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Abstract.  We show that over fields of characteristic zero a Hopf algebra with
central Hopf algebra coradical has a PBW basis.
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Introduction

The Poincaré-Birkhoft-Witt theorem is a classical theorem in Lie theory that spec-
ifies a special basis for the enveloping algebra of a Lie algebra. To my knowledge,
extensions of this theorem to other classes of algebras depend upon more or less
explicit knowledge of the nature of the generators and relations describing the
algebras in question, with the notable exception of [7, Theorem 2.

Let k be a field, A a k-algebra, B a commutative k-algebra, and B — A
a B-algebra structure on A (i.e. the image of B inside A is central). For a
well-ordered set A and Aj = {a)}rea a subset of A we call

Py = {a’ia.-a’i: n,ky,...,k, >0, >\1<~~~<)\n}

the PBW set associated to the generating set A,. We say that A has a PBW
basis over B if there exist a well-ordered set A and a generating set A, such that
the PBW set associated to A, is a basis, called PBW basis, of A as a B-module.

We will be concerned with Hopf k-algebras H with central Hopf algebra
coradical Hy. Note that if such an algebra is finite dimensional then it is, according
to Corollary 2.3, automatically equal to its coradical. For Hopf algebras with
proper coradical, that are necessarily infinite dimensional, PBW bases start playing
an important role. Our main result is the following.

Main Theorem. Let k be a field of characteristic zero and let H be a Hopf
k-algebra such that its coradical Hy is a central Hopf subalgebra. Then H has a
PBW basis over H,.
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The strategy for the proof, as in [7, Theorem 2], is to show that gr H,
the associated graded algebra of H with respect to the coradical filtration, is a
polynomial algebra with coefficients in Hy. For an extension of these results to
symmetrically braided Hopf algebras we refer to [4].

Before proceeding to the proof of these results let us comment on the nature
of the constraints present in the hypothesis as well as the relationship of our result
with other PBW theorems in the literature.

Remark 1. The notion of PBW basis in this paper is stronger than the one
generally used in the literature. The restricted PBW bases are those for which
the exponents kq, ..., k, from the definition are non-negative integers that satisfy
explicitly specified upper bounds (possibly infinite). As such, it is possible for
finite dimensional algebras to have restricted PBW bases and this is indeed the
case for many important examples such as enveloping algebras of restricted Lie
algebras and Lusztig’s small quantum groups [8] and their deformations (see, e.g.,
[2]).

Remark 2. If one allows restricted PBW bases then the condition that Hy is a
central Hopf subalgebra of H can be weakened, at least for some classes of Hopf
algebras. The most general results of this type currently in the literature are due to
Kharchenko [5, 6] and they cover the class of the so-called character Hopf algebras:
Hopf algebras generated by an abelian subgroup of group-like elements and a finite
set of skew-primitive elements for which the adjoint action of this abelian group
on the skew-primitive generators is given by multiplication with a character. It
seems that most if not all finite dimensional pointed Hopf algebras with abelian
coradical fall within this class [2].

Remark 3. Other algebras for which PBW theorems are of interest are Hopf
algebras in braided categories. Again, there are numerous examples of pointed
irreducible Hopf algebras (hence having a central coradical) in categories of Yetter—
Drinfel’d modules that are finite dimensional and therefore do not admit a PBW
basis in our sense but have a restricted PBW basis. One possible reformulation of
the result in [5] is that braided tensor algebra quotients of the tensor algebra of
a Yetter—Drinfel’d module (over an abelian group) with diagonal braiding admit
restricted PBW bases. This result was extended to cover also triangular braidings
[11].

Remark 4. The combinatorial arguments in [5, 6, 11] require fairly explicit knowl-
edge of the generators and relations describing the algebras in question especially
when it comes to the description of the generating set of the PBW basis. On the
other hand, as it will become clear from the proof, the core ingredient underpin-
ning our approach is smoothness, and the generating set of our PBW set acquires
a fairly simple conceptual characterization.

Remark 5. The ideas used here can be also employed to prove the corresponding
result over a field k£ of characteristic p > 0. The necessary modifications of the
statements are the following: the exponents ki,...,k, from the definition of Py
have to be strictly less than p; the algebra gr H is the quotient of a polynomial
algebra with coefficients in H, by the ideal generated by the p!* powers of the
variables. The only additional technical observation is the fact that the affine
group scheme corresponding to the coinvariants R (see Section 2) is of height one
(12, § 11.4].
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1. Preliminaries

Throughout the paper k will denote a field of characteristic zero and k will de-
note its algebraic closure. Unless otherwise noted all tensor products are over k.
When referring to a Hopf algebra, we use A, ¢, and S to denote its comultipli-
cation, counit, and antipode, respectively. We will use capital letters to denote
Hopf algebras and will use the corresponding small case gothic letters to denote
the corresponding augmentation ideals; e.g., the augmentation ideal of the Hopf
algebra A is denoted by a. All the results in Section 1 are well-known.

Assume A is a k-algebra, B C A a k-subalgebra, and S C A a subset. If
A is commutative then denote by

pB.s : B[Xglses = A (1.1)

the ring morphism acting as identity on B and sending each X to the element s.
We will drop the reference to B and §' if it is unambiguous from the context.

Henceforward G will denote an affine algebraic group scheme over k and
A will denote the finitely generated commutative Hopf k-algebra representing it.
Let m, A denote the largest separable k-subalgebra of A. It is a finite dimensional
Hopf subalgebra of A that represents the étale group scheme 7,G, the component
group of G.

The kernel G° of the canonical map G — .G is the connected component
of the identity in G. It is itself an affine algebraic groups scheme; we denote by A°
the finitely generated commutative Hopf k-algebra representing it (a Hopf algebra
quotient of A). The construction of 7,G and G° commutes with base change.

The algebra m,A is a product of finite field extensions of k¥ and 7, A ® k
is isomorphic to k X --- x k where the number of factors equals the number of
connected components of G(k). It is clear from this description that the k-algebra
1. A ® k is spanned by the idempotents of A ® k.

Using the factorization of 7, A into fields we can write A = ®;_,f; A, where
the f; are idempotents in A. The counit € must vanish on all but one of these
idempotents; we may assume that f; is the idempotent on which ¢ takes value 1.
With this notation, the canonical map G° — G corresponds to

At A= Af(anNm,A)A=A/(1— fo)A=A°~ fA (1.2)

The algebras f; A represent the connected components of G'. They are generally
not isomorphic as algebras unless k = k.

Let 24 be the universal module of differentials of A andlet d4 : A — Q4 be
the universal derivation. The pair (£24,d4) is unique up to isomorphism. Among
other things, the construction of {2, commutes with base change and localization.
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Let T: A=Fk-1®a— a— a/a’>. With this notation,
(Qu,da) =~ (A® a/a®, (ida @ m) 0 A) (1.3)

In particular, €4 is a free A-module of rank equal to the k-dimension of a/a?.

Since we work over fields of characteristic zero the following results are
available. For a proof of the first theorem, generally attributed to Cartier, see [12,
§ 11.4], and for a proof of the second theorem see [12, § 11.6].

Theorem 1.1.  The Hopf algebra A is reduced.

One important consequence is the following.
Corollary 1.2.  All finite group schemes over k are étale.
Theorem 1.3.  The affine algebraic group scheme G s smooth.

If we apply Theorem 1.1 to G°, which is connected, we obtain that A° is an
integral domain; we denote by A‘(’O) its field of fractions. Theorem 1.3 now reads

rank 4 24 = dimy oA - trdeg,, Afp, (1.4)

We can actually say more.

Theorem 1.4.  Let x1,...,x, be elements of a whose classes modulo a® form
a k-basis of a/a*. Then the dag, (1), ... ydag, () form a basis for Qag as a
AO

) -vector space.

The proof is contained in [12, § 13.5]. Using translation in G(k), which by
Theorem 1.3 is smooth, the same is true if we replace the identity element (i.e. the
augmentation ideal) with any other point of G(k) (i.e. the kernel of an algebra
morphism A — k). Another useful result is the following

Theorem 1.5.  Let B be a Hopf subalgebra of A. Then B is finitely generated.

For the proof we refer the reader to [12, § 14.3].

Let £ C L be a finitely generated field extension. Regard L as a finitely
generated commutative k-algebra; we use the notation L, to stress this. Let
Qr,,and dg, : L — Qp, , be the universal module of differentials of Lj, and the
universal derivation, respectively.

Let z1,...,x, be elements of L such that dp, (z1),...,dr,(x,) is an L-basis
of QLk .
Theorem 1.6. With the notation above, the x,...,x, are algebraically inde-
pendent over k and k(x1,...,x,) C L is a finite field extension.

For the proof see [12, § 11.5].
The following result is again well-known; see [12, § 3.3] for a proof.
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Theorem 1.7.  Any commutative Hopf k-algebra is a directed union of finitely
generated Hopf subalgebras.

Consider now H an arbitrary Hopf k-algebra and let 0 =: H ; C Hy C
H, C ... C H be its coradical filtration. Denote by

gr H = @p>o(gr H)(n) = OnzoHn/Hp 1 (1.5)

the associated graded coalgebra. If B C H is a Hopf subalgebra then the coradical
filtration of B is the one induced from the coradical filtration of H.

If the coradical Hy is a Hopf subalgebra of H then the coradical filtration
is a Hopf algebra filtration and gr H is a graded Hopf algebra. Furthermore, in
such a case, the coradical filtration of gr H is the filtration given by degree and
gr(grH) =grH.

The proof of the following result, see [9, Proposition 1.2].

Proposition 1.8.  Let H be a Hopf algebra such the coradical Hy is a central
Hopf subalgebra. Then gr H is a commutative Hopf algebra.

2. The main result

We start with a few observations on commutative Hopf k-algebras endowed with
a Hopf algebra grading.

Lemma 2.1.  Let A =P, A(i) be a finitely generated commutative Hopf k-
algebra endowed with a Hopf algebra grading. Then m,A = m,A(0).

Proof. First note that by Theorem 1.5 the Hopf algebra A(0) is also finitely
generated. Any separable subalgebra of A(0) is necessarily a separable subalgebra
of m,A, so m,A(0) C m,A. Thus for a proofof the claim it is enough to show
dim(7,A(0)) = dim(m,A). Since the construction of both subalgebras commutes
with base change it is safe to assume that k = k.

In such a case, m,A is spanned by idempotents and it is therefore enough
to show that all idempotents in A are necessarily in A(0). Indeed, let

e=ei - te (2.1)

be an idempotent and e;,,...,€;, , 91 < --- < 7 its non-zero homogeneous com-
ponents. Then, efk is the homogeneous component of degree 2i;, of e? = e. From
Theorem 1.1 we know that A is reduced. Hence we must have 7, = 0. Therefore,
e is an element of A(0). ]

Corollary 2.2.  Let A=, A(i) be a finite dimensional commutative Hopf
k-algebra endowed with a Hopf algebra grading. Then A = A(0).

Proof.  From Corollary 1.2 we know that A = m,A and A(0) = m,A(0). The
desired statement then follows from the above Lemma. n
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Corollary 2.3.  Let H be a finite dimensional Hopf k-algebra with central Hopf
algebra coradical. Then H 1is cosemisimple.

Proof. According to Proposition 1.8 the ring A := gr H is a commutative Hopf
k-algebra endowed with a Hopf algebra grading such that A(0) is the coradical of
H. But then A = A(0) which implies our claim. [

As before, let A = €., A(7) be a finitely generated commutative Hopf
k-algebra endowed with a Hopf algebra grading. The projection @ : A — A(0) is
a Hopf algebra retraction of the inclusion ¢ : A(0) - A. In such a situation one
can define the subalgebra of coinvariants of w

Ri={acA|(dowm)oAl)=a®1} = {Zals(w(ag)) lac A} (2.2)

where we used Sweedler’s notation A(a) = > a1 ®ay. Let R(i) := RN A(7). It is
easy to verify (see, e.g., [1, Lemma 2.1]) that R = @,., R(7) is a graded algebra
and that the canonical map A(0) ® R — A, a ® r — ar, which is an algebra
isomorphism by [10, Theorem 3], is a compatible with the grading.

Denote Ay := @,>1A4(n) and Ry := @,>1R(n). The A(0)-module isomor-
phism A(0) ® R, ~ A, descends to a graded vector space isomorphism

Ay

R, ~ : 2.3
+ a(O)A+ ( )

The following result plays a crucial role in the proof of Proposition 2.6.
Lemma 2.4. With the notation above, there exists a canonical vector space
isomorphism

Ry Al

R%  a(0)A; + A%
Proof. Consider the canonical k-linear map

R~ Ay Ay /a(0)Ay ~ Ay
T E LA, @0)As + A2)/a(0)A, - a(0)A; + A2

We argue that R?2 = kery. The direct inclusion is obvious. For the reverse
inclusion, let r be in kery. Since a(0)A; + A% = a(0)R; + A(0)R% there exist
elements a; € A(0), r;,s; € Ry such that

r— Z a;rjsy € a(0)A4
Keeping in mind that a; — (a;) € a(0) we deduce that
r— Z e(a;)rjs, € a(0)Ay
from which our claim follows immediately. ]

Let A = @®;_,fi;A be the decomposition discussed in Section 1. The elements
fi are idempotents so, according to Lemma 2.1, they are elements of A(0). Recall
that e(fy) =1 and e(f;) =0 for i # 0.
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Lemma 2.5. With the notation above, kerma N R = 0.

Proof. We will show that ;AN R =0 for any ¢ # 0. Let a € f;AN R. Then,
a= f;a and a =) a;5(w(az)). Therefore,

a= Z fi,lals(w(a2>>s(w(fi,2))
=e(fi) Zals(w(@))
=0

which is our claim. ]

We now prove a first version of our main result.

Proposition 2.6.  Let A = @®;50A(i) be a finitely generated commutative Hopf
k-algebra endowed with a Hopf algebra grading. Assume that A is an integral do-
main. Then there ezist a finite set Ay of A(0)-coinvariant homogeneous elements
of positie degree such that pay.a, s an algebra isomorphism.

Proof. The subspace

m:=a(0) & A} (2.4)
is a graded maximal ideal of A. We can also write A =k -1 @ m. Of course,
A
m  o(0) + (2.5)

m T w02 (04, - A2

so we may chose elements zi,...,xz,,, of m such that z;, 1 < i < n, are
homogeneous elements of A, and the z;, n < i < m, are elements of a(0) that
their classes modulo m? form a k-basis of m/m?. In addition, as a consequence
of Lemma 2.4, we can arrange that the elements z;, 1 <7 < n are homogeneous
elements of R, whose classes form a basis of the vector space R, /R? .

Keeping in mind that R is a graded algebra with R(0) = k-1 we deduce
that it is generated as a k-algebra by x;, 1 <7 < n. Therefore, A is generated as
a A(0)-algebra by z;, 1 <7 < n. Let us denote by

p: A(0)[X1,..., Xa] = A (2.6)

the canonical morphism that acts identically on A(0) and sends each X; to ;.
We will show that p is an isomorphism.
The fact that p is surjective implies that

A(O) = A(O)(O) ($1, e ,:L'n). (27)

Theorem 1.5 guarantees that A(0) is itself finitely generated. Theorem 1.4 applied,
on one hand, to A(0) and a(0), and on the other hand to A and m, implies
that dao)q, (), n < i < m, is a A(0)(-basis of 4(0),» and that da, (x;),
1 <i<m,isa Aq)-basis of {24, . Now applying Theorem 1.6 we obtain, on the
one hand, that the z;, n < < m, are algebraically independent over k£ and that

K = k(znq1,. .., 2m) € A(0)() (2.8)
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is a finite extension, and on the other hand that the x;, 1 < ¢ < m, are
algebraically independent over k£ and that
E = ]{I(l’h ce ,xm) - A(O) (29)

is a finite extension.

Therefore, we have that K C E is a purely transcendental extension with
transcendence basis z;, 1 <7 < n, and that it is a finite extension K C A(0)().
Also, from (2.7) the field Ay is the compositum of E and A(0)q. It is easily
proved (by induction on n) that in such a case, the extension A(0)@) C A is
purely transcendental with transcendence basis z;, 1 < i < n.

Denote by S the canonical inclusion of A into its field of fractions. The
algebra morphism

AO)Xy, .., X —2 AT Ay = A(0) (21, .. ) (2.10)

acts as identity on A(0) and sends each X; to z;, 1 < ¢ < n. Since the z;,
1 <i < n, are transcendental over A(0)) we obtain that 3o p must be injective
and, as a consequence, that p must be injective. But, from (2.6) we know that p
is surjective. Therefore, p is an algebra isomorphism. ]

Remark 2.7. In the above proof, if we assign to each variable X; the degree of the
element x; in A then p becomes an isomorphism of graded rings.
Remark 2.8. In the statement of Proposition 2.6 we can replace the augmentation
ideal with any maximal ideal of A(0).

We now remove the integral domain condition in Proposition 2.6.

Theorem 2.9.  Let A= @;>0A(i) be a finitely generated commutative Hopf k-
algebra endowed with a Hopf algebra grading. Then there exist a finite set Ap of
A(0) -coinvariant homogeneous elements of positive degree such that pay.a, is an
algebra isomorphism.

Proof. Let A = ®;_,f;A be the decomposition discussed in Section 1. Note
first that 7oA = m,A(0) implies that

(anmA)A = (a(0) N A(0))A (2.11)

and that,
((anmA)A) N A(0) = (a(0) N7, A(0))A(0) (2.12)

or, equivalently, that A°(0) and A(0)° are canonically isomorphic, and which we
will tacitly identify henceforth. Denote by R° the coinvariant algebra of A° with
respect to A(0)°. From (2.2) we obtain that m4(R) = R°. Furthermore, from
Lemma 2.5 we know that 74 is injective on R; hence R and R° are canonically
identified.

From the proof of Proposition 2.6 we know that R° is a polynomial k-
algebra. Our claim now follows from the fact that the algebras A and A(0) ® R
are canonically isomorphic. [ |
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Remark 2.10. In the above proof, if we assign to each variable X; the degree of
the element x; in A then p becomes an isomorphism of graded rings.

The hypothesis in Theorem 2.9 that A is finitely generated can be removed
under certain conditions. We only include here the statements; all the claims follow
from the fact that all constructions in the proof of Proposition 2.6 and Theorem
2.9 are compatible with direct limits.

Theorem 2.11.  Let A = ®;>0A(i) be a commutative Hopf k-algebra endowed
with a Hopf algebra grading such that there exist finitely generated graded Hopf
algebras A, such that A = li_n>nAa as graded Hopf algebras. Then there exist a set
An of A(0)-coinvariant homogeneous elements of positive degree such that pa.a,
15 an algebra isomorphism.

Remark 2.12. If we assign to each variable X, the degree of the element x) in A
then p becomes an isomorphism of graded rings.

We are now ready to complete the proof of our main result.

Proof.  [Proof of Main Theorem] According to Proposition 1.8 the ring A :=
gr H is a commutative Hopf k-algebra endowed with a Hopf algebra grading whose
associated filtration is the coradical filtration of gr H. Let us argue that A satisfies
the hypothesis of Theorem 2.11. By Theorem 1.7 A is a directed union of finitely
generated Hopf k-algebras B, . Since the coradical filtration on each B, is the
filtration induced by the coradical filtration of A it follows that gr A (which is
in fact isomorphic to A) is the directed union (as graded algebras) of the graded
finitely generated Hopf k-algebras A, := gr B, , proving our claim.

We can now invoke Theorem 2.11 and its proof to find homogeneous ele-
ments {Zy}rea C A of positive degree with the specified properties. Now fix a
well-ordering < of the set A and choose representatives {z)}xen =: Ap in H for
the elements {Z)}xen. Denote the PBW set associated to A, by

J— kl kn
:PA = {.1')\1 .. .x/\n

nok .k >0, >\1<---<)\n} (2.13)

All the required properties of P, then follow directly from the corresponding facts
in Theorem 2.11. |

References

[1]  Andruskiewitsch, N.; and H.-J. Schneider, Lifting of quantum linear spaces
and pointed Hopf algebras of order p*, J. Algebra 209 (1998), 658-691.

[2] —, On the classification of finite-dimensional pointed Hopf algebras, Ann. of
Math. (2) 171 (2010), 375-417.

[3] Ion, B., “PBW theorems,” (Romanian), License Diploma Thesis, University
of Bucharest, 1997.

4] , Relative PBW type theorems for symmetrically braided Hopf algebras,
Comm. Algebra 39 (2011), 2508-2518.



300

[10]

[11]

[12]

IoN

Kharchenko, V. K., A quantum analogue of the Poincaré-Birkhoff- Witt theo-
rem, Algebra Log. 38 (1999), 476-507.

—, PBW-bases of coideal subalgebras and a freeness theorem, Trans. Amer.
Math. Soc. 360 (2008), 5121-5143.

Le Bruyn, L., Lie stacks and their enveloping algebras, Adv. Math. 130
(1997), 103-135.

Lusztig, G., Finite-dimensional Hopf algebras arising from quantized universal
enveloping algebra, J. Amer. Math. Soc. 3 (1990), 257-296.

Montgomery, S., Some remarks on filtrations of Hopf algebras, Comm.
Algebra 21 (1993), 999-1007.

Radford, D. E., The structure of Hopf algebras with a projection, J. Algebra
92 (1985), 322-347.

Ufer, S., PBW bases for a class of braided Hopf algebras, J. Algebra 280
(2004), 84-119.

Waterhouse, W. C., “Introduction to affine group schemes,” Graduate Texts
in Mathematics 66. Springer-Verlag, New York-Berlin, 1979.

Bogdan Ton

Department of Mathematics
University of Pittsburgh
Pittsburgh, PA15260
bion@pitt.edu

and

Algebra and Number Theory Research
Center, University of Bucharest
14 Academiei St., Bucharest, Romania

Received January 15, 2011
and in final form September 15, 2011



