) if and only if

1
2t 1+ q(t',2"), =1+ q(t',2"),22") = 59 (26,14 q(t,x), =14 q(t,x),22). (22)

Comparing the terms of the left-hand side and the ride-hand side of (22) immedi-
ately gives (20). ]

Proposition 4.6. Let € G, g=n(§) € G, and f € I Then

(G- H)t,z) =i ™]8|" f(t', 2, (23)

where (t',2') = g7' - (t,z), 6 = 6(¢g7"t,x) and j € Z4 is determined by the
equation

I 1 . j
T— 'y Vg W 24
)\(t,x) g "MNgg Vo A(t'J’) Ny g - Vo -~ W ( )
Proof. This follows from Lemma 4.3. [

The Lie algebra action.

Proposition 4.7.  The g-action on .7, . is explicitly given by the formulas

T

H, :s(r—tﬁt—x(f),

Lap=—bx"0; + (vA —tb)07,

Nyy = —s0; — Yoy ,

N, =2 (st —ya") (r —t8, — 29]) — q(t, z) (59, + yIl) .

sy

(25)

Here the elements H,, Lap, Nsy, and N, are as in (1).
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Proof. Let X € g and consider the one parameter subgroup of G given by
g(s) == expg(sX) for s € R. Write
0 Ap A | B
—Ap 0 Az | By

X = ,
Az Az 0 | Bs

B BI —-BT|D

where A;; € R, B; € M14,(R), and D € M,x,(R) with DT = —D. Then by
(21), using that g(—s) = I — sX + O(s?), it is straightforward to calculate

4
ds

0(g(—s);t,2)" = T(A23 + (A + Agz)t — (By — Bg){ET).

s=0

Note that for s in a neighborhood of 0 we have [§(g(—s);t,z)| = d(g(—s);t, )
since 6(g(0);t,x) = 1. Similarly, by (20), we can calculate

d

Ts g(=s) - (t, ) = (—5(Ar2 — Awz) + -+, —5(Ba+ Bs) +--- ),

s=0

and we find that X acts on .#  as the first order differential operator

m,r

X = (A23 + <A12 + Alg)t — (BQ - B3)ZET) (T - t@t - x@f)
— (%(Alg — A13) -+ BlfL’T + %(Alg + Alg)q(t, x))@t (26)

We now can read off the formulas (25) from the general formula (26). ]

Symmetries of the wave equation and r» = 5%, As we mentioned in the

introduction, Lie’s prolongation algorithm calculates the infinitesimal symmetries
of the (real) wave equation CJu = 0 to be the Lie algebra so(2,n + 1) plus an
infinite dimensional piece reflecting the fact that O is linear. (The interested
reader can find the explicit calculations carried out in Olver’s book [19] in the case
when n = 2.) The list of infinitesimal symmetries corresponding to so(2,n + 1)
coincides with the list of first order differential operators (25) for the special value

1—n
T =
2

(27)

This implies that for this special value of r, the space ker (JN.#/ is a g-invariant

(and hence é—invariant) subspace of . .. We will now verify this fact directly
without reference to Lie’s prolongation algorithm. First, we make the following
trivial observation. (See B. Kostant’s paper [16] for the related notion of quasi-
invariant differential operators.)
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Lemma 4.8.  Suppose that P is a first order differential operator on R¥™ with
smooth coefficients such that

[P0 = u(t, )0 (28)
for some function p(t,x) on RY™. Then P is a symmetry of the wave equation,
i.e., the operator P preserves the space of solutions ker J C € (RM™).

Proof.  If (28) holds and Of =0, then OP(f) = P(Of) — p(t,2)0f =0. =

Theorem 4.9. If r = 5% then the subspace kerO C I 18 G -invariant.
Conversely, if ker (0 C & is G-invariant and contains a non-constant function,

m,r
then r = 1;”.

1-n

Proof. Suppose that r = =5*. Since G is connected, we only need to show
that ker ] is g-invariant. Furthermore, by the lemma, it suffices to show that for
every X € g the bracket [X,] is of the form u(t,z)0 for some function u(t, )
on RY". Here we identify X € g with the first order differential operator it acts by
on .# .; these operators are given explicitly by (25). Within m @& n = so(1,n) ®

m,r)
RY™ it suffices to examine the elements Ny, = —0,, (corresponding to spatial
translation), Ny o = —0; (corresponding to time translation), Ly, g, 0 = —2;0,,+
r;0,, (corresponding to rotations), and Lg,. = —t0,, — x;0; (corresponding

to hyperbolic rotations). It is well known and an easy exercise to verify that
[X,0] = 0 for all of these operators. Within a, it suffices to examine the element
Hy=r—1t0,— &, where & := ), x,0,, is the Euler operator on R". Since O is a
homogeneous differential operator of degree —2, we have [Hy, ] = —20 and hence
H; preserves ker [ as well. Finally, within n™, it suffices to examine the elements
Noo, = =22 (r —t0, — &) — q(t,1)0,, and Nyy = 2t (r —t0, — &) — q(t,x)0,. A
straightforward calculation shows

[Noe,, O = =2(2r +n — 1)0,, — 4,00, (29)

[Nio,0) = +2(2r +n—1)9, +4t0. (30)

Since r = 452, the brackets [Ny, 0] and [Ny,,0] are indeed multiples of .
Thus we proved that ker (] C .#/ is a g-invariant subspace.

Now suppose that ker (0 C .#/ is a g-invariant subspace and assume that

m,r

r # 5% Let f € kerO. Then by (29) and (30), it follows that d,,f = 0 for

i=1,...,n and 0,f = 0. Hence f is constant. |

1-n

Remark 4.10. We will prove in Section 8 that for r = 5%, the subspace
ker 0 C .#/ _ is infinite-dimensional if m = £(n — 1) mod 4 and zero otherwise.

m,r

5. A Distinguished Subgroup

A distinguished copy of SL(2,R). Recall that we have a distinguished copy
of sI(2,R) embedded in g:

sl(2,R) = s0(2,1) = spang{H, E, F'} C g,
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where {H, E, F'} is the sl(2) triple defined in (1).

Lemma 5.1.  View sl(2,R) as a Lie subalgebra of g as above. Then
expg(sl(2,R)) =2 SO(2,1)y and expg(sl(2,R)) = SL(2,R).

Moreover, restricting m to SL(2,R) gives the commutative diagram

SL(2,R) — G

2:117r 2;1l7r (31)

SO(2,1)g — G
where 7 : SL(2,R) — SO(2, 1), is given by
ad + be —ac + bd —ac — bd
_ ( a Z ) = | —ab+ed Ya® -0 - +d?) L2+ - -d) |. (32
‘ —ab—cd 3(a®> -V +c* —d?) %(a2+b2+c2—l—d2)

NI= N

Furthermore, under the embedding SL(2,R) — G the compact subgroup SO(2) C
SL(2,R) is mapped to K = SO(2) x SO(n+1) by

Rg»—><Pg5 0 ) (33)

In+1

Proof.  Clearly, expg(sl(2,R)) = SO(2,1)¢. To see that 7 : exps(sl(2,R)) —
expi(sl(2,R)) is a double cover consider so0(2) = spang{E — F'} C sl(2,R).
Clearly, expg(s0(2)) = SO(2), expg(so(2)) = SO(2), and 7 : expgz(so0(2)) —
expe(50(2)) is the double cover given by Re — R,. Thus, expz(sl(2,R)) is
a double cover of SO(2,1)p. Since m(SO(2,1)9) = Z, the group SO(2,1)y
has a unique connected double cover, namely Spin(2,1), = SL(2,R). Hence
expg(sl(2,R)) = SL(2,R) and we obtain (31). The formula (32) can be verified
by calculating the images of the basis {H, E, F'} under expgy gy and expgoa 1), -
Finally, (33) follows by our remarks above. ]

The action of SL(2,R) on .7 .. We now give an explicit formula for the global
action of SL(2,R) on . . The formula is reminiscent of the principal series of
SL(2,R).

Theorem 5.2.  The action of SL(2,R) on f € .7, . is given by the formula

(20) 1)

_ (“\/M”)m o f ((—b +dt) (a _5 ct) + cd||£15||27 f) 7 (34)

(=%
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where § = (a — ct)* — A||z||* and, for § #0, “\/sgn(d)” is given by

+1 ifd >0 and (a — ct) — c||z|| > 0,
“sgu(0)”=< =1 if 6 >0 and (a — ct) — c||z|| <0,
1 if 0 <O.

Remark 5.3.  For fixed with ¢ # 0, the equation § = (a — ct)? — A||z||* = 0

defines a translated light cone with vertex at ¢ = ¢ and we can read off the values

of “4/sgn(d)” on the three connected components of the complement of this light
cone from Figure 1.

t

cc\/@a7:+l \/—

« /Sgn((S)??:Z

“\/M”:_l e

X2

T

Figure 1: The values of “y/sgn(d)”

~ a b
Proof. Let g € G denote the element corresponding to ( 4 ) € SL(2,R)
c

under the embedding SL(2,R) < G and let g = 7(§) € G. Then, by (32),

ad + be —ab+ cd ab+ cd 0
—ac+bd (@ -V - +d?) J(-a*+P—-E+d*) |0
ac+bd H(=a® =V +E+d) @+ +E+dP) |0

0 0 0 I,
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A direct calculation, using (21) and (20), gives 6 = §(¢~';t,z) = (a—ct)? — ?||z|?

and
(o) = ((—b +dt) (a ; ct) + cd||x| 7§) . (35)

Thus by Proposition 4.6, it remains to determine j. We will consider several
special cases. First, consider the case when @ = d = 1 and ¢ = 0. Then, by
(32), g7 = n_4o and hence g1 = n_g. Since N_po N = Ny_pa, it follows
from (24) that j = 0 in this case. Next consider the case when b = ¢ = 0 and
d=a"t. If a > 0 we can write a = €° for some s € R. Then, by (32), 7! = h_q

and hence g~ = ﬁ_gs By a direct calculation, h_ 25w = Me—2st0- 25,M_9s and

h_os - vy = ¥y and hence also h_ 05Tty = Te—25f o 2sph_0s and h_qs - g = €250g.

This shows that h_gsnt@ cvy = e*n Ne—2s¢e~25, + Vo and hence, by (24), j = 0 in
this case also. Now consider the case when « = d = —1 and b = ¢ = 0. Then
g = 6/@ = w? and g = eg. By (24), j = 2 in this case. To summarize, what we
have proved so far gives the following formula for the action of the upper triangular
matrices in SL(2,R):

(2 uomomer(izs) o

Note that § = (a — ct)* — ¢?||z|*> = a® and (a — ct) — ¢||z|| = a if ¢ = 0. This
shows that (36) coincides with (34) in this special case.

To prove the formula in the case when ¢ # 0 we use the Bruhat decompo-
sition to write

-G e

We will be able to obtain the general formula in the case when ¢ # 0 from (36) if we

0 1
understand the action of the element ( Lo ) = Rz € SO(2). By (33), under

the embedding SL(2,R) — G, the rotation Rz is identified with the element

[ Rs _
g= e K CG.
[n-l—l

Let g = w(g) as before. By (35) , if (¢/,2') = ¢~ (t,z) then

= (o )

Write ¢ = @(t,z) and ¢’ = go(t x'), ie., @, ¢ € (—m, ) are defined such that
e = ( +q(t,x)) + 2it and €% = (1 +q(t',2")) + 2it’, respectively. Then
1 _ _
G Mt - vo = (sin 7 W,cos L4 5 W,b)

A(t, )
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and

L | o
Sy et = (sin E cos S (1)),
, L

(38)

where b,0' € S™. To determine j, we need to consider the equation

B B . . 4
(sin(p 5 W,cosgo 5 W,b) = (sintp —gﬁr,cos(p J;‘m,(—l)Jb’),

It will suffice to look at the first two coordinates. Recall our convention to write
the first two coordinates of (ai,ag,b) € R*"™! as a complex number ay + ia; .
With this convention, equation (38) gives

¢% — it (39)

By the definition of ¢ = ¢(t, ), €% is in the first quadrant of C if ¢+ > 0 and in

;L

the forth quadrant if ¢ < 0; similarly, by the definition of ¢’ = ¢(t',2'), €'z is in

the first quadrant of C if ¢/ = q(ttx) > 0 and in the forth quadrant if ¢’ = ﬁ < 0.
Thus we see that j is determined by the relative signs of ¢t and t' = q(ttx). For

example, suppose that ¢t < 0 and ¢(t,z) < 0. Then €'? is in the fourth quadrant
and €7 is in the first quadrant. Equation (39) implies we must have /! = 3

and hence 7 =2 mod 4 in this case. The other cases are just as easy and we find

0 ifg(t,x) <0andt >0,
j=1<¢2 ifg(t,z) <0and t <0,
3 if q(t,x) > 0.

Thus we proved that

0 1 i t oz
(( - o)'f) 0= (i) o)

where j is given as above. Note that 6 = (a — ct)?> — ||z]|> = —q(t,x) and
(a—ct)—c|z|]| =t if a =0 and ¢ = —1. This shows that (40) coincides with
(34) in this special case. As we alluded to earlier, in the general case, (34) can be
obtained from (36) and (40) using the Bruhat decomposition (37). This is carried
out by a straightforward (but somewhat cumbersome) composition of functions
and we leave the details to the reader. n

The centralizer of SL(2,R) in G. The centralizer of so(2,1) = sl(2,R) in
g =s0(2,n+ 1) is the Lie algebra so(n) embedded in the lower right corner.

Lemma 5.4. View so(n) as a Lie subalgebra of g as above. Then

expg(so(n)) = S0(n) and expg(so(n)) = SO(n). (41)
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Moreover, restricting m to SO(n) gives the commutative diagram

SO(n) — G
H lﬂ . (42)
SO(n) — G
Proof. Note that so(n) is entirely contained in the second summand of ¢ =

50(2) @ so(n + 1). Since expg(t) = K = SO(2) x SO(n + 1) and expg (k) = K =
SO(2) x SO(n + 1), we obtain (41). Since 7 : K — K is the identity map on the

second factor of K = SO(2) x SO(n + 1), we obtain the commutative diagram
(42). m

Proposition 5.5.  View SO(n) as a subgroup of G and let k € SO(n). Then
for fe 7

1’,”

(k- £, ) = [t xk).

Proof. By (21), § = §(k~';t,x) =1 and by (20), k~'- (t,x) = (t,z(k~1)T)
(t,zk). The proposition then follows from Proposition 4.6.

6. Differential Operators

Casimir operators and the wave operator. Define a bilinear form
B:gxg—Rby
B(X,Y) := ;tr(XY).

The restriction of B to both sl(2,R) = s0(2,1) C g and so(n) C g is non-
nondegerate and hence we may use B to define Casimir operators g2 and

Qso(n) -
Lemma 6.1.  The Casimir operators Qspy and Qsom) act on 7, . by the
formulas
Qsp o) = % — (2r + 1)& — ||x]|*0} + r(r + 1), (43)
Osomy =&+ (n—2)& — ||z[*A, (44)

where & = Y0 | x;0,, is the Euler operator and A = """ | 02 is the Laplacian
on R".

Proof. In terms of the basis {H, F, F'} with respect to the bilinear form B,
the Casimir operator {lgr ) is given by the formula Qgr,o) = ;ILHQ — %(EF + FE).
Recalling that the Lie algebra action on %/ is given by

H = 2r —2t9, — 2
E=-
F=2rt—2t& — (||z|* + £*) 9y,
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we can now calculate the action of {gy,2):

1 1
QSL(?) = Z_lH2 - §<EF —+ FE)

= (r—&—t9,)* + %at (2rt — 2t& — (£ + ||z*) &)

+ % (2rt — 2t& — (£ + ||=[*) 91) &

= (P24 2+ 1202 — 208 + (=20 + )10, + 2AED,) +
1

=&~ 2r+ )& — ||2]]2P0? +r(r +1).

This proves (43).

The Lie algebra so(n) C g is spanned by the elements Lg,; g, 0. With
respect to our bilinear form B, the elements Lg, g, o are orthogonal and have
“squared length” equal —1. Thus Qgo() = —ZK]. (LEZ-]-—EJ-Z-,O)? The operator
Lg,;—p;0 actson .#, ., as the operator —z;0,, + 2;0,, and hence Qso(,) is given
by the familiar formula

QSO(n) = — Z (xﬁxj — .I'jari)z .

i<j

It is well known that this simplifies to Qsom) = % + (n — 2)& — ||z[]*A. n

Corollary 6.2.  The operator Qgsp2) — Qsom) acts on .y, . by the formula
Qsn@) — Qsom = 1z]PO+ (L —n—2r)& +r(r+1),

where & = Y1 | 4;0,, is the Euler operator on R™ and O = —0F + Y1, 02, is
the wave operator on RY™. In particular,

1—
r = 2 n e ker (QSL(ZR — QSO(TL) — T(T + 1)) == kel" D, (45)

as subspaces of S, ..

Proof. The collorary follows immediately from the lemma. |

Differential operators on the cone. Consider the open subset
U= {(ab aop, bOa s bn) € 027n+1 | ap — bo > O}

of C?"t1 1t is easy to see that U consists precisely of all elements ¢ € C?"t!
that can be written in the form ¢ = Any, - vy for some A € Rog and (¢,z) € RY".
For r € C define

GR(U), = {d € €°U) | d(\c) = N'd(c) Vee U e R},  (46)
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The space €>(U), is not a G-representation. However, the g-action on € (C*"*1)
preserves ¢°(U), and there is an injective g-equivariant map %, . < €>(U),,
f — ¢, given by

¢(a17a0760a s 7bn) = (ao ; bo)rf( = bl : bn > : (47)

Go—bo’ao—bo’“ ’ao—bo

We will write €°°(U),,,, for the image of this map. Note that the right-hand side of
equation (47) makes sense for every (ay, ag, bo, - . ., b,) € R*" ™! (not necessarily in
the cone C*™!) such that ag—by > 0. Thus every ¢ € €°°(U),,, has a canonical
extension to a smooth function defined on an open subset of R>"*! containing
U. In the following we will use this fact when we apply differential operators on
R%™! to functions ¢ € €°°(U),n,-. Now define a differential operator Oy, 41 on
R2’n+1 by
Ooni1 := =05, — 05y + 2210 0.

Lemma 6.3.  For every m € Zy and r € C, if ¢ € €°(U)p, then Oopi1¢ €
C>°(U)mr—2 and we have a commutative diagram of g-equivariant maps

It E®(U)py

%Dl,nl J/DQ,n+l ,

Ty —— E°(U)mrs

m,r—2

where [y ,, = U is the wave operator.

Proof.  Let f € .7,  andlet ¢ € €°(U),, be given by formula (47). Then

1 fag—bo\" "
aa1¢ = 5 (ao 0) atfv

2
1 fag—bo\ " (48)
_ (00
for : =1,...,n. Furthermore, it is clear that
Opy® = — 0y @ (49)

and hence (92 — 05)¢ = (Jag — Oby)(Jag + Dby)¢ = 0. Thus, by (48), we then
immediately obtain

1 (ag—by\ 2
Dz,n+1¢ = Z_l < ’ 9 0) Dl,nf'

This proves the lemma. |

Proposition 6.4.  Suppose r = 1_7” Then, as subspaces of Z,

T

ker [0 = ker (QSO(2) — QSO(n+1) — 7’2) .
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Proof. Note that
Qso2) — somrn) = &y — lal?Aq — & — (n = 1)& + [|b]| Ay,
where &, = 4104, + 004y, D = 05, + 02, & =Y o biOb,, DNy = >_1 Oy . Since

&, and &, are commuting operators, we may write
EL— & — (n—1)6 = (Eu+ &) = 264(Eu + &) — (n—1)6.

Note that &, + &, is the Euler operator on R?>"*! and hence &, + & = r on
EC°(U) . Furthermore, —||a||*A, + ||b]?As = ||a||?Ozpny1 on €%(U),, since
|la|]| = ||b]] on U. Thus,

Qs0(2) — Womny = r° — [2r — (n = 1)] & + [|al|’Tania

on €°°(U)m,,. In particular, if r = 452, then Qso2) — Qsom+1) =72 = [|all* Do -
The proposition then follows from the lemma above. |

7. The Compact Picture

Spherical coordinates and the compact picture .7, .

Definition 7.1. Define amap ¥ : R x R x §"~1 — §1 x §n ¢ C2n+l by

U(p,0,1):= (sing,cosg, —cos@,i‘sin&) ,

and for m € Z4 and r € C define
I ={F € (R xR x S 1| 3¢ € S, such that F = U*(¢) := ¢ o U}

The canonical “restriction” map %, — #, . given by ¢ — U*(¢) is clearly
surjective and linear. Since the map V¥ is surjective and since ¢ € 7, , is
determined by ¢|si1xgn (because of the homogeneity property ¢(Ac) = A"¢(c) for
A > 0), the map ., , — &  isin fact a linear isomorphism. Thus, the spaces

S can be given a G -action such that the map S, = S,

m,r

T

is G-equivariant.

T

Note that as a K -representation,
In Z{pe S xS | p(c-w) =i""P(c) Vee S xS}, (50)

We will refer to the space .Z” = as the compact picture.

m,r

Remark 7.2.  Without reference to the geometric picture, the space .7 . can

be characterized as the set of all functions F € (R x R x S"!) satisfying the
conditions
F((p,@—}—ﬂ',—[i’) = F(@veaj)
Flo+m0+mz) = i "F(e,0,7)
Flp,0,2) = F(p,0,%)

for all ¢, 0 € R and %,2’ € "L,
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Lemma 7.3.  Let ¢ € S, and F € .7, such that ' = V*(¢). Let c € C2ntl
and write ¢ = (Asin £, Acos £,b) with A € Ryo, ¢ € R, and b = (bo,...,bn) €
R™ such that ||b]] = . If by # £\, then

b

b b
c) =\"F ,cosl(——()),—l,...,—" .
¢(c) <90 ) e e

Proof. By homogeneity, ¢(c) = A"¢ (sin £, cos £, 1b). Since [|(by,...,b,)| =
A, it follows that ||(b1,...,b,)|| = VA2 —0b%. Thus, as long as by # =+,
(Sinf cos £ lb) = W(p,0,2) if and only if & = —cosf and ——2—(by,...,b,) =

20 27 A A /)\Q_bg

sgn(sin@)z. This proves the lemma. ]

Since we have canonical G-isomorphism .#,, = .4/  (non-compact pic-
ture) and %, , = ., = (compact picture), we also have a canonical isomorphism
S = I between the non-compact and the compact picture.

Proposition 7.4.  Let f € 7 . and F € 9 . be functions that correspond
under the canonical isomorphism I, = 7" . If (0,0,%) € R x R x "' such
that cos @ + cosf # 0, then

cos ¢ + cos 0

" sin ¢ 2 sin 6
cos p + cosf’ cosp +cosf )’

where j is given by (17) with by = —cosf. If (t,x) € RY™ such that x # 0, then

1t = e (st cos™ (0 ) o™t (S0 ) ).

where \(t,z) is given by (7).

Proof. The proposition follows by combining the previous lemma with Propo-
sition 4.4. |

The Lie algebra action. To write the Lie algebra action explicitly (in coor-
dinates) requires some preparation. For F € €*(R x R x S"7!) define F €
¢>(R x R x (R"\ {0})) by

Flp.0,2) = F (90,9, Hi_H) . (51)

Write & = (Z1,...,%,) for the general element of S"~!'. Then for F' € (R x
R x S"71) define 0;, F € €(R x R x S"!) by

05, F (0,0, 1) = 05, F (0,0, )] (52)

=z"
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Proposition 7.5.  The Lie algebra action of g on Z,, . is given by the following
explicit formulas:

H, = s(rcosfcosy —cosfsingd, —sinb cosp dy)
Lay = —bi" (rsinpsinf + cos ¢ sin 6 9, + sin ¢ cos 0 Jy)
¥ (:%A— Sl,“%) o
sin 6

Ngy = —r (yiT sin # cos ¢ + s cos @ sin (p)

+ (y2&" sin@sinp — s (cosfcos p + 1)) O,

— (y2" (cosfcosp + 1) — ssinfsin ) I (53)
0
_ cos 30‘4— cos y&f
sin 6
Ng,=-—-r (yﬁcT sin 6 cos ¢ — s cos @ sin gp)

+ (y2" sinfsing + s (cosfcosp — 1)) 9,
— (y2" (cosBcosp — 1) + ssinfsin @) 9

CcOS  — 0
_ SO8p 7 CO80 A
sin 6

Here bi" =3, bid;, b0F = >, b0y, et

Proof. Let X € g and consider the 1-parameter subgroups of G and G
given by g(s) := expg(sX) and §(s) := expg(sX), respectively. Via matrix
multiplication, we can write

g(s) - (singp, cos p, —cos b, Tsinf) = (A(s)sinp(s), A(s) cos p(s), b(s)) (54)

for s in some neighborhood of 0 with A(s) € Rsg, ¢(s) € R, and b(s) =
(bo(8),...,bn(s)) € R™ with [[b(s)|]] = A(s) so that A(s), p(s), and b(s) are
smooth in s and ¢(0) = ¢. Then, by Lemma 7.3,

55 F) (96.9) = M6 F (shoos™ (<50 ) ilehoostals)) . 69

where F is defined as in (51). Note that by(0) = —cosf and cos '(cosf) =
sgn(sinfd) 0. Applying dis‘s:[) to (55) gives
b6(0) + N'(0) cos 9
_ / / 0
X F= (m (0) + ¢'(0)0, + - 0 Z ) (56)

We can also apply - | (54) to get

—X - (siny, cos p, —cos B, & sin )

= (N(0) sin @ + ¢'(0) cos @, N'(0) cos p — ¢'(0) sin p, b'(0)). (57)
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(0
Notice the first two coordinates of the right hand side are R, ( :\OIEO; ) . Writing

0 A12 A13 Bl
_A12 0 A23 BZ

X = ,
Az Ay 0 | Bs
Bl Bl —-Bi ‘ D
we easily check that
sin @ —Apcosp + Ajgcost — B2 sind
oS Aqgsin o + Agscos — Byz' sin 6
—cosf —Aj3sin g — Asz cos p — B3z' sinf
2T sinf —Bf sing — BY cosp — BI cos — D™ sin 0

Thus, comparing (57) and (58), b ( ) = —Ajzsing — Ayzcosp — B3z sinf and,
noting that DT = —D, (/(0),...,0,(0)) = —B;sing — Bycosy — Bzcosf +
2D sinf. Finally, by evaluating

©'(0) cosp  singp - —Ajpcosp + Ajzcosf — BT sinf
N©O) )]\ —sing cosg Ajgsin g + Agz cos — ByiT sin
we find ¢'(0) = — A5 + (A3 cos ¢ — Aggsin ) cos§ — (By cos ¢ — By sin )it sin 0

and N (0) = (A3 sin p+ Ay cos ) cos — (B sin ¢ + By cos ¢)! sin §. This allows
us to calculate all terms in (56) explicitly and we find

X =r((Aizsinp + Aszcos ) cos 0 — (By sinp + By cos )& sin )
— <A12 — (A3 cos p — Agzsin ) cos @ + (B cos ¢ — Bysing)2” sin 9) 0y
— ((Azsinp + Asz cos @) sin + (B sin ¢ + By cos ) cos § + Bsi') 9y

1
0(31 sin ¢ + By cos ¢ + Bz cosf — :E'Dsiné)&;T .

sin

From this general formula it is easy to read off the formulas of the proposition. =

Corollary 7.6.  The sl(2)-triple {H, E, F'} given by (1) acts on .7, . by for-

mulas ) )
H = 2r cosf cos p — 2cos 0 sin p d, — 2sin 6 cos ¢ dy

E = —rcosfsing — (cosfcosp + 1), +sinfsing dy (59)
F = —rcosfsinp — (cosfcosp — 1) d, + sinfsin p dp

The Casimir operator (g, 2) = iHQ + %(EF + FE) acts by the formula
Qspz) = r(1+7) — r’sin® 6 — 2r cos Osin 6 9y + sin® 0 (=02 + J) - (60)

Proof.  Recalling that H = Hy, E' = Nip and F' = N~ 5, the formulas (59)
follow directly from (53). The action of the Casimir operator is a straightforward
calculation. m
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The wave operator in spherical coordinates.

1—n

Proposition 7.7.  For r = 5", we have the following identity of differential
operators on I, .

Qsrz) — Qsom) — r(r +1) =sin’ 0 (Qsoe) — Vsomr1) — ) -

Proof. By (60), Qsp(2) actson .7 by the formula Qgp, o) = r(14r)—r?sin® f—

2r cos 0sin @ 9y + sin? 0 (—83, + 392) . Moreover, Qgo(2) = —83;, Qsom+1) = —Agn,
and Qgo(m) = —Agn-1. The theorem then follows from the well known recursive
formula

Agn =05 + (n — 1) cot 0 9y — csc? 0 Agn— (61)
for the spherical Laplacian in spherical coordinates. |

8. K -Types and Solutions to the Wave Equation

—n

Decomposition into K -types. In the following assume that r = 17 and
define

Q := Qso2) — Lsom+1) — 7 (62)
Recall that by Proposition 6.4, ker 2 = ker [J as subspaces of .#; . To determine

the K -types of the representation kerJ C .# = we will determine the K -types
of kerQ C ., . By (50), we have

Ir 2 {pe (S x S") | p(c-w) =i"P(c) Vee S xS}

as K -representations. Here we view S! x S" C 52’”+1, where the circle Stis
parametrized by R — S, ¢+ ¢'5 . The space €(S' x S")z of K -finite vectors
decomposes as
C(S' x S = @ Cet @ A4S, (63)
p,kEZ
k>0
where J#;,(S™) denotes the space of homogeneous harmonic polynomials of degree
k on R™! restricted (injectively) to S™. It is well known and follows from (44)
that

HG(S") ={h € €=(5") | Qsom+nh = k(k + (n — 1))}, (64)
ie., 76,(S™) is the k(k+(n—1))-eigenspace of of the spherical Laplacian Qgo(m+1) =
~Agn.

Lemma 8.1.  Suppose that r = I_T” and let (ker Q) be the space of }N(—ﬁm'te
vectors in (ker Q)z C S, . Then

(kerQ)z C @ Ce?: @ H4(S™)
Ipl/2=k—r
k>0
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Proof. By (62) and (64), Q acts on Ce®? ® J,(S") as the scalar

Q- <§)2—k(k;—|—(n—1))—r2: (g)Q—(k—T)Q.

Now, the lemma follows immediately from (50) and (63). ]

Definition 8.2.  We define two K -representations () 7 and (J7 )z by
(%i>[? — @Ceﬂ:i(k—r)cp ® %(Sn),
k>0

where r = 15 as before. (Remark on notation: We will later identify (%)%

with the spaces of K -finite vectors in unitary representations #°% of G.)

Theorem 8.3.  Suppose that r = I_T" and let (ker Q) be the space of }?—ﬁm'te
vectors in (ker Q) C Z . Then, for n odd,

ker )~ =
( )i 0 otherwise,

{(,}fﬂf{@(%ﬂ_)k if m=n—1 mod 4,

and for n even,
() if m=—(n—1) mod 4,
(ker Q) =< () if m=+4+(n—1) mod 4,

0 otherwise.

Proof.  The element w given by (10) acts on Ce®z ® J4,(S™) as the scalar
w = i"(—1)F = =

The proposition then follows from (50) and (the proof of) Lemma 8.1. ]

Corollary 8.4.  Suppose r = 5. Then kerO C .7, . is infinite-dimensional

if m=sgn(n —1) mod 4 and zero if m # sgn(n — 1) mod 4.
Proof. This follows by the previous theorem and Proposition 6.4. |

Separation of variables and Gegenbauer polynomials. For A € R and
d € 7>y, the Gegenbauer polynomial C7(s) of degree d is defined as the coefficient
of o in the power series expansion of

(1—2sa+a*)™ =Y C)(s)a’

o

d=0

In terms of hypergeometric functions,

d+2X-1 11—

d 2
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The Gegenbauer polynomial C(s) is (up to scalar multiple) the unique polynomial
solution to the Gegenbauer differential equation

(1—35%)g"(s) — (2A 4+ 1)sg/(s) + d(2\ + d)g(s) = 0. (66)

1
For A > —3,

! 2A-L A N2 gl ol-2) ['(d +2))
/_1(1—5) 2 (Cd(s)) ds =2 W(d—i—)\)W(A)F(d—l—l)'

The normalized Gegenbauer polynomial C2(s) is the (positive) multiple of C2(s)
such that
1 ~ 2
/ (1— s 3 (Cg(s)) ds = 1. (67)
-1
The reason why Gegenbauer polynomials appear in our context is the following
branching rule for spherical harmonics.

Lemma 8.5.  Let SO(n) C SO(n + 1) be the stabilizer of (£1,0,...,0) € S™.

Then, as an SO(n)-representation,

H(S™) = P (S (68)

=0

where the (inverse) isomorphism is given by

k
(ho(2), ..., hi(2)) = Y CiZy(cos 0) sin' 0 hy(#), (69)
1=0
where r = 1_7" as before.
Proof. The abstract branching rule (68) is well known. To prove the explicit
(inverse) isomorphism (68) we separate variables via the map R x S"~1 — S”
given by (0,%) — (—cosf,&sinf). Let f € €>°(S™) be a function of the
form f(0,%) = g(cos®)sin’ 6 hy(z), where g(s) is a polynomial in s = cos# and
hy € 74(S™ ). Using (61), one shows that Agnf = —k(k+ (n —1))f (and hence
f € 7.(S™)) is equivalent to

(1— 2)g"(s) — (20 + n)sg/(s) + (k — D)k + 1 +n — L)g(s) = 0.

This equation is a Gegenbauer equation (66) with parameter A\ = [ — r and
d = k — 1. Since the Gegenbauer polynomial C?(s) is the unique polynomial
solution to (66) it follows that g(cos@) is a scalar multiple of CL%(cos#). This
shows that the map given by (69) is well-defined. Since the map is SO(n)-
equivariant and since the spaces #(S""!) are irreducible SO(n)-representations,
it is easy to verify that the map is in fact an isomorphism. |
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Definition 8.6. For [ € Z>, choose a basis {h;;(z)} of the space of homoge-
neous harmonic polynomials on R” of degree [ such that the functions hy j|gn-1
form an orthonormal basis for .Z?(S"!). Without loss of generality, we may as-
sume that the functions Ay ;|gn—1 are real-valued. (We will need this assumption
in the last section.) Then for p € Z of the form |p| = 2(l — r + d) with d € Z>g
define F,;; € (R x R x S"7!) by

Fou(0,0,2) == 27"|p| % ¢®% sin' 0 CL " (cos §) hy (%), (70)

where 6'(1[7"(5) is the normalized Gegenbauer polynomial as before. (The reader
may ignore the normalizing factor 2~"|p|~2 for now.)

Corollary 8.7.  Let r = 5" and m = F(n—1)mod4. If m = —(n—1)mod 4,
the subspace of (ker Q) C J = corresponding to (H")g (cf. Theorem 8.3) is
spanned by the functions F,;; with p > 0. Similarly, if m = n — 1mod4, the
subspace of (ker Q) C A . corresponding to (J€ ) is spanned by the functions

F,;; with p <O0. 7
Proof. This follows immediately from Lemma 8.5 and the definitions. |

Distinguished solutions to the wave equation. Let (ker)z be the sub-

space of K -finite vectors in ker 0 C S~ Then Proposition 7.4 gives an explicit
isomorphism between (ker )z and (ker 2)z. Under this isomorphism, by Corol-
lary 8.7, the functions F),;; given by (70) correspond to functions f,;; that are
solutions to the wave equation on R'™. To write these solutions explicitly, we
need some more notation.

Definition 8.8. For [ € Zs¢ and p € Zq of the form p = 2(l — r + d) with
d € Z>¢, we define a polynomial g,;(t, ) of degree 2d by

1 —q(t,x)) 7

gpa(t, ) == N(t,2)? CL ( .2

where g(t,x) = 12 + o], A(t,) = (1 q(t,))? + 42|} as in (7), and
Cf[r(s) is the normalized Gegenbauer polynomial of degree d and parameter [ —r.

Theorem 8.9.  Let r = 52 and m = F(n—1)mod4. If m = —(n—1)mod 4,
the subspace of (ker0)z C ., corresponding to (H'7)g is spanned by the

functions
1 gpalt w)he ()

(V= + )"

Similarly, if m = —(n — 1) mod 4, the subspace of (kerd)z C 7,

(71)

corresponding

,T

to (H) g is spanned by the complex conjugate functions f,, (t,x), where p > 0.

Proof. Let F(p,0,1) = e®? écll_’"(cos 0) sin' 6 hy ;(#) and let f(t,z) be the cor-
responding function in the non-compact picture. Note that since /; ; is a homoge-
nous polynomial on R"™ of degree I, we may simplify sin' 0 hy ;(#) = hy;(#sin6).



HUNZIKER, SEPANSKI, AND STANKE 337

Then, by Proposition 7.4 and by (8) and (9)
(va —A(; )+ EE o (1;5—@))) ’”J(A(f,x) )
(va- z’t>12 FTel?)’ o (%(tf)) it
S (wgf —(tw)h+|(|x7| )

Since r + £ — 1 —d = 0, the theorem follows from Corollary 8.7. |

flt,x) = A(t,x)" -

9. Weight Vectors

Another s((2)-triple. Let gc be the complexification of the Lie algebra g and
let s((2,C) = spanc{H, E,F} C gc, where H, E, F are as in (1). We will now
consider a different basis {x,e™,e”} of sl(2,C) defined by

k=i(E—-F), e :=3(H—-i(E+F)), e =5H+i(E+F). (72
The element k lies in the center of €c and the eigenvalues of ad(k) on gc¢ are
{—2,0,+2}. The corresponding eigenspace decomposition,

gc=p Dtc@p’ (73)
is the usual complexified Cartan decomposition associated to the Hermitian sym-

metric pair (g,€). Note that e* € p*.

Lemma 9.1.  The sl(2)-triple {x, e*, e"} acts on I . by the formulas

Kk = —2i0,,
et =e" (rcosf +icosfd, —sinf ), (74)
e” =e ¥ (rcosf —icosfd,—sinf ).

In particular, the decomposition of (kerQ)z C Z . into I}—types given by Theo-

m,r

rem 8.3 is the decomposition into eigenspaces of k.
Proof.  This follows directly from (59) and the definition of {x,e*, e }. ]

Proposition 9.2.  The sl(2)-triple {k,eT,e”} acts on the basis {F,,;} as
follows:
Ko Fprg =PIy

*) F ) =2 —r
e+'Fp,l,j _ {( V215 if p# —2( )

ifp=-2(l—-r)
P ($)Fp2p; ifp#2(0—71)
P o ifp=2(1—r),

where (x) are non-zero constants.
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Proof.  Substituting s = cos# and using (74), it is straightforward to show that
the action of {x, e*, e~} on functions of the form F(y, 0, %) = % sin' § g(cos 0) h(#)
amounts to an action of {k,e*,e”} on functions g(s) given by the formulas

K~ D,
et~ (r—l—2)5+(1—52)i
2 ds’ (75)
d
- 2
e~ (r=I1+8)s+(1-s )%
To calculate the action of e* on the functions F},;; we need the following identities
for Gegenbauer polynomials (cf. [4, Formula 8.939)):

(1— 32)1 C3(s) = —dsC(s) + (d+ 21— 1)C7 1 (s) (76)

ds
= (d 4 2X\)sC(s) — (d + 1)C 4 (s). (77)

Now, assume p is of the form p = +£2(l —r + d) with d € Zsy. If p > 0, we use
(75) and (77) with A=1—7r and d =r —1+ % to find that e* - F,;; = (%) Fpy21;,
where (x) is a non-zero constant; if p < 0 we use (75) and (76) with A =1 —r
and d = r — [ — & to find that e* - F,;; = (%)Fp42;;, where (*) is a non-zero
constant unless d = 0, in which case et - F,,; ; = 0. The proof for the action of e~
is similar. |

Corollary 9.3.  The Lie algebra sl(2,C) = spanc{x,et,e”} acts on (H1)z =
spanc{Fp; | p > 2(l —r)} and (A7) = spanc{F,;; | p < —2(l —r)}. As
s[(2,C) x SO(n) -representations,

(A5 = @ Vi, ® H(S™) and
1>0

()= P v oS,

>0

(78)

where Vi_, is the lowest weight representation of sl(2,C) with lowest weight | —r
and V=U=") s the highest weight representation of sl(2,C) with highest weight
—(l—r). ]

Weight vectors. Let ¢ := [(n+1)/2]. We choose the following Cartan subal-
gebra he of €c and gc:

( 0 iho )
—iho 0

0 iho
—ths 0

~”

0 ih1
—thy O

\

For 0 < j </, define ¢ : h¢ — C by ¢;(H) = h;. If n is even, then n = 2¢ and
gc is of type Byy1. In this case, we choose the system of simple roots as shown in

/
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° O --------- O—a —> 0

o — &1 €1 — &2 €2 — &3 Eo—1 —E&¢ &

Figure 2: Dynkin diagram of so(2,n + 1) for n = 2/¢

€r—1 — &

. O ----m----
o —¢&1 €1 — &2 €2 — &3

€r—1+ €y

Figure 3: Dynkin diagram of so(2,n + 1) for n =20 —1

Figure 2. If n is odd, then n = 2¢ — 1 and gc¢ is of type Dyy1. In this case, we
choose the system of simple roots as shown in Figure 3. In both cases, g9 — &1 is
the non-compact simple root and €y + €1 is the highest root. Corresponding root
vectors X 4., in pT are explicitly given as the matrices

1 T
-1 F1

Xeo:tq =
1 —
Fi F1

Their complex conjugates Yeoigl = X_. ¢, are elements of p~. The following
lemma shows how the operators X, .., act in the compact picture.

Lemma 9.4. On " | the operators X.,+., act by the following formulas:

, 1

Xegte, = +€7% [(aﬁn +iy_1) (rsinf + isinf 9, + cos 0 0p) + m(ﬁxn + i&gn_l)]
: 1

Xeyey = —€% [(:i:n — i%y_1) (rsinf +isin€ d, + cos 6 Op) ﬂ@“ - ic‘?@n_l)}
in

Proof. In our standard basis,

— 1 —
X50i51 - Lonyen—l:Fien + 2 <N077i€n—1:|:€n + N0,7i6n713F6n> :

The lemma then follows directly from (53). ]

Lemma 9.5. For k>0,
(&in + iaﬁ:nﬂ) (T + i[i’n—l)k = —k(Zn + z'fn_l)kJrl

(ain - iaﬁ%nfl) (in + Z.fin—l)k - "Hg(in + Z.i’n—l)k_l <2 - (i‘?’L + iﬂi—l))a
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where the action of 0z, is defined as in (52).

Proof. By (52) and since ||z]| =1,

Oz, (T, +1Tp—1) = Oy, ((xn iz ) (x4 + xi)m)

=41 — 2, (T +iTp_1)

T=x

and

10z, (T +1Tp_1) =10, ((mn + ixn_l)(xf 4+ -4 xi)_l/z)

T=I

- —1 - Z.’IAZ‘n,I(L%n + Z'L%nfl)

Thus, (03, +i0s,_,) (& +i%,—1) = (&, +iZn—1)?. The first formula of the lemma
now follows by the chain rule. The second formula is similar. |

Proposition 9.6.  For k > 0, we have

(Xepte,) e = ()" 9 sin" 0 (&, + id,-1)", (79)
where () is non-zero. The function (X, e, )*e""% is a €c-highest weight vector
with weight —reg+k(go+¢e1) and the function (X.,_.,) e is a Ec-lowest weight
vector with weight —reg + k(g — €1). Similarly,

(Xepter)fe™™? = (x)e"™M%sin* 0 (2, F idy1)", (80)

where (%) is non-zero. The function (X ,4e,)"e™™% is a tc-lowest weight vector
with weight —reg+k(eo+¢€1) and the function (X.,_.,)*e™% is a €c -highest weight
vector with weight —reg + k(eg — £1).

Proof.  Formulas (79) and (80) follow by a straightforward calculation from
the previous two lemmas. For example, to show (79) first note that

(rsind +isinf 9, + cosf dp) (e'*7)? sin* )
= ¢lk=r)e (rsin®'0 — (k —r)sin"™ 0 + ksin® ' 0 cos® 0)

= ¢ik=m)¢ ((27° — 2k)sin" ™ 0 + ksin®? 9) :
Now using the previous two lemmas,

Xeotes (ei(k’r)“” sin® 0 (&, + iaf:n,l)k)

= (21 — 2k)e e 5ink L 9 (2, + id,_ )L

Since r = I’T” < 0, the constant 2r — 2k =1 —n — 2k is non-zero.
To show that

(Xeyie,)Pe ™™ = (x)e'* "% sin* 0 (2, + idp_y)*
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is a Ec-highest weight vector we first note that it is well known that (&, +iZ,_1)* €
J6.(S"71) is a so(n)-highest weight vector with respect to our choice of positive
roots. (This fact can be proved by induction by our argument below.) Next, we
note that the so(n+1)-factor of the Lie algebra £c = s0(2) xso(n—+1) is generated
by so(n) and any root vector X, , where « is a root of so(n + 1) which is not a
root of so(n). It then follows that (X_, ., )¥e % is €c-highest weight vector if
we show that (X, .., )¥e~ % is annihilated by a root vector X,, where « is some
positive root of so(n + 1) which is not a root of so(n). If n + 1 is odd we choose
a = ¢1. The corresponding root vector X., is given by

(NO,ien,1+en - N(;ien71+en)7 (81)

N | —

which acts in the compact picture as the differential operator

cos

Xy = —(Tp +12—1)0p — p—r

(0z, +10s,_,) -

By Lemma 9.5, it follows that X, e/* % sin* 0 (2, +iz,_1)* = 0.

If n+1 is even, the vector X., given by (81) is not a root vector (since
g1 is not a root.) However, we can write X, as a linear combination X, =
Xeitensn + XL, of aroot vector of so(n+1) and a root vector of so(n) as follows:

—i -1 0 —1
-1 4 0 1

S

—
= O
= O

Since e'*~"?sin* 6 (&, + iZ,_1)" is annihilated by both X., and X! , it is also
annihilated by the root vector X., (., ., and hence e!* "¢ sin* 0 (3, +i%, )" is a
£c-highest weight vector also in this case.

The proofs of the other statements of the proposition are similar. |
Theorem 9.7.  The (gc, K)-module (ST is an irreducible lowest weight
representation with lowest weight vector e~% of weight —rey = "T_l go. Similarly,
(S ) is an irreducible highest weight representation with highest weight vector
e of weight reg = —"Tfl €0 -

Proof. By the previous proposition, the function e™% is a €c-lowest weight
vector of weight —re and by Proposition 9.2 it is also annihilated by the element e~
in our distinguished copy of s[(2,C). This implies that e~¢ is a gc-lowest weight
vector with respect to our choice of positive roots. Since the vectors (X, _.,)¥e "%
give a lowest weight vector for every K -type of () 7, it follows that (1) is
an irreducible lowest weight representation with lowest weight vector e=%. The
proof for (¢7)z is similar. n
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P uenergyn

lowest weight —

l

“angular momentum”

X —€oF€1
highest weight —

Figure 4: Weight structure of (") and (7))

Figure 9 shows the structure of the (gc, K)-modules (#*)z. For p and [ such
that |p| = 2(l — r + d) for some d € Zsq, a “fattened dot” represents the
space spanc{F,;; | 1 < dimJ4(S" 1)} = J4(S"!). The Lie algebra sl(2) acts
vertically and the Lie algebra so(n) acts on each dot. (Note that the actions of
s[(2) and so(n) commute.) The Lie algebra so(n + 1) acts horizontally and each
K -type is represented as a union of dots for some fixed p. If we start at the dot
representing the lowest weight vector of (") then the root vectors X, .., both
act in the NE direction providing lowest and highest weight vectors of K -types. In
general, the root vectors X 1., act in the NE and NW direction (i.e., producing
linear combinations in spaces corresponding to dots in the NE and NW directions
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from the initial dot).

10. The Invariant Inner Product

Lemmas on integration. We introduce some notation that will be useful later.
Let S :=[-m, 7] x [0,7] x S"7!. For f(t,z) : R" — C and (p,0,2) € S, write
f(e,0,2) : S — C for the function

R sin Zsin 6
0,2) := .
J(.6.2) f(cosgo+cos€’cos<,0+cos€)

For F(p,0,2):S — C and (¢t,x) € RY, write F(¢,x) : R%™ — C for the function

[ 1+q(t,x) 4 (1—q(tx) x
F(t,x) :=F (sgn(t) cos ! (— , COS , :
A(t, x) At,z) ) |l
With this notation, if f € .,  and F € .7

o correspond under the canonical
isomorphism between .7, . and % ., by Proposition 7.4

ft,x) = A(t,x)"F(t,z), and (82)
A 91"
Flp,0,8) = i |22 80 £(0,0,5). (53
In the following we will always assume that r = 1_7”
Lemma 10.1. For f € Z(RY"),
1 sin” ! 0
t,x dtdx:—/ 0,2 do df dz.
Rin ft,z) 2 Js f(2.9,2) |cos 0 + cos @|* i

Proof. Suppose f € Z1(RY") and use polar coordinates on R" to write

f(t,z)dtdx = / f(t, p2)p"tdpdtdi

RLn RsoxRxSn—1

where dZ is the spherical measure on S"'. Now make the substitutions p =

3 0 1 . . .

wosoteosg and t = TR with 0 € [0, 7] and ¢ € [-7+0,m—0] (on this domain

cosp + cosf > 0). It is easy to check that the Jacobian matrix has determinant
1

(cos O+cos )2 Thus’ if we let Sl = {(30797i7) ‘ 0 € [077]7 p e [—7'( + 9,71' — 9}, and

e S™Y we get

coan—1
sin
t,z)dtdr = 0,1 dp df di.
Rln f(t,2) 5 Ut ) (cos @ + cos )" ! v
Similarly, we can also make the substitutions p = —Cosij% and t = %

with 0 € [0,7] and ¢ € Sy := S\S; (on this domain cosy + cosf < 0). All
calculations are similar and give

sin” 1o

|cos 6 + cos ¢

dy df di.

n+1

flt,x)dtdx = f(p,0, 1)
Sa

R1,n

Adding the previous two equations gives the desired result. |
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Lemma 10.2. Suppose F : R x R x S" ' — C satisfies F(p,—0,—3) =
F(p,0,%) and F(p+m, 0+ 7,3) = F(p,0,2). If F € Z(S,sin" 10 dpdfdi),
then

F(t,x)
S\ i1 N o-2r ,
/SF(QO, 0,z)sin"" " Odpdfdz = 2 /Rl’n NE2) dt dx.
Proof. This can be derived from the previous lemma or be done directly by
using the substitutions ¢ = sgn(t) cos™* <1j\r(qt—(’;)x)> and 0 = cos™! (ié—?) for
0 € [0,7] and [|¢|| <7 — 6. We leave the details to the reader. m

Lemma 10.3. For g € £ (R"),

Zsin 6 sin"~! @
dr = db dz.
/n 9lw) dx /[(M]Xsn_l g (1 + cos 9) (1 + cosf)"” v

Proof. This is proved by using polar coordinates and the substitution p =
1-??029 for 6 € (0, 7). Again, we leave the details to the reader. n

Corollary 10.4.  We have the inclusions .#,, . C Z* (R, N(t,z) > dt dz) and
Iy C L2 (S, sin" 0 dpdfdi). Furthermore, if f € #), . and F € 7).
correspond under the canonical isomorphism, then

/ |f(t, )P\t 2) 2 dt doe = 22’”/ |F(p,0,2))*sin" 1 0 dy df di.
R1,n S

Proof. By restricting to S, it follows that .# = C £2(S,sin""' 0 dpdf dz)
since . . consists of continuous functions on a compact set. The above equation

then follows from the observation that |f(t,z)]> = [A(t,2)|" ™" |F(t,x)]* and from
Lemma 10.2. n

The Klein-Gordon inner product.

Definition 10.5. The Klein-Gordon inner product on the space of smooth
solutions of the wave equation (satisfying appropriate integrability conditions) is
defined as

(ot =i | (BF o= FOuk)], do

It is well known that the Klein-Gordon inner product is independent of the choice
of ty. In the following we always choose ty = 0.

Proposition 10.6.  Suppose that r = I_T” Then the Klein-Gordon inner
product on the space (ker )N .2  is well-defined and g = s0(2,n+ 1) -invariant.

m,r

Proof. Let f € ., , and F € 4 be corresponding functions. By (82),
f(t,x) = Mt,z)"F(t,x). Since A\(0,z) = 1+ ||z||* and since F is bounded (as a
continuous function on a compact space), it follows that | f(0,z)] < C (1 + ||z]|?)".

A similar and simple calculation shows that |9, f(0,z)| < C (14 ||z||2)"". Since
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2r—1=—n,if fi, f, € .7, wehave |9,f1(0,2)f2(0,2)| < C (14 ||z]*)™". Hence
Jan 0cf1(0, ) f2(0, 2) do converges if —2n < —n, i.e., if n > 0. This shows that

the Klein-Gordan product is defined on (ker) N .7 .

The invariance of the Klein-Gordan is proved by integration by parts. We
only provide the details for the action of the element X = Ny, and leave the rest

to the reader. Using integration by parts we calculate:

Cchof) =i [ (OTXF) fo- XF008s)] s

n

—i [ (o200l + oD fo — ol A0 )]y o
=i [ (20t 2000 4l S TS ~ P BROL) g o

= Z/ (Fi(=2r =230 (1 + @i0y) + 307, (2 + i, + 2l 02) fo
R”
- ||35”2 atflatf2) ‘t:O dx

= / (fi(=2r +220] + |l2|> > 02) fo — ll2|* O i f2)|,_, d
" i=1
=i / (fi(=2r + 2207 + ||z|1° 07) f2 — ||2)|* e fi0uf2)|,_, do
Rn

i [ OFX = TOX )| yds =~ (i X ),

This finishes the proof.

The Klein-Gordon inner product in the compact picture. It is often

useful to calculate the inner product in the compact picture.

Lemma 10.7.  Suppose r = 2. Let fi, fo € ker N Ir and let Py, Fy €

2
ker QN .77 be the corresponding functions in the compact picture. Then

(fi, f2) = Z/n (mﬁ —Eatf2)|t:0 dx

=0

:Z'z%“/[o » (0,F\ F» — F10,F )| __, sin™ " 0 df di.
T X n—1

Proof.  Let g(z) := f1(0,2) 8, f2(0,z) € Z*(R™). Then, by Lemma 10.3,

Zsin 0 sin" 16 R
/n gla)de = /[O,W]XS"l g (1 + cos 0) (1+ cos)" dbd.

Noting that
1+ cosf\" Zsinf
E 797 L) = - 5 7 y T A )
(0,6,2) ( 2 ) f (O 1 —l—cos@)

o (14 cosf) Zsinf
8@}71(0,67!5) - or atfz 07 1 —I—COSQ 3
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and 2r — 1 =n we find

- Zsin 6 Zsin 0 or T R ) "
atfl (0, m) f2 <O, m) =2 a@Fl(O, 9, SL’) FQ(O, Q,I) (1 + cos 6) .

Repeating the same argument for g(x) := 9,f1(0, x) f2(0, x) finishes the proof. =

Definition 10.8. For Fi, F, € kerQ N .#"

m,r )

where r = 1’7”, define

(Fi, Fy) = 1‘227“/ (O, Fy F» — F10,F )| __ sin™ " 6df di.

-0
[0,7] x §n—1 v

Theorem 10.9. Let r = 152 and m = —(n — 1)mod 4. Viewing (") C
kerQ N .77 the functions {F,;; | p > 0} gien by (70) form an orthonormal

m,r

basis of (HT)p with respect to the inner product given above.

Proof.  For p € Z of the form |p| = 2(l —r + d) with d,l € Z>( define
Gpij(0,0,%) == eP? sin' 0 5&"’(005 0)h (), (84)

where @lf’” is the normalized Gegenbauer polynomial with parameter A\ = [ — r
of degree d, and for | € Zso, {h;;} is a basis of the space of homogeneous
harmonic polynomials on R™ of degree [ such that the functions hy;|gn—1 are
real-valued and form an orthonormal basis of Z%(S"!). It follows almost imme-
diately from the definitions that the functions G} ; are orthonormal functions in
LS, sin" "t 0 dp df di), where S = [—7, 7] x [0, 7] x S"~! as before. Thus,

(Gprj, Gpaj) = 127" / (05Gp1Gpij = Gp1,j05Gpug) | ,_osin" "' 0 dodi

0
[0,m]xSn—1

a9 e — — e .
= 222 /[Oﬂxsn1 <—Z§ GpJJ GP,ZJ — 25 Gp,l,ij,l,j> ‘@:0 Sin ! 0 dodz

- i22r(_ip)HGPJJH?Z?(sin"*edwded@) =2"p.

Since Fp;,; = 2_”]17\’%(}%17]4 it follows that (F,;;, F,;;) = sgu(p). Hence, by
Proposition 8.7, {F};; | p > 0} is an orthonormal basis of (J€7")%. ]

Proof of Theorem 1.1 and Theorem 1.2. Let J#* be the completion of
(€))7 with respect to the positive definite inner product (, ) on (€)% given
above (cf. Theorem 10.9). Then ()% is the (g, K)-module of K -finite vectors
in ¢ and, by Theorem 9.7, /" is a unitary lowest weight representation of
G with lowest weight —rey = ”T_leo. Similarly, let 2~ be the completion of
(€7 ) with respect to the negative definite inner product (, ) on ()% given
above. Then 47~ is a unitary highest weight representation of G with highest
weight reg = —”T_l €o. Theorem A now follows from Theorem 8.3. Theorem B
follows from (the proof of) Theorem 8.9 and Theorem 10.9. n

Positive energy. In mathematical physics, the operator %/{ is called the confor-

mal Hamiltonian (cf. Mack [18]) and the operators iN1y = iE and iNy,, are the
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momentum operators P* (p=0,1,...,n). In particular, the operator P° :=iF
corresponding to time translation is the energy operator. The representation of
T is a unitary representation of G with positive energy P > 0. To make this
more precise, we identify J#1 as the set of formal sums

HT = {Zp>0,l7j apj fplj | Zp>0,l7j |ap,l7j|2 < OO} . (85)

To say that f € ", f # 0, has positive energy means that (f, P°f) = E(f){f, f)
with E(f) > 0. Since {f,;;} is an orthonormal basis of 7 it suffices to show
the following result.

Proposition 10.10.  Let f € S+ such that kf = pf. Then

() = S ()

p

and hence E(f) = 5 > 0.

Proof. = We may assume that f = f,;;. Solving (72) for iE we find,

1
P’ =iE = §(I€—6++€_).

Now, since kfp1; = pfpij; and eEf,;; = (%) fpe,;, it follows that

(£ ') = 5 (Uondf) = (et )+ (e ) = 5 o) = B 4510,

which completes the proof. |

Smooth f € H*t, where we interpret H* in the non-compact picture as in
(85), are solutions to the wave equation [Jf = 0. Following de Broglie, if f # 0
has energy E(f), we expect f to have wave length

27
A= ——. (86)

E(f)
(Note that we use “God’s units”, i.e., ¢ = h = 1.) To illustrate this heuristic fact
we consider the lowest weight vectors of the K-types in H* that we computed
earlier. Up to normalization, these are the solutions to the wave equation of the

form
(2 — iy 1)"

- 2k+n—1 7
V=i e
where k € Zso. Here p =2(k—r) = 2k+n—1 and hence E(f) = k—r. Figure 10
shows the real part of a typical lowest weight vector (n = 3, k = 50) for some
fixed ¢t > 0 along the z,-axis. (More precisely, Figure 10 shows the graph of
Rf(t,0,...,0,2,) as a function of xz, for some fixed ¢t > 0.) The wave length
A is also indicated. If the picture is animated by increasing ¢, we would see the
wave package travel to the right. The shape of the wave packet (in particular, its

wave length) remains essentially the same, but the amplitude decays on the order
of ¢ = t1=m/2,

f(t,!E) =

(87)
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Rf(t,0,...,0,2,)

N N A .
vv \/v

Figure 5: A wave packet corresponding to a lowest weight vector

11. Weak Solutions and Real Solutions

Distributional solutions. As above, we identify 7% as sets of formal sums

HE =550 Fos | g lapaal? < o0} (88)

with p > 0 for " and p < 0 for . Let g,,; € €>(R"™) be the function
in the non-comnpact picture corresponding to Gy, ; given by (84). Since F,;; =
2*T|p|_%Gp7lvj and hence f,;; =27" |p|_%gpvl7j, it follows that

_1
>y forg =27 P17ty G-

b b
By Corollary 10.4, {g,.,} is an orthogonal set in £? (\(t, ) ? dt dx) with

||gp,l,j||fg/ﬂ2()\(t7x),2 dtdz) = 2—71—2.

Thus, f = >_,,;ap1; fp1; can be thought of as converging to a function in
22 (A(t,z)"?dtdz) if and only if

D ol apal® < oo

pl,J
As >0 layi41* < oo, the above equation is always satisfied for f € A% . This
shows that we have an embedding 5% C £ (\(t,z) 2 dtdz).

As naturally expected, elements of % may be viewed as distributional
solutions to the wave equation. To make this precise, write f € J#* as a sum
f =200 i forj viewed as an element of 2 (A(t,2)~*dt dr). We identify f
with a distribution of the same name by setting

(fs D) aisy = f(t,x)p(t, z) dt dz

Rn+1

where ¢ € €>°(R'") is a test function.
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Theorem 11.1.  The elements of €+ are weak solutions to the wave equation
on RY™.

Proof.  Write f =) ;. a,1; fp1;- First we claim that

O = Sty [ Sttt o) de .

pilyg

To verify this, let I C {(p,{,7)} be finite and use Holder’s Inequality to calculate

| (f®)aise — Z Ap 1, pr,j(t,x)gb(t,a:)dtda:!

(pl)El R
< / (Ft) = 3 aprifors(t 2))olt, 2)]| dt da
REn (plg)El
:/ [(Fto) = D apigfprg(ta) A, 2) " ot 2)A(¢, 2) | di da
REn (pl.j)El
< ”f - Z a’p’lvjprJHXQ(Rlv”,)\(t,x)*Q dt dz) @Al 22 ermy.
(p,l,g)el

Since || f — Z(p’me[ p1.j fopjll 22 ®in Atw)-2 ardwy — O for large I and since |pA[* is
still a test function, the claim follows by taking limits. Using this result, it follows
that

(OF, P)aise = ([ 00) gt = Z Ap,1,5 /le fpa U@ dt dx

psl,J

- Zap,l,j /R1 ) Ofp 0 dtdr =0

p,lL.J
as desired. n

Classical solutions. The main theorem of this section shows that if & and ¥
are sufficiently nice real-valued functions on R™, then the solution to the Cauchy

problem

Uy = 0,

(89)
uw(0,2) = ®(z), Ju(0,z) = V(z),

can be obtained from continuous elements of £+ .

Theorem 11.2.  Suppose ® € A (R™) and ¥ € Al (R™) are real-

valued functions satisfying the decay conditions (using standard multi-indez nota-
tion)

)
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for 0 < laf < [%%] and 0 < |B] <[], Let u € €*(RY") be the solution to
the Cauchy problem (89). Then there is a unique € -function f € T such that

u = Re(f).

Remark 11.3. It is well know that if ® € /" (R?) and ¥ € #["#' | (R")
then the solution u to the Cauchy problem (89) is in €*(R"™). For a proof of this
result see [Folland, Chapter 5].

The proof of this theorem will be given at the end of the section. To give
some motivation, we temporarily work formally in this paragraph. Suppose u €
¢*(RY") is a real-valued solution to the wave equation sitting inside S+ @ .
Then we can write u = f* + f~ with f* € 2% given by

Fr= ) g fpag and fT= ) asg g

p>0,1,5 p>0,1,5

Since w is real-valued and fp;; = f-p,;, it follows immediately that a_p,; = a,;;
and that f+ = f~. Moreover, as (f,1;, f-prj) =0, we have a,;; = (fp1;,u) for

p > 0 and hence
u = Re (2 > apy fp,z,j)

p>0,l,5

with 2)° apij fpr; € T . In turn, this ought to give us

p>0,1,5

u(0,2) =2 Y Re(ap;) fp1;(0,7)

p>0,l,j

Owu(0,2) = —2 Z plm (ap;;) fr0;(0,2)

p>0,l,j

since the functions f,;;(0,x) are real-valued (by our choice of basis for the
harmonic polynomials in Section 8) and since kf,;;(0,2) = —i0.fp,;(0,2) =
P fp1(0,z). In particular, the coeflicient a,;; can be read off from the expansion
of u(t,x) and Owu(t,z) at t = 0. To make these arguments rigorous, we need
control on the magnitude of the coefficients a,; ;.

Before doing so, we introduce a general change of coordinates that mimics
the passage from the non-compact picture to the compact picture.

Definition 11.4.  Given a function u(t, x) on R define the function U(y, 0, Z)
on R x R x S"~! by

Ulp,0,3) =™

cos + cosf|” sin @ 2 sin 6
——u : .
2 cos p + cos ' cos p + cos 6

For u € €1 (R"™), we let

ru=—i(2t(&—r)+ (1+ |t 2)]?) d) u
kU = =2i0,U.
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Lemma 11.5.  Let f,g € €*(R"") be solutions to the wave equation such that
Okl gl,_y: 6f 0|,y Oif rg|_y. [Org|,_, € L' (R") and such that z;fg|,_,,
270:,f 9|,_,, and o — 0 as |lz|| = oo. Then (sf,g) = —(f, Kg).

Proof. Use integration by parts twice in the last step to calculate

(wf,9) + ([, Kg)
(@F g~ 5F019) |,y o —1 [ (01T g — Toumg) i d

%\

l

n

[ @E =T U T g+ O )T | g d
- [ R el - T @6 =g+ 1+ lelP)g)] |y do

2(=6Fg+F&g) + A+ 21 (= fug + fou)|,_y do

n

2(=6Fg+f&9)+ A+ zlP) (=LA Fg+f Ag)ll—odz

n

2(f&g+ f&g) +2nfg

n

+ (4 [l2]) (=F A g+ f Dg) —2nfg—4f&q)|,_, dx
= 0. ™

Il
T

I
%\%\%\

We now determine growth rates of certain coefficients. Recall r = (1—n)/2.

Lemma 11.6. Let N = [*2] and let u(t,z) € €*(R"") be a real-valued
solution to the wave equation in R satisfying the decay condition

ok gy r— Lk
’Wu(O,w) S O (1 + H.IH )

with a + |B| =k for 0 <k < N. Working with p >0 and 0 < k < N, we have
kkU(0,0,1) € £2 (sim”*1 Hdedf) which can be uniquely written as

Zcp Gp1(0,0,2)

pil,J

as L2 -functions for some constants c]gkl)j c i*R. Then

o _ [P ks even

Dsl,J

pk_lc](il)d, if k is odd.

Moreover,
0) |2

Z pn+a7L C; l)J

pilyJ

where €, = 4,3,6, or 5 depending on whether n =0,1,2, or 3 mod(4) and

n 1
D Pl <

o,l,j
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where €, = 4,3,2, or 4 depending on whether n =0,1,2, or 3 mod(4). Finally,
r— 0
(F,,;,U)=2""1p2 (pc;l)] +C;(>z)g>
Proof. For the statement x*U(0,6,%) € £ (sin™~ 19d0dx) recall that

acts on u by the operator —i (2t (& —r)+ (14 ||(¢,z)|| ) d;). It is therefore
straightforward to verify that

}/fku((),x)‘
oI
Z Z |polynomial in = of degree at most (j + k)| Wu(o,x) :
7=0 aj+15;|=j v
Since our decay condition on u forces
oI
|polynomial in z of degree at most (j + k)| mu(o, )
N+j
<O (1+ ||lz)? ) 5 (L4 |=)?)
LE=N ,
= C' (14 lelP)™" T <0 (14 |e))
for some constant C’, it follows that there is a constant C” so that
|Fu(0,2)| < C” (14 HxHZ)T
Noting that 1+ || 1:322899 || = 2(1 +cosf) ", the definition of U = ®(u) implies
KFU(0,0,2)| = |"®(u)(0,0,2)] = |[®(x*u)(0,0, 2)]

)

B 1+ cosé K Zsin 0
=|(55) #ulo )|
S<1—|—20086) C,,<1+2cos€) _ o

In particular, this shows that x*U(0,0,2) € Z?(sin" ' 0 dfdz). As {GpM!@:O} is
an orthonormal basis of Z?(sin" ' 0 dfdt), we can write

Zcp Gp(0,0,2)

b
as Z?(sin"! 0 dfdz)-functions for some constants ) € "R since kU = —210,U

N
and since U(0,0, ) is real-valued.
For the next part, write

k
a’;g),l),j = (foii; K u) = (Fpu;, K U)
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and calculate, for 1 < k < N,

a* b — (Fpii, I{k_lU>

pil,J

= 2% /[O » (0 Fpaj 65710 — Fppj 06710 | sin" ™t 0 dOdi
TIx Sn 1

1

— 1—
=i2'p 2 / (@,prl,j KM —i=Gpuj /ka) |__,sin""" 0 dodz
[0,7] x Sn—1 2 p=
=2 1p2 / (pGpuj KU + Gy *U) |<p:0 sin” ! 0 dfdi
[0,7]xSm—1

— oy e (p c;kl ]1) + c(k) ) )
On the other hand,

a(k—.l) _ <l‘§/k_1Fp’[’j, U> — <pk_1Fp,l,j7 U> — pk—la(o) o 2T—1pk—% ( @ ) + C(l) )

p,l,j p,l,J p,l,j

so that
(k=1) (k) _ .k .(0) _i_pkflc(l)

pcplj +Cplj*p Cpl.j INN

Using either induction or the fact that 61(7 l) ;€ i*R, it follows immediately that

0
(k) _{ pkc;72’j, k even

c . =
Phi pk_lcgl)yj, k odd.

As we clearly have > 2 < 00, we get that

le| pl,J

N
ZPZN‘ pld’2 Z|C§7l)]|2<oo and Zp . 2|Cpl,]’2 Z‘ Cp,l.
p.l,j p;l,j pil,J pil,j

when N is even, and

ZP p,,j Z| p,l] < oo and Zp p”j Z‘Cpl]’2<00

p: 7.] p7 7.] p7 a] p: 7.7

when N is odd. The rest of the lemma follows from these inequalities. |

Heading towards proving uniform convergence, we give some pointwise
upper bounds for various sums that are later needed in the proof.

Proposition 11.7. Fixn > 2 and let p > n—1 = —2r. Work with p > 0.
Then there exist positive constants Cy, Ca, Cs such that for any choice of ¢, ; €
C,

S |Giile,0,2)|" < Chp, (90)

N[

1> 1 Gpuilep, 0,2)| < Co ( ZP”“!%JJP) : (91)

p.l,j p,l,J

| s 00Gois (0,6,2)| < Cs ( 3 pn+3|cpvlvj|2> , (92)

Dilyg Dilyg

[NIES
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Proof.  For the first inequality (90), recall that for fixed p, {G,, j|p,=0} forms an
orthonormal basis for J#, 4—,, »(S™) written with respect to the polar coordinates
(—cosf,zsinf). Noting that |G,,;(¢,0,)| is independent of ¢, Stein-Weiss [25,
Cor. 2.9] shows

(93)

~ Surface area of S™

Y 1Gpislp,0,8)° = -
Ly

In turn, we find an upper bound of the right hand side of (93):
dim () (") - (05)

Surface area of S™ or%

n—en+2k—1(n+k—2)(n—2)!

= 927¢(2 2
(2m) k (k— Dl(n — 1)
n+2k—1(n+k—2)
<
=T (k- 1)
2% — 1
Sﬁij?—4n+k—mwl

<(n+1)(n+k-—2"""

Recalling that p > n — 1= —2r, for k =r + £ we obtain

(n+k—2>"*1:(n+r+§—2)"*1:(—2r+§—1)n*1

n—1
p>n—1 3 1
< . =(:z ,
< (p+? <2> p

For the second inequality (91), use the first and Holder’s Inequality to calculate

Y lepns Grae 0, 8) =

n+1 _n+41

p 2 CP,Z,J p TGp7l’J((p7 97 :'%)

L5 p,l,j
: :
< (Zp"%p,w) (Zp-“-l 3 |Gp,l,j<sa,e,fc)|2)
L, p l,g
; %
<a(S0) (el
P p,l,j

For the third inequality (92), view & € S"™! C S™ as being temporarily fixed.
Let X; € so(n + 1) be the infinitesimal rotation in the plane spanned by —e;
and z scaled so that X;G(¢,0,2) = 0yG(p,0, ) for smooth functions G on S™.
As SO(n + 1) is a compact group, there is an orthonormal basis for %+§(Sn)
consisting of eigenfunctions for X;. Write {G, s }1<k<dim Aoy (57) for such a basis
with

X:Z‘ : Gp@‘,k = )\p,ka7§c,k-
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Furthermore, we may choose a Cartan subalgebra of so(n + 1) containing X; so
that the {A,} coincides with the weights evaluated on X;. Since J£7,»(S") has

highest weight (7‘ + g) e and since X; generates a standard rotation,
p
m]?X|)\p7k| <2 (r + §> <np.

For any coefficients ¢,;; € C, we can write

E Cp,l,ij,l,j=§ api kGpik
l?j

k

for some a,;, € C. Of course,
D lepril? =D lapasl’
Lj k

and

> o1 0Gpaj(9,0,8) = apsn Apk Gpan(p, 6, ).
1.7 k

Noting that the first part only depends on the fact that {G,;;|,=0} forms an
orthonormal basis for %M:Hg(Sn) and using Holder’s Inequality shows

55

Z p1j DG i, 0, 2)

Z Cp1,j00 G (.0, 2)

pil,j P Lj
-5 \ Sty ApiGyan(0.0.4)
i nt1 A
2 Ay i kAp kD 2 Gp@:,k(%gﬁf)‘
p7
1 1
S Z p 2 ap,:i:,k/\p,k Z’P 2 Gp,i',k(gp797x)’
.k

1
2
S (kaax|)\p,k| pn+1|a'pwk’|2) (Z T 1|Gpwk: @,0 $)| )
p.k &
< <Zp2pn+1|cp,l,j 2) (an 102 n— 1)
]

() (S )
p

Dilyg

as desired. ]

We are now in a position to prove the main result.

Proof of Theorem 11.2 (and Theorem 1.3). Note that Theorem 11.2 is a
stronger version of Theorem 1.3. Thus, it suffices to prove Theorem 11.2.
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Given u(t,z) € €*(R"™) a real-valued solution to the wave equation in
R'™ satisfying the above decay conditions, let

- 0
Cplj = <fplm u) =2 <prl7j7 U)=2p" (p z(vl)J + CJ(D,)J)

for p > 0 and consider

f= Zcplu foii

p7 7.7

with corresponding image under &,
F= E :CpJ,J pil.j E :2 P ZCle Pl
p7 7] p7 7.7

We first show that F' converges uniformly and so is continuous. To that
end, the above theorem shows

1
2
Z }piécp,l,j Gp,l,j‘ < G ( Z pn‘cp,l,j|2)

p,l,J pil,j

Since ¢y = 2'p” > <p Cz() l) T c(l) ), Holder’s inequality and the Weierstrass M -

test shows that it suffices to show

an+1lcg()?l),j|2 < 0o

DilyJ

n—11.(1) |2
ZP |cp,l,j’ < 0.
DilyJ

However, these two facts are established by our previous lemma.

In particular, F and F|,— are continuous. Since, as .£? (sim“_1 6 do di)
functions,

_ A _ (0)
Re Flo—o =Re Y 27 2¢,1, Gpajlo—o = Yyt Gpijlo=o
p,l,J p,l,J
- E : lea pvl,j|<p:0 - U|<P:0’
p? 7]

and since U is also continuous, Re F'|,—¢o = U|,—o. Therefore Re f|,—o = u|,=0.
We next turn our attention to d;f. To this end, recall that Ny; = —d; in
the non-compact picture and that

No1 = —rcosfsing — (cosb cosp + 1) 0, + sin 8 sin vy

in the compact picture. Looking at the initially formal sum of derivatives, we get

1 0 _ 1
S| b NoaGoaa| < D7 (18014 571l 1) (] +9) Gy ).

p,l,j p,l,j

+ 106Gy 5
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To show this is finite, it suffices show that

0

> ple Gl < oo (94)
L,

1
S 1 Gl < 00 (95)
p,l,5
> e 106Gl < (96)

p,l,j 0 pvlz.] OO
p,l,j

_ 1
S M) 106G < 0. (97)
L5

For (94) and (95), it reduces to showing
Zp +3|cj(o7l)’j|2 < oo and Zp Jrl|cj(o7l)7j|2 < 00.
plj plij

Since these bounds are known from the previous lemmas, consider the last two
inequalities (96) and (96). From the previous proposition we know

n 0
<o Srr)

0
Z |C(,l),jH89Gp,lJ

pil,j pil,j
1
ZP |Cp,l,jH 6 plil = 3 Zp |Cp1,51
p,l,j p,l,j

which are finite.
As a result, term-by-term differentiation of F' is allowed and Ny,F' is
continuous. Thus J;f is continuous, a solution to the wave equation, and

1 Rt .
Re 0, fli=0 = Rez 27"p 215 Orgpajli=o = Re Z 27"p 2y K Gp 4l i=0

Dil,J pilyJ
e 1 . (1)
— T _
= Re E 27p2 ¢y Gpjli=0 = E iy [ Ipili=0
Dil,J pil,J
p.l,j

as L2 (Sim"*1 Qdeﬁ) functions. By continuity, we get Re d; f|;—o = Oyu|i=o. Since
we already had Re f|,—o = u|y=¢, it follows that Re f = u by the uniqueness of
solutions to the Cauchy problem. |
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