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1. Introduction

Many interesting problems are related to equidistribution on homogeneous spaces.
Often the ambient space is not compact, which leads to the question whether
the limit measure is still a probability measure. One case of this so-called non-
escape of mass problem is for a sequence of measures that are invariant under one
parameter unipotent subgroups. In this case the answer is simple: for a sequence of
invariant and ergodic measures under unipotent subgroups the limit measure is still
a probability measure or the zero measure [8]. This fact relies on the quantitative
non-divergences estimates for unipotents due to works of S. G. Dani [1] (further
refined by G. A. Margulis and D. Kleinbock [7]).

In this paper we are interested in the dynamics of diagonal flows. Consider
a sequence of probability measures invariant under a particular diagonal element
of a linear group acting on a homogeneous space. In this case, the limit measure
of the space could be any value in [0, 1]. However, if additionally we assume that
the measures in the sequence have high entropy w.r.t. the diagonal element then
one can show that the limit measure is not 0. This has been realized in [3] where
M. Einsiedler, E. Lindenstrauss, Ph. Michel, and A. Venkatesh show the following.

Theorem 1.1. Let X be the unit tangent bundle to the modular surface and
T be the time 1-map for the geodesic flow. Then, any sequence of T -invariant
probability measures ji,, with entropies hy,, (T) > ¢ satisfies that any weak® limit
Uoo has at least pioo(X) > 2¢ — 1 mass left.

Here, pio is a weak™® limit of the sequence (u,),>1 if for some subsequence

*The author acknowledges the support by SNF (200021-127145) and EPSRC.

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



702 KADYROV

ny and for all f € C.(X) we have

i [ fduo, [ Fins.
k—oo X X

In [2] M. Einsiedler and the author prove a similar theorem for the space of three-
dimensional lattices. Our main goal in this paper is to extend Theorem 1.1 to the
following more general setup.

Let F' be an algebraic number field and let O be its ring of integers. Let
S = {01, ...,004+s} beits archimedean places where {01, ..., 0.} are the real places
and the rest are complex ones. Define

G = [ [ SL2(R) x ] SL2(C) and I' := SLy(0).
n=1 m=1

We have the natural embedding of T' into G via

Ay = (01(7),02(7), - 0vs(7)
oy — [ oila) a;) _(ad
where () = < oic) o(d) for v = e d )€ ['. Then I' becomes a
lattice in G (cf. Lemma 2.2). It is an irreducible lattice and the quotient space
X :=T\G is non-compact. The bi-quotient T'\ SLy(R) x SLy(R)/SO(2) x SO(2)
in the case of a real quadratic field F' over Q is known as Hilbert modular surface.

Let a be any fixed diagonal element of G'. Then there exist a; € R and
6; € [0, 2m] such that

a= diag(ewle‘”/2 e_wle_al/2) X - X diag(ei07'+sear+s/2 e_w”se_‘““/z)
Y Y

with 0q,...,0, = 0. Now, we define the action of T on X by T(z) =z -a.

In § 2 we define the height function ht(:) on X . Now, if we define X_), =
{z € X : ht(zr) < M} then X_.jp becomes pre-compact (cf. Lemma 2.2). We
similarly define Xs»,. Now, we can state the main result.

Let |ai|+ -+ |a;| = h, and |a41] + -+ + |ar4s] = hs. We note that the
maximal metric entropy of T is h, + 2h,, which we denoted by hp.(T).

Theorem 1.1.  Let M > max{e®=(T) 100} be given. Then, there exists a
continuous decreasing function ¢ : RT™ — R with limy; o ¢(M) =0 such that

2
m(hmax(T) —hu(T)) — ¢(M)

for any T -invariant probability measure p on X . In particular, for a sequence of
T -invariant measures i, with hy,, (T) > h one has that any weak* limit 1o has

at least #&T) — 1 mass left.

M(X<M) >1-

Whenever h € (hmax(T)/2, hmax(T)] there will be some mass left in the
limit. We think that the theorem is sharp in the following sense: there should exists
a sequence of T-invariant probability measures (j,),>1 on X with lim,_, hy,, (T) =
hmax(T)/2 such that the limit measure is the 0 measure. A similar construction
has been carried out in [6] for the space SL,(Z)\ SL,(R) of unimodular lattices.
Theorem 1.1 suggests the following.
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Conjecture 1.2. Let G' be a Q-group and T be an arithmetic lattice of Q-
rank one. Let T' be a right multiplication on T'\G’ by a diagonalizable element
in G. Then, any sequence of T" -invariant probability measures i, on I'\G' with
entropies hy, > ¢ satisfies that any weak™ limit j1o, has at least

2

Hoo(TNG') 2 1 — P (T)

(hmax(T") — )
mass left where hy.(T") is the maximal metric entropy of T'.

For the Q-rank one case, the conjecture suggests that once the entropies
of the measures are uniformly greater than 1/2 of the maximal entropy, there
is always some mass left in the limit. For a heuristic explanation we refer to
Remark 5.2 in [3].

Another interesting case studying the limits of a sequence of probability
measures arises by averaging an arbitrary measure under iterates of some element
of the ambient group. In this case, the notion of entropy does not make sense
rather one has to consider the dimension of the measures.

For any group H we define BZ(g) to be the open ball in H of radius € > 0
centered at g € H and we simply write B¥ if the ball is centered at the identity
1. Let us consider the following subgroups of G

Ut={geG:a"ga" —1asn— —oo},

U ={9g€eG:a"ga" = 1asn— oo},
L={g€G:ga=ag}.
We let D := dimU" < r+2s. Let d € [0,D] be given and let us consider a

probability measure v in X with the following property. For any d > 0 there
exists € > 0 such that for any € < € one has

V(ng+B,7U_L) < €¥7 for any 1 € (0,1) and for any z € X.

In this case say that v has a dimension at least d in the unstable direction. Now,
we consider the following sequence of measures p, defined by

where TY v is the push-forward of v under T?. We have

Theorem 1.3.  For a fized d let v be a probability measure of dimension at
least d in the unstable direction with respect to a, and let p, be as above. Then
the sequence of probability measures (i, )n>1 satisfies that any weak™ limit pi, has

at least poo(X) > 1 — 2}3;(5(}? mass left where a, = max{|a;| :i=1,...,r+ s}.

In particular, if v has full dimension, that is if d = D, then the limit .
is a probability measure. In this case with a minor additional assumption on v
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one in fact obtains the equidistribution result, that is, the limit measure p., is
the Haar measure [9]. We say that an element = € X is divergent on average with
respect to a if limy_oo x{n € [0, N —1] : T"(z) € K} = 0 for any compact set K
in X.

We note that if we have a measure v as above for some d which is supported
in the set of points in X that diverge on average then clearly any limit 1o 0f (g,)>1
is the zero measure which implies that d < D — }““;T"(T) This hints the following.
Corollary 1.4.  The Hausdorff dimension of the points in X that are divergent
on average w.r.t a is at most dim G — hm;T"(T)

The proof of the corollary is easily obtained from Theorem 1.3 using [5,
Corollary 4.12] and is left to the reader (cf. [2, Corollary 1.7]).

In the next section we will consider some basic facts. In § 3 we state the
main ingredients and show how one deduces Theroem 1.1. In § 4 we introduce the
partitions and count the number of elements in these partitions. In § 5 we obtain
the main proposition and finally, in § 6 we indicate how one proves Theorem 1.3.

Acknowledgements: This work is part of the author’s doctoral disserta-
tion at The Ohio State University. The author would like to thank his adviser
M. Einsiedler for useful conversations. He also would like to thank the referee for
useful comments which in particular helped to improve the results of the previous
version of the paper.

2. Preliminaries

We consider the space X as a subspace of the space of O-submodules A of
(R?)" x (C?)* with the following properties:

i. A is an O-submodule generated by two vectors v, w of (R?)" x (C?)*,

i v= (Uia Ui,) X (Uéa Ug) X X (U;‘+s7 U;'/Jrs) and w = (w/h wlll) X (wé7w/2/) XX

,U/ ,U//

(w; o, wy, ) are such that det ( wj; w% ) =1for j=1,...,r+s.

J J

From now on, we use a standard notation v = (v{,v}) x (v5,v5) X -+ X (vl 4, vy, )
for a vector v € (R?)" x (C?)*. A similar notation is used for w € (R?)" x (C?)*.
The action of O on (R?)" x (C?)* is given by \-v =

(01(M)vh, a1 (M) x (02(A)v, 02(A)v) X -+ X (0r4s(A) V] 45, s (A)07 )

for any A € O and any v € (R?)" x (C?)*.
Now, we define the height function ht(-) from X to R* as follows. On

R and on C we consider the usual absolute value | - | and for any (v},v}) in
R* or in C* by the norm |- | we mean |(v},v])| = max{[v}],|v]|}. For a vector

v = (v],v]) X (v, v5) X -+ x (v, vr,,) in an O-submodule A € X we define the

‘norm’ by
r+s

loll = T T o5, 01
j=1



KADYROV 705

where

{1, if j€{1,2,...,r}
5]':

2, ifje{r+1,r+2,...,r+st
Now, we define the height of A:

ht(A) := max{|jv|]|~" : v € A - {0}}.

We note that this is well defined as ||v|| # 0 whenever v # 0.
Definition. A nonzero vector v in an O-submodule A is said to be primitive if

(Fv)NA=0Owv.

Lemma 2.1.  Up to multiplication by units, for any element A € X there can
be at most one primitive (short) vector of norm < 1.

Having only one short vector is crucial throughout the paper. Obtaining
similar results as in this paper for spaces that allow more than one primitive short
vectors requires different techniques (cf. [2]).

Proof. Assume by contradiction that there are two distinct primitive vectors
e, f € A such that |le|| < 1,||f] < 1 up to multiplication by units. Let e =
(€ €)X (¢ ) X+ X (€ yr et y) and £ = (Fls f1) X (o f) X -+ X (Flyar £13s).
We pick v — (1], 07) X (0, 04 - X (01, 1) and w = (1, ) x (1w, W) X - -
(w].,, wy, ) which generate A over O as a submodule and satisfy the property

(ii). There are Aj, Ao, 11,9 € O such that e = \jv+ Aw and f = vjv+ pw. We

have
r+s ’ " d; r+s ’ " 0;
e e gi(A1) oj(A) ) ( AT ))
| Idet 7 = | |det J J g
= ( fi ff ) : <( oi(n) o0j(12) wh Wy

~
~
<

. v, vl .
where {01, ...,0,.s} = S°°. Since, det S =1for j=1,2,...,r+ s we
wj W
must have
r+s r+s
/gl 1"pINd; 5
H(ejfj — € j) 7 = HO’j()\QVl — )\1V2) 7.
Jj=1 Jj=1

We now claim that sy # Ajrs. Otherwise, we see that %e = v+ ”i\—’l\?w =f
where without loss of generality we assumed that A\; # 0. Then we have
fe(Fe)yNA=0e and e € (Ff)NA = Of which imply, upto multiplication by
units, that e and f are the same which is a contradiction.
Since A1, A9, 1,15 € O, from the above claim we obtain that
r+s
HO’j()\QVl — )\1V2)6j = N()\Ql/l — )\1V2) 2 1

j=1
where N(-) is the number theoretic norm. It follows that

r+s

[Tty — ey > 1. (2.1)

j=1
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From Cauchy-Schwartz inequality we see that

(€55 — 50| < (e, el - 1(f5, 17

Hence,
r+s r+s r+s
ITTcesrs =it < TG en® - TTIC £% 1 = llelll £l < 1.
j=1 Jj=1 J=1

Thus, we obtain a contradiction to (2.1). Therefore, up to multiplication by units,
there can be at most one primitive short vector of norm < 1. [ |

We will need the following well known fact (see for example [10]).
Lemma 2.2. T is a lattice in G and X is pre-compact.

The idea of the proof is to embed G as a Q-group in SLj(12s)(R). This
identification goes deeper namely that the points of the module are identified with
the points of the lattice and the || - || function we considered above is just the
Euclidean norm on R2("+2%)  This gives that I' is a lattice in G and moreover
using Mahler’s compactness criterion we obtain that X_,; is pre-compact.

3. Main Ingredients and the Proof of Theorem 1.1

In this section we will state Lemma 3.2 and Proposition 3.3 without proofs and
show how they can be used to deduce Theorem 1.1. To make use of both Lemma 3.2
and Proposition 3.3 we need the following lemma which gives an upper bound for
entropy in terms of covers by Bowen balls.

Define a (forward) Bowen N-ball (of radius n) to be the translate By for

some ¢ € X of
N-1

By = ﬂ a”Bf a "
n=0
where 1 > 0 is fixed such that the log map from Bf]; to the Lie algebra of G is
injective.

Lemma 3.1. Let p be a T-invariant ergodic probability measure on X . For
any N > 1 and ¢ > 0 let BC(N,¢€) be the minimal number of (forward) Bowen
N -balls needed to cover any particular subset of X of measure bigger than €. Then

... . log BC(N,e)
() = lign inf 2=

To prove the lemma one roughly uses the trivial entropy bound, namely

H(¢) < log [¢]

where |£] is the number of elements of the partition £ and the existence of fine
partitions with thin boundary. The proof is left to the reader which is very similar
to [3, Lemma B.2].
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For M, N > 1 given we define a partition

N-1

QuN = \/ T {Xcnm, Xsm}

n=0

log log M )N

Lemma 3.2.  The partition Qyn has < O Clog it elements for any M >
ehmax(T) gnd N € N where implied constants do not depend on M, N .

Here X < Z means that there exists a positive constant ¢ such that
X < c¢Z. Also, X <4 Z means that the constant ¢ depends on d. The proof of
Lemma 3.2 is given in § 4.

The partition elements of () can be described by the suitable subsets
of [0, N — 1] in the sense that for any @ € Qu n there exists V C [0, N — 1] with
integer end points such that

Q={reX:VYnel[0,N—-1],T"(x) € X5 if and only if n € V}.

In this case, we denote Q@ by Q(V).

Proposition 3.3.  For any M > <) the partition element Q(V) € Qun
with Q(V) C X< can be covered by

log log M %
&y OVTERTON hmax (T)(N =151

Bowen N -balls for any N € N where the implied constant in O(-) is independent
of M,N .

The proof of Proposition 3.3 easily follows from Proposition 5.1 together
with Lemma 4.1 and it is given after the statement of Proposition 5.1.

Proof.  [Proof of the Theorem 1.1] Note first that it suffices to consider ergodic
measures. For if p is not ergodic, we can write p as an integral of its ergodic
components p = [ pd7(t) for some probability space (E,T), see for example [4,
Theorem 6.2]. Therefore, we have pu(Xsu) = [ p1e(Xsa)dr(t), but also h,(T) =
[ b (T)dr(t), see for example [11, Thm. 8.4], so that the desired estimate follows
from the ergodic case.

Suppose that p is ergodic. Let M > e3max(T) be such that pu(X.y) > 0.
Later in the proof we will show how one may choose M independent of y which
is crucial in obtaining the last part of the theorem. We would like to apply
Lemma 3.1. For this we need to find an upper bound for covering a subset of
X of measure € by Bowen N-balls. Let us fix € > 0 such that u(X.y;) > 2e. The
pointwise ergodic theorem implies

as N — oo for a.e. © € X. Thus, there is Ny such that for N > N, the average
on the left will be bigger than u(Xsy) — € for any = € X; for some X; C X with
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measure p(X;) > 1 —e. Clearly, for any N > Ny we have u(Z) > € where
Z=X1NXcpy.

Now, we would like to find an upper bound for the number of Bowen N -balls
needed to cover the set Z. Here N — oo while € is fixed. We now split
Z into the sets Q(V) as in Proposition 3.3. By Lemma 3.2 we know that we
O(loglogM) .
need <,y e logM many of these. Moreover, by our assumption on X; we
only need to look at sets V C [0, N — 1] with |[V| > (u(X>py) — €)N. On the
other hand, Proposition 3.3 gives that each of those sets (V) can be covered by
<L eo(loilgO%JM)Nehmx(T)(N’%'V‘) Bowen N-balls. Together we see that Z can be
covered by

& oy OCTTIN hmax (T)(N =3 (1(X200) =€) N)

Bowen N-balls. Applying Lemma 3.1 we arrive at

log BO(N
h(T) = 1ﬂi£f%(’e)

< Punax(T) (1 -

Since € > 0 was arbitrary, we get that

Ba(T) < P (T) (1 - @) +0 (llglg—ﬁj”) (3.1)
which can be rewritten as
2
w(Xop) >1-— m(hmaX(T) hu(T)) — ¢(M)

where ¢(M) = O (bglﬂ)

log M
We now argue that the theorem holds for any
M > My := max{e3rmax(T) 100}
Clearly the theorem holds if u(X<pg) > 0 so that we may assume pu(X<p) = 0.
Let us define the number M, by

M, :==1inf{M > My : (X<nr) > 0}.

The above argument implies that (3.1) holds for any M > M,,. If u(Xcp,) > 0
then (3.1) also holds for M = M,,. Otherwise if p(X<p,) = 0 then

nh—>r20 (X, 1) = p(Xon,) = (X, ) = 1.

Now, using (3.1) for M + 1/n instead of M and taking the limit as n — oo we
get (3.1) for M = M,,. For any M € [My, M,) we need to prove that (3.1) holds.
Since pu(Xsp) =1 for M < M, we see that (3.1) simplifies to

Pmax (T) log log M
T) < ——— .
h“( )< +0 ( log M
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Since loi ?iM is decreasing for M > 100 and since the above equation holds for

M = M, it clearly holds for any M € [M,, M,).

For any M > max{e?’h"‘ax(T), 100}, one can approximate the characteristic
function of X_j; by continuous functions with compact support and use (3.1) to
obtain the last part of the theorem. [ |

4. Partitions

For given M, N > 1 we recall the partition Qu n = \/TJZV:_O1 T "{ Xy, Xom} In
this section we estimate the upper bound for the cardinality of ()a;n to prove
Lemma 3.2. Later we consider the refinement Py of the original partition Qs n
which is crucial in obtaining Proposition 5.1.

From now on, for simplicity, we assume that a; > 0 for any j € [1,7 + s].
This in particular implies that the unstable subgroup U™ is a subgroup of lower
unipotent matrices in G. Also, with this assumption a component vector (v}, vy)
under the iterations of T is getting short, that is |(v},v7)| > [(vje®/2, v]e=%/?)],
means that [v}| > [v]]e%/? as otherwise if a; < 0 then we would get [v]/] > [v]]e%/.
Hence, the assumption a; > 0 is simply a matter of ordering the coordinates of
component vectors.

4.1. Proof of Lemma 3.2. For any x, the partition element of ()5; y containing
x describes the time moments in [0, N — 1] for which = stays above height M (and
hence when it is below height M) under the action of T. So, we need to calculate
the possible configurations of times in [0, N — 1]. Our main tool to calculate the
upper bound for the possible configurations is Lemma 2.1. If there is a time when
a point z (under the action of T') is above height M then there is a considerable
gap until the next time (if any) when z reaches height M again. This is because
the vectors in x can get short (under the action of T') at most once and for another
vector in x to become short the earlier vector has to become of norm 1 at least.
Now, we explicate the above discussion. Assume that for a vector v € (R?)" x (C?)*
we have ||v| = H;:; (v, v7)|% > 1. We would like to know an estimate for the
smallest possible time n for which the vector v reaches the norm < 1/M under
the action of T. It is easy to see that the best possible n occurs for example when
v; =0 for j =1,...,r + 5. In this case, at time n we must have

r+s 1
IT 0. I <

Since ||v]| > 1, we must have e B Xiiad < 1/M which gives

2log M
n>-———.
~ h, + 2h,

Similarly, for a vector of norm at most 1/M , under the action of T, the smallest
possible time moment when the norm becomes greater than 1 is again > ilj’rg;}‘f .
We also note that for any vector v in z if the sequence (|| T"(v)||)n>0 gets increased

at some time then it becomes monotone increasing from that time moment. Thus,
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in a time interval of length 2[21‘352% |, for any point x in X there can be at

most one time interval on which z stays above height M. Hence, Q,, | 2log | has

L rans
2log M
at most < hréﬂhs ) < log? M many elements. On the other hand, to obtain

Qv we need to take refinements of |

WJ many pre-images of @, | ZlogM |

hr+2hg Lhr+2hg
and at most ZLE:ig;fZJ — 1 many of {X_y, Xsar}. For M > €72 we have
N N _N(h+2n)
I I =
2[/3,?22@ -1 ;‘;‘igzji\z/[s =3 log M

Hence, we obtain that the cardinality of Qs n is

N (hr+2hs) 2(hr+2hs) loglog M

<< (10g2 M) log M S e log M

This completes the proof. [ |

4.2. The refined partition P, y. We now consider the refinement Py of
Qum,n. It is a bit technical and the reason why this refinement is needed comes
from the product structure of the space G and in particular the way we define the
height function ht(-). The partition elements of @y n give information regarding
when the trajectory of a point under T goes into the cusp and when it comes back.
Due to the way the height ht(-) is defined this does not provide much information
on individual components (v}, v}) of the short vectors v € (R?)" x (C*)® even if
we know that || T"v|| is decreasing on some time interval in [0, N — 1]. Thus,
what we really need is a partitioning of the space X which describes whether
components of short vectors under iterates of T decreases or increases. On the
other hand, if a component vector gets shorter in n iterates under T, that is, if
| T (v, %) = [ (V] enai/? v"e*”aﬂ/2)| < |(vj,vj)], then it is easy to see that we must

have [v] |e”“3/ 2 < |v” |. This simple observation hints the importance of knowing

/

the ratios ‘ ,,| of component vectors. Thus, elements of our new partition Py n

should describe these ratios (cf. (4.6)) of component vectors of short vectors as we
define now.

Our goal is to refine the partition @)y further by partitioning most of its
elements. Let () be one of its elements. Then there exists V C [0, N — 1] such
that

Q:=0QV)
={xeX: foralln e [0,N —1],T"(z) € Xsy if and only if n € V}. (4.1)

We split V into maximal intervals VY, ..., V)Y forsome k € N. For m =1,2,...,k
we write VY = [bY b)Y +0V].

For any j € [1,r + s] recall the fixed number a; appeared in the definition
of T. Foreach j € [1,r+s| and m € {1,2,...,k} let us decompose the extended
reals into the following £Y + 2 subintervals:

Lo (Vo) = [=00, ], Ty 1,5(V)) = (b, + Caj, 0], (4.2)
L (VYY) = (b)) + (n — 1)a;,bY, + naj] for n € [1,07]. (4.3)
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We write
(VY)Y ={L.;(V.)) :n 0,67 + 1]} for m € {1,2,...,k} and j € [L,7 + s].

We first note that for any x € () there exists a unique primitive vector
\z
v € TP»~!(z) such that

1
| T"(v)|| < 57 forne [1,6Y +1]. (4.4)

We fix m € {1,2,...,k} and for each j € [1,7 + s] we pick one interval J;(V,Y)
from the set Z;(V}Y) and consider the product set

JV) = Ji(Vi) o % T (V). (4.5)

Now, for any such product set J(VY) we associate a partition element, which could
be empty, in ) given by

QJ(VY)) :={z € Q : Fv € T" () such that (4.4) holds and
| = |v}]e® for some s; € J;(V,Y) —by}. (4.6)

For any m € {1,2,...,k} we fix one partition element Q(J(V)Y)) as in (4.6) and
define the following further refined partition element

P={) QU (4.7)

m=1

In this way, for any choice of @ € @ n and any choice of J(V}Y) as in (4.5) we
obtain one partition element which is contained in (). The collection of all possible
P asin (4.7) gives a refined partition Py n of Qurn-

For further motivation why the partition Py n is crucial we refer to § 5, in
particular see Lemma 5.2.

Lemma 4.1. For M > &*'max(T) gnd N € N the cardinality of the partition

log log M
O( log M )

Py n o constructed above is < e where the implied constants are inde-

pendent of M, N.

Proof.  Consider a partition element Q(V) of Qurn asin (4.1). Let Q(J(V,Y))
be as in (4.6) and P be as in (4.7). There are at most (|V,Y| +2)"* possible ways
to choose J(V)Y) and hence (|V,Y| 4 2)"** possible ways to choose Q(J(VY)) for
a fixed m € [1,k]. Thus, the number of partition elements of Py, x contained in

Q(V) is
(VP +2) (VY| +2) 5 (VY| +2)"
= exp ((r + s)[log(|V}¥| + 2) + log(|Vy| +2) + - - - + log(|V}'] + 2)]) -
This is
< exp((r + s) log(|[VV[|V’]...[viY ).
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We have

WL+ V2 + o+ VYN (N
v < (PR B < ()

Also, note that for the function f(z) = (£)* = (N)%e *'87 its derivative
£/(x) = (V)" log(N)e~57 4 ()%~ log.z — 1)
= (N)*e "°8%(log(N) — logz — 1).

Hence f(z) = (&) is increasing on [1,Y]. On the other hand, from the proof of
Lemma 3.2 we know that

F < { . N J - [(hr+2hs)N" gmax{l, (hr+2h5)N}‘

21og M
hr+g2h 2log M log M

If k=1 then ({)¥ = N. Otherwise, k < (B t2h)N - and for M > efhrt2hs) we

log M
have
(hr+2hs)N

N k _ N log M B logM (thng’Jt;)N
k) = Uzﬁg;f&w ~ \ h, + 2h, '

Hence, the number of partition elements of Py contained in Q(V) is < e(7+s)18(N)
if k=1 and otherwise it is

low M (hr+2hs)N

0 log M loglo

< exp ((r + s)log (( i ) )) < OURGTIN.
r+s

In either case, the number of partition elements of Py contained in Q(V)

log lo M
is < % Sogar IV Thus, together with Lemma 3.2 we deduce that Py, ny has
log log M
< 9 a7 )NV olements for M > 3hmax(T) ]

5. Main Proposition

In this section we calculate the number of Bowen N -balls needed to cover each
partition element of Py n. We recall that a Bowen N-ball is an image of By =
ﬂn 0 a"BG " in X. We note that the Bowen balls are balls in a different metric
that mduces the same topology.

Let M, N > 1 be given. Let P be a partition element of Py y as in (4.7)
such that P C X_.j;. We recall that by definition V is a subset of [0, N — 1]
and for all n € [0, N — 1] we have that T"(z) € X5 if and only if n € V. In
particular, the additional restrictive assumption above is equivalent to V being in
(0, N —1].

Proposition 5.1. The partition element P € Py n with P C Xop can be

covered by .
max N -~ V|
<< CO log M ehmax (T)(N o )

Bowen N -balls for some universal constant co > 1.
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Proof. [Proof of Proposition 3.3] We note that we partitioned any element
Q(V) € Qun into elements P of Py y as in (4.7). From Lemma 4.1 we know

log log M
that there are at most < ¢?Clogir N such elements of Py for M > e3hmax(T),

log M
On the other hand, using Proposition 5.1 we deduce that each such element P
hmaX(T>

N _
can be covered by < ¢, log M hmax (T)(N— 15

) Bowen N-balls. By enlarging the

hmax (T) N log log M
. .. . N
implicit constant in O(-) we may assume that ¢, " < PCoanr N Thus, we

conclude that any partition element (V) with V € (0, N — 1] can be covered by

<Lur OCTgS N ghmax(T(N=51) Bowen N-balls which completes the proof. [ |

We now return to the statement of Proposition 5.1. Roughly, we note that
since the number of elements of Py n is slow exponential as N — oo, to calculate
the entropy it is sufficient to consider the covers of each partition element Py y
by Bowen balls. Since we only need to count the number of covers of most of
the space X (cf. Lemma 3.1) it is reasonable to consider only the partitions
P € Pyny with P C Xcp. It is not hard to show that each such partition
element P can be covered by < e"max(MN Bowen N-balls. Thus, the significant
factor in Proposition 5.1 is e_hmafm'v‘.
we need some preliminary preparations.

Before we start proving Proposition 5.1

5.1. Restrictions of perturbations. If there are two points in X_;; which
are n-close to each other such that they both stay above height M for some time
interval, then we would like to say that these points must be even closer to each
other in the unstable direction U'. This is not true in general. However, if
additionally we know that they are in the same partition element of Py x then
we will show that this is indeed the case.

As before let U™, U™, L be the unstable, stable, and centralizer subgroups
of G w.r.t. a respectively. We naturally identify U™ with a subspace of R" x C*.
We note that when a; # 0 for all i = 1,2,...,r+s, this subspace is R" x C? itself.
We let ut(t) € U be the element that corresponds to t = (tq,ts,...,t4s) €
R” x C®. For the rest of the section we fix one P € Py y as in (4.7). Recall

that VY = [bY b +(Y],m = 1,2,...,k are the maximal intervals such that
YV =Uk_ VY. We fix VY for some m = 1,...,k and for simplicity we denote

VY = [b,b+(]. From (4.7) we know that P = " _, Q(J(V,Y)) for some Q(J(V,Y))
as in (4.6), namely

QJ(VY)) :=={x € Q: Jv € T"!(z) such that (4.4) holds and
W] = [v}|e% for some s; € J;(V,Y) —b}. (5.1)

Lemma 5.2. Let v,y € PN TN Y X)) with T (y) = T Y(z)u*(t)g for
some ut(t) € Bf][/; and g € Bg/;L. Then for any j € {1,2,...,7 4+ s} we have
|t;] < "= where n; is the left end point of the interval J;(V)Y).

Proof. If J;(VY) = [—o0,b] = I;(V)Y) then n; = —oco and in this case the
lemma is trivial. So, we may assume J;(V.Y) # I, ;(V)Y) so that n; > b.
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By maximality of V¥ and the fact that V C (0, N — 1] we know that
T (x), T (y) € Xy and
T"(T H(x)), T(T**(y)) € Xsp for any n € [1,1+ 1].

Thus there exist vectors v € T°"!(x) and w € T"!(y) such that (4.4) holds, that
is

| T ()], || T"(w)]| < 1/M for n € [1,¢+ 1]. (5.2)
On the other hand, from (5.1) for v, w in the standard notation we know that

//‘ _

[vj] = |[vi]e* and |w]

J
We note that v # 0 # wj since (vj,vf), (wj,wj) # (0,0) (they are rows of
matrices of determinant equal to 1) and s;,7; > 0. In particular, if n; is the left

end point of the interval J;(V¥) then we have

| = |w)|e’ for some s;,1; € J;(V,Y) —b.

vk w”
[vi < '™ and [l < el (5.3)
o ]

Also, we know that w = vu™(t)g. So, for g = (g1,...,gr4s) We have (w},w}) =

1 .
(v, v5) ( t (1) > g; = (vj +t;v7,v7)g; (under the assumption that a; > 0 where
d

u
0 1/d
(w), w}) = (d(vj + t;0]), u(v; 4 t;0]) + 05 /d).

a; is as in the definition of a). For g; = ( ) we obtain that

Now from (5.3) we get

,U/

_ |7
W—i_tj

J

bon; jwil (v + t;07)] v + t505

Wl fu(@) ) + 07 /d| v

since d is close to 1 and w is close to 0. Together with (5.3) we deduce that
It < et n

Lemma 5.2 alone does not tell us if x,y should be even closer to each other
in the unstable direction since for example n; could be equal to b. Even if n; > b
we still do not know an effective lower bound for n;. This is because we have
only considered one part of the defining properties of Q(J(V}Y)). We have not
considered the fact that x,y stay above height M in [1,¢+ 1]. In the next lemma
we use this fact to obtain the relation among the intervals J;(V.Y).

Lemma 5.3.  Let J(VY) be a product set as in (4.5). For any given element
v €QU(Vy)

we consider the vector v € T'™*(x) and the set S := {51,59,...,5.4s} asin (5.1).

We let s;,,...,s;, be all the nonpositive elements of S, sj,,...,s;, be the elements

satisfying s;, € (0, (€ + 1)a;,), and sg,, ..., Sk, be the rest of the elements of S so

that sy, > ((+ 1)ag, and L+ C+ R=r+s. Then, we have

c

(0+1) (Z(ainkin) + (aj k) — Z(aknkkn)> <2 (s5,ki).
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/

vl v7) of v. T acts on v

Proof. Let us consider the j-th component vector (v
and hence it acts on each of its components and we have

™ ((U;, v )) (véeme enaj/27 U;/efinejefnaj/2>

where as before §; =0 if j <r, and a; > 0 for any j € [1,7 + s|.Thus,

"leTmai/2 if na; < s;
™ : — max ’U/ enaJ/Q 1)// —na; /2|1 _ |Uj |€ J J
R e N B T
since |v}|e®/2 = [v/|e=*/2. We also note that
|(U’ U”>| |U,| if 85 < 0
7 Wi ifs; >0
Together we get
(Z+l)aj X
e 2 if s, <0
’ T“_l((vj? U] )>| (e Day; . ’
oo e 2 s € 0,0+ Day] (5:4)
i Y5 ey
e 2 if s; > ({4 1)a;.

By the assumption (4.4) on the vector v € (R?)” x (C?)* we have
Joll > 7 and | T"(0)]) < = for n € [1,0+ 1
v a7 A o)l < 5 forn , .
In particular, this gives

[T ()]

ol < 1L (5.5)

Now, from (5.4) and (5.5) we get

IT25 1T (v o))

I35 1), o)
C

(+1 (+1 ¢ (+1
= exp (T Z(aink,.n)+7Z(ajnkjn>—2(sjnkjn)—7 (aknkkn)) <1.

n=1 n=1 n=1 n=1

The exponent simplifies to

(0+1) <Z(ainkin) + ) ag k) = > (ag,kr, ) 2> (sj,k;,)- n

n=1 n=1 n=1 n=1

The next lemma shows how we apply the above two lemmas. The reader can
skip the lemma and come back when it is mentioned in the proof of Proposition 5.1.
Recall the identification of U™ with a subspace of R" x C?.
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Lemma 5.4. Let VY = [b,b+{] and Q(J(VY)) be as before and let B', B" be
given positive constants. Let us consider the set

D :={u(t) e UT: |t;] < B'min{n,e*™},j=1,...,r+s}
where n; is the left end point of the interval J;(V.Y). Then the set D can be
decomposed into

hmax (T>
4

<Ke
disjoint sets of the form E :={u(t) e UT : |t;| < B'ne ™" j=1,...,r + s}.

It is easy to see that the set E is roughly the unstable part of a Bowen £-
ball which hints the relation to Proposition 5.1. One can see that a unit ball in U™
can be covered by < efmax(T) translates of the set E. However, from the lemma
above we see that if we consider a subset of a unit ball in U™ whose elements stay
above height M under T on [b, b+ ¢] and moreover if the elements of this subset
behave similarly, that is, if the set is in the partition Q(J(V,Y)) then we have save
hiax(T)€/2 in the exponent.

Proof. For any j =1,2,...,7 4+ s let us consider the ball around 0 of radius
B'min{n,e* ™} in R or in C depending whether j < r or not and decompose it
into the small balls of radius B"ne . If n; < b (in which case n; = —o00) then
there are < € small subintervals if j < r and there are < e*% small balls if
j > r. Suppose n; > b. If j < r then there are < =" small subintervals
and if j > r then there are < €2(“% =) small balls. We note that if n; > b+ (a;
(in which case n; = b+ fa;) then there are < 1 small subintervals or < 1 small
balls depending on j. We have i1, ...,ir1, j1, ..., jo, k1, ..., kg as in Lemma 5.3. Now,
let 4}, ...,7}, be the subset of {iy,...,i,} which are <r and 7, ...,4}, be the rest.
Similarly, we consider the subsets ji, ..., j¢v and jf, ..., jéw of ji, ..., jo. Therefore,
the set D contains at most

I
< exp (62% +2€Zal” +€Za]/ +bC’
ol C”
— anf + 2( KZCLJN +bC" — an )
I % c’ o
=exp (f (ZCL% + ZZCL%{ + ZCL% +22am>

n=1 n=1 n=1 n=1
Cl CII
+(C+2C") = Ty —2) njg)>
n=1 n=1
L C C C
= exp (5 (Z(ainkin) + Z(ajnkjn)> +b> Ky, — Z(”n’%)))
n=1 n=1 n=1 n=1

many disjoint sets of the form F.
On the other hand, Lemma 5.3 gives

(0+1) (Z(ainkin) + > (ai.k;) = > (an, by, ) 2> (s.k5.)
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where s;, € J;, (V.Y) — b= (n;, — b,n;, +a;, —b]. Thus,

(0+1) (Z(ainkin) +) (aj,k;,) — kankkn)) <2 ((nj, +a;, = b)k;,)

n=1 n=1

and since S (ag ki) + 05 (a5, k) + o8 (ak, k) = By + 28 = Bnax (T) we
obtain

L C
g—i—l (22 G/Zn an Z(ajnkjn> - max > < 22 i, +ajn )kn>

n=1

Dividing both sides by 2 and simplifying the expression we get

L C C
é (Z(aznkln) + Z CL]n i > + b Z kfjn Z njnkjn)
n=1 n=1

n=1
L

< — aln zn

n=1

(0 + 1)hpmax(T)
5 .

Hence, the set D can be decomposed into

L exp (— Z(aznk%) + (6 + 1>hmax(T>> < exp (h'ma;(T) E)

2

n=1

disjoint sets of the form F. [ |

5.2. The proof of Proposition 5.1. Let P € Py y be given. Since X )/ is
pre-compact it suffices to restrict ourselves to a neighborhood O of some xy €
XceyNP. Welet O = ZL'OBnU/ng/QL be a neighborhood of such zy € X_j5; and
define the set Po(V) by

Po(V)=0nNP.

hmax (T> N

It suffices to prove that the set Po(V) can be covered by < ¢, *5¥  ehmax(D(N=3[V])
Bowen N -balls for some universal constant ¢y > 1.

Let us make some observations. If we consider the image of O under T"
we obtain the set

T"(0) = T"(x0)(a " Byjpa")a " By p a"

We see that the jth component of the U™ -part gets stretched by the factor e™*
Here again we naturally identify U" with a subspace of R” x C*. Under this
identification, dividing (a ”BU/ a™) into H;;Lf [en]% many small parts we obtain
the sets of the form

for some ut € UT. Now, if we take the pre-image under T" of these sets then we

obtain the similar sets
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as before. It is not hard to see that the set T*”(T"(:Eg)qu)a”Bg/;a*”Bg/;L is
contained in the forward Bowen n-ball T7"(T"(zo)u™)B, . This in particular
shows that O can be covered by < e(*»+2")" many forward Bowen n-balls which
is the reason why the maximal entropy hyax(T) is h,. + 2h,. However, using
Lemma 5.4 we will show that we in fact need fewer Bowen balls to cover the set
0.

Let us recall that we decompose V into ordered maximal subintervals VY
so that we have

V=V Yulyu..uv

Now we let [0, N —1]\V = W3 UW, U ...U Wy where W,, are again ordered
maximal intervals. We inductively prove the following:

If[0,b—1] =V YuVyu..uVy UW,UW,yU..UW, then for some
constant ¢y the set Po(V) can be covered by

(Wl+---+ IV%_ll)D

< exp (hmaX(T) [(b —-1) - 5

pre-images under T°1 of sets of the form
Tb_l(xo)quBnU/;a’bHBg/;Lab’l. (5.6)

For the interval [0,0] the claim is obvious. Now, assume that the claim is true for
the interval [0,b— 1] as above. In the inductive step, if the next interval is W44
then once we divide each set obtained earlier into

7+
H (elwnlﬂ |aj" d; < Coehmax(T)(|Wn/+1 )
7j=1

small ones for some constant cg, we just keep all of them. So, assume that the
next interval is V¥ = [b,b+ ¢]. Let Y be one of the sets (5.6) obtained in the
earlier step. We would like to estimate the upper bound to cover Y by pre-images
under T* of sets of the form

Tb—1+€(x0>u+ (t)B%;a_b“_eBg/;Lab_l”. (5'7)

We are interested in the points # € Y for which T~""!(z) is in Q(J(V}))).
We know by assumption that xg is one of them. If x € Y is another one then by
Lemma 5.2 there exists t € BS{;QXCS such that « = wou*(t)g for some g € B "
and for j € [1,r + 5], |t;| < €®™™ where n; is the left end point of the interval
J;(V¥). Hence the set we are interested in corresponds to the set D in Lemma 5.4
and each set as in (5.7) corresponds to the set E as in Lemma 5.4. Thus, if
necessary enlarging the constant ¢y appeared earlier, using Lemma 5.4 we see that
once we divide Y into the sets of the form as in (5.7) we only need to keep

hmax (T) vy
< cpe 2 gzcoehmax(T)(g 5)

many of them. Hence, we conclude that the set Po()) can be covered by

(Wl + - + |Vn‘i|)D

< CSH"I exp (hmaX(T) {(b —14+/0) —
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pre-images under T®™*~! of the sets of the form

TbH*l(xg)u+(t)B,[]]/;a_b_ZHBgf/;LabM_l.
Now, we let b = N to obtain that the set Pn()) can be covered by
(V- + |Vkv|)D
2

< i exp (hmaX(T) {N —

many Bowen N-balls. On the other hand, the proof of Lemma 3.2 suggests that
k and hence k' are bounded above by

N

o 2log M |
23]

Thus, the set Po(V) can be covered by

hmax(T)N V|
<< CO log M ehmax(T)(N_T)

translates of Bowen N -balls, which completes the proof. ]

6. Proof of Theorem 1.3
We recall that a, = max{aj,as,...,a,4s} and D = dim U™ . One can easily obtain

the following lemma.

Lemma 6.1. For any N € N, the set aNBn/Qa_NBU L can be covered by

n/2
& elPas=hmax(DIN translates of BL’{G,E*NB% L.
2 2
The proof of Proposition 5.1 together with Lemma 6.1 at once give
Proposition 6.2.  The set P can be covered by

hmax (T) N

<<M CO log M (DNG,*— hmang”V‘)

+ - . .
translates of Bge,a*NBg L in X for some universal constant co > 1.
2 2

Proof. From the proof of Proposition 5.1 we know that the set P can be
covered by

<um ¢ Tog M 6hmax(T)(N77)
translates of aNBnﬂa NBf]]/ZL in X. Thus, Lemma 6.1 finishes the proof. ]

For any fixed N € N and for any = € X we associate V, C [0, N — 1] such
that for any n € [0, N — 1]

T"(x) € X>p if and only if n € V,.

As in the introduction, let v be a measure on X of dimension d in the unstable
direction. For any & > 0 we note that V(Blnﬁ_a* BY F) <« e »@=9N = Using
2

Proposition 5.1 together with Lemma 4.1 and TLemma 3.2 it is easy to obtain the
following (cf. [2, Lemma 6.2]).
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Lemma 6.3.  For any 6 > 0,k € [0,1] and for any N, M > 1 large, we have

v(iz € Xyt |Ve| > kN)

Pmax (T) log log M
< exp({Da*— 5 /i—(d—d)a*—i-O( log M N |.

Proof.  [Proof of Theorem 1.3] We follow the proof of [2, Theorem 1.6]. The

Amax (T
—m;"( ) so that we may assume
(e

d>D— h“‘L We first estimate an upper bound for py(Xsy) when M, N > 1
large. We have

conclusion of the theorem is trivial when d < D —

=
pn (X)) = N v(T7"(X>m))
n=0
= =
=y 2 v(Xeawr DT (Xou)) + 5 ;) v(Xon NT™( X))
=
S N I/(X<MmT_n<X2M))+V(X2M)

i
o

It suffices to estimate is + Zn S (X NT™(Xsy)). For this, we note that

=

1
N

n

V(X NTT(Xm))

I
o
2

:%Z Z {re Xy Vo =WNT " X>n)),

n=0 WC[0,N]

where the term v({z € Xop : V, = W} N T ™(Xsp)) is either 0 or is equal to
v({x € Xcp : V, = W}). Switching the order of summation yields

1
=5 E Wiv({zx € Xepr: Ve =W
WC[0,N—1]

— %Zu/({aﬁ € Xey | V| =1})

LHNJ N
§ 2l e Xt Vol =)+ 3 ivtle € X [V = )
z:[HN]

1
< NL/&NJ v(Xen) + NNV({JU € X |Va| > kN})

Let K(M,d) > 0 be the implicit constant appeared in Lemma 6.3. Then we obtain

=

—1

1 max o o

N > u(XeuNT " (Xour)) < 5+ K(M, §)e(Par =" P (@-8)a.+O(REAM )N |
n=0
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Therefore we get that

v (Xoar) < €M) + 5+ K (M, §)e(Per= "5 (@00 0(FE))IN - (6.1)

By assumption we have d > D — }”“ST"*(T) so that 2a,(D —d)/(hmax(T)) < 1. Now,
for any k£ € (2a.(D — d)/(hmax(T)), 1] we may pick § > 0 small enough so that

DCL* . hmax(T)
2

log log M

for sufficiently large M. Thus, for any € > 0 we may choose M sufficiently large
so that

pn(Xsm) <k +e

which gives in the limit that p(X) > 1 — k. This holds for any
K> 2a,(D — d)/(hmax(T)).

Thus,
2a,(D — d)
X)>1—-—-
/’L( ) — hmaX(T) u
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