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Abstract. An analogue of a spectral triple over SU,(2) is constructed for
which the usual assumption of bounded commutators with the Dirac operator
fails. An analytic expression analogous to that for the Hochschild class of the
Chern character for spectral triples yields a non-trivial twisted Hochschild 3-
cocycle. The problems arising from the unbounded commutators are overcome
by defining a residue functional using projections to cut down the Hilbert space.
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1. Introduction

This paper studies the homological dimension of the quantum group SU,(2) from
the perspective of Connes’ spectral triples. We use an analogue of a spectral
triple to construct, by a residue formula, a nontrivial Hochschild 3-cocycle. Thus
we obtain finer dimension information than is provided by the nontriviality of a
K-homology class, which is sensitive only to dimension modulo 2.

The position of quantum groups within noncommutative geometry has
been studied intensively over the last 15 years. In particular, Chakraborty and
Pal [ChP1] introduced a spectral triple for SU,(2), and this construction was
subsequently refined in [DLSSV] and generalised by Neshveyev and Tuset in [NT2]
to all compact Lie groups GG. These spectral triples have analytic dimension dim G
and nontrivial K -homology class. However, when Connes computed the Chern
character for Chakraborty and Pal’s spectral triple [C1], he found that it had
cohomological dimension 1 in the sense that the degree dimSU(2) = 3 term in
the local index formula is a Hochschild coboundary. Analogous results for the
spectral triple from [DLSSV] were obtained in [DLSSV2].

Contrasting these ‘dimension drop’ results, Hadfield and the first author
[HK1, HK2] showed that SU,(2) is a twisted Calabi-Yau algebra of dimension 3
whose twist is the inverse of the modular automorphism for the Haar state on this
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compact quantum group, cf. Section 2. They also computed a cocycle representing
a generator of the nontrivial degree 3 Hochschild cohomology groups (which we
call the fundamental cocycle), and a dual degree 3 Hochschild cycle which we
denote dvol .

The starting point of the present paper is the concept of a ‘modular’ spectral
triple [CNNR]. These are analogous to ordinary spectral triples except for the use
of twisted traces. The examples considered in [CNNR] arise from KMS states of
circle actions on C*-algebras, and yield nontrivial K K -classes with 1-dimensional
Chern characters in twisted cyclic cohomology. In [KW] it was then shown that
they also can be used to obtain the fundamental cocycle of the standard Podles
quantum 2-sphere.

Motivated by this, our construction here extends the modular spectral triple
on the Podles sphere to all of SU,(2). This extension is not a modular spectral
triple, but as our main theorem shows, still captures the homological dimension 3:
we give a residue formula for a twisted Hochschild 3-cocycle which is a nonzero
multiple of the fundamental cocycle. This is obtained by analogy with Connes’
formula for the Hochschild class of the Chern character of spectral triples, [C,
Theorem 8, IV.2.7] and [BeF, CPRS1|. A natural question that arises is whether
our construction provides a representative of a nontrivial K -homology class.

The organisation of the paper is as follows. In Section 2 we recall the defini-
tions of SU,(2), the Haar state on SU,(2) and the associated GNS representation,
and finally the modular theory of the Haar state. In Section 3 we recall the ho-
mological constructions of [HK1, HK2], and prove some elementary results we will
need when we come to show that our residue cocycle does indeed recover the class
of the fundamental cocycle.

Section 4 contains all the key analytic results on meromorphic extensions
of certain functions that allow us to prove novel summability type results for
operators whose eigenvalues have mixed polynomial and exponential growth, see
Lemma 4.2.

Section 5 constructs an analogue of a spectral triple (A, H,D) over the
algebra A of polynomials in the standard generators of the C*-algebra SU,(2).
The key requirement of bounded commutators fails, and this ‘spectral triple’ fails
to be finitely summable in the usual sense (however, it is #-summable). Using an
ultraviolet cutoff we can recover finite summability of the operator D on a subspace
of H with respect to a suitable twisted trace. However, our representation of A
does not restrict to this subspace, and so we are prevented from obtaining a genuine
spectral triple.

In Section 6 we define a residue functional 7. Heuristically, the value of 7
on an operator 7T is given by

7(T) = Res,_3Trace(A ™ PT(1 + DQ)—S/Q).

Here A implements the modular automorphism of the Haar state, D is our Dirac
operator and P is a suitable projection that implements the cutoff. The existence,
first of the trace, and then the residue, are both nontrivial matters. Also, as
the referee has pointed out, there are other choices of projection which may be
employed, and we say more about this in our concluding remarks.
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The main properties of 7 are described in Theorem 6.3, and in par-
ticular we show that the domain of 7 contains the products of commutators
ao|D, a1][D, as][D, ag] for a; € A. In addition, 7 is a twisted trace on a suit-
able subalgebra of the domain containing these products. The main result, The-
orem 6.5, proves that the map ao, ...,a3 — 7(ao[D, a1][D, as][D, as]) is a twisted
Hochschild 3-cocycle, whose cohomology class is non-trivial and coincides with (a
multiple of) the fundamental class.
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Victor Gayral, Jens Kaad, Andrzej Sitarz and Joe Varilly for stimulating discus-
sions on these topics. The second and third authors were supported by the Aus-
tralian Research Council. The first author was supported by the EPSRC fellowship
EP/E/043267/1 and partially by the Polish Government Grant N201 1770 33 and
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2. Background on SU,(2)

The notations and conventions of [KS] will be used throughout for consistency.
We recall that A := O(SU,(2)), for ¢ € (0,1), is the unital Hopf x-algebra with
generators a, b, ¢, d satisfying the relations

ab = gba, ac=qca, bd=qdb, cd=qdc, bc=cb
ad =1+ gbe, da=1+q 'be

and carrying the usual Hopf structure, as in e.g. [KS]. The involution is given by

*

at=d, b"=—-gc, ¢ =-—q'b d'=a.

We choose to view A as being generated by a, b, ¢, d explicitly, rather than
just a,b, in order to make formulae more readable.

Proposition 2.1 ([KS, Proposition 4.4]).  The set

{a™™c", b™c"d® | m,r,s € Ny, n € N}
18 a vector space basis of A. These monomials will be referred to as the polynomial
basis.

Recall that for each [ € %No, there is a unique (up to unitary equivalence)
irreducible corepresentation V; of the coalgebra A of dimension 2[4 1, and that A
is cosemisimple. That is, if we fix a vector space basis in each of the V; and denote
by téjj € A the corresponding matrix coefficients, then we have the following
analogue of the Peter-Weyl theorem.

Theorem 2.2 ([KS, Theorem 4.13]).  Let [, :={—=l, =1+ 1,...,l—1,l}. Then
the set {t., | 1 € iNo, r,s € I} is a vector space basis of A.
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This will be referred to as the Peter-Weyl basis. With a suitable choice of
basis in V% , one has

NI
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| Nl

N|=

, b=t
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The expressions for the Peter-Weyl basis elements as linear combinations of the
polynomial basis elements can be found in [KS, Section 4.2.4].

The quantized universal enveloping algebra U,(sl(2)) is a Hopf algebra
which is generated by k, k™!, e, f with relations

k2 _ k_2

kk™'=k'k=1, kek™'=qe, kfkT'=q'f, [e,f]= qg—q

Note that in [KS] this algebra is denoted by U,(sly) and U(sly). The algebra
U,(sl(2)) carries the following Hopf structure

Alk)=k®k Ale)=e@k+k'®e, A(f)=fRk+k'af
S(k)=k", S(e)=—qe, S(f)=—q"'f
e(k)=1, e(e)=¢(f)=0.

Adding the following involution
K=k e=f [=e
we obtain a Hopf *-algebra which we denote by U,(su(2)).

Theorem 2.3 ([KS, Theorem 4.21]).  There exists a unique dual pairing (-, -)
of the Hopf algebras U,(sl(2)) and A such that

=

<k7a’> =q 2, <k7d> :q%7 <6,C> = <f’b> =1
(k,b) = (k. c) = (e;a) = (e, b) = (e,d) = (f,a) = (f,¢) = (f,d) = 0.

This pairing is compatible with the x-structures on U,(sl(2)) and A.

The dual pairing between the Hopf algebras (-,-): U,(sl(2)) x A — C
defines left and right actions of U,(s((2)) on A. Using Sweedler notation (A(«a) =
Y- o) ® aqa)) these actions are given by

gra = Zx(l) (g,22)) a<g:= Zx(g) (g,z)), forall a€ A, ge U,/ sl(2)).

The left and right actions make A a U,(sl(2))-bimodule [KS, Proposition 1.16].
Our definition of the g-numbers is

=Qq¢ 7 —¢) for any z € C,

where we abbreviated @ := (' —¢)™! € (0,00). The following lemma recalls the
explicit formulas for the action of the generators on the Peter-Weyl basis.
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Lemma 2.4. Foralln € Z,
kn [> t’lf’,s = qnstf"78 tf"75 <] kn = ant’lf,S
evt = J[+3] s 42ty fotl =+ - s -4 .

Later we will use the notation

8kizkl>', 862:€l>', 8f::f>',

especially when we extend these operators from A to suitable completions. Also
observe that A(k™) = k™ ® k™ for all n € Z, hence k"> - and - < k™ are algebra
automorphisms on A. They are not *x-algebra automorphisms since for a € A we
have (k> a)* =k7'>a*, (a<k)* =a*<k™!. Finally, we introduce

On (ti,s> = Stfﬂ,sv

and we note that formally ), = ¢%% .

2.1. The GNS representation for the Haar state.

We denote by A := C*(SU,(2)) the universal C*-completion of the -
algebra A [KS, Section 4.3.4]. Let h be the Haar state of A whose values on basis
elements are

Mab"c™) = W(db"c™) = 0j00,m(—1)"[m + 1], h(t@s) = 010-

Let H;, denote the GNS space L*(A,h), where the inner product (z,y) =
h(z*y) is conjugate linear in the first variable. The representation of A on H,, is
is induced by left multiplication in A. The set {t., | I € 3No, r,s € I} is an
orthogonal basis for H; with

l I _ —2r —1
<tr,s7 tr’,s’> == 5l,l’5r,’r"5s,s’q [2[ + ]‘}q .

2.2. Modular Theory. Following Woronowicz, we call the automorphism
da) =k va<xk™ acA

the modular automorphism of A. The action of ¥ on the generators of A and the
Peter-Weyl basis is given by

19(&) = q2a’ ﬁ(b) = ba 19(6) =C, ﬁ(d) = q_Qd, ﬁ(ti’,s) = q_z(r*‘s)ti’s‘

The modular automorphism is a (non *-) algebra automorphism; more
precisely for any o € A
d(a) =9 (ab).

The Haar state is related to the modular automorphism by the following
proposition.

Proposition 2.5 ([KS, Proposition 4.15]).  For a, f € A, we have
h(af) = h(9(B)a).
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In fact, h extends to a KMS state on A for the strongly continuous one-
parameter group v,, w € R, of x-automorphisms of A which is given on the
generators by

ﬂw(a) = q_ina7 ﬁw(b) = b, 1911}(6) =c, ﬁw(d) - Qind.

We extend this to an action ¥. : C x A — A by algebra (not *-) automor-
phisms that is defined on generators by

'192(@) = q72’iza, ﬁz(b) = b7 192(C> =c, 192<d) e q2izd7

so that the modular automorphism ¥ is v;.
We can implement #,, in the GNS representation on H;,. To do this, we
define an unbounded linear operator Ar on A C H;, by

Ap(ty,) = ¢,
and call this the full modular operator. Then we have
V()€ = AW AZVE, forallz € A and & € H,.

The subscript F' denotes that this operator is associated to the full modular
automorphism ¢. In addition, we define the left and the right modular operators
on A C Hy by

Arltys) = ¢t Ar(ty,) =",

r,8) 7,87

so Ar = ALAr = ArAp. Just as Ap implements the modular automorphism
group, the left and right modular operators implement one-parameter groups of
automorphisms of A:

l _ 2qwsyl qwyl —jw ! _ 2qwryl w4l —jw
OLw (tr,s) =q tr,s - AL tr,sAL ) ORw (tr,s> =dq tr,s - AR tr,sAR :

As with the full action, the left and right actions are periodic and hence
give rise to actions of T on A. These may be extended to a complex action on
the x-subalgebra A which we will denote o, , and og .. In particular, we obtain
for z =7 the algebra automorphisms

o=k %>, op = <k,

Y =0L0Rr = OROYL, I(a)é = AZ'aARE,
O-L(ti,s) = q_QSti,s’ O-R(tfﬂ,s) = q_%tfgm

O'L(Oé)f = AleéALf, O'R(Oé>£ = AglaARé.

The fixed point algebra for the left action on A is isomorphic to the standard
Podles quantum 2—sphere O (5’3). We will denote its C*-completion by B. As the
left action is periodic, we may define a positive faithful expectation ®: A — B by

In(a—2 27/ 1In(q™?)
O(x) = (Q(IW )/0 or.w(x)dw.
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More generally, given n € Z and x € A we define

In(q-2) (2@
B, (z) = M) / oy (@) dw,
0

2

Since o, is a strongly continuous action on A, the &, are continuous
maps on A. Observe that & = &, and

(I)n<tlr,s> - n,2stlr,s

Hence the ®,, can be extended to bounded operators on the GNS space H;,, and
in fact the ®,, are projections onto the spectral subspaces of the left circle action.
So we make explicit the decomposition of A into the left spectral subspaces by
defining

B, :=®,(A) ={a € A|op.(a)=¢""a} and H,:= L*(B,,h)

where h is the Haar state (restricted to B, ). This leads to the following decom-
position for the GNS space
Hy= P Ha

n=—oo

The commutation relations for the projections ®,, and the operators 0, 0.
and Oy are found from the definitions on the Peter-Weyl basis to be
ae(I)n = (I)n—i-Qae 8]0(1)” = <I>n_28f .

The left actions of e and f are twisted derivations in the sense that for
a, B € A we have

Oc(aB) = 0c()0r(B) + Oy ' () 0c ()
0p(aB) = 0p(a)0k(B) + Oy ()5 (B) -

More generally, given o € A and £ € H,,

Du(a€) = 0.()AZE + 02 ()0(6) (€)= Op(@)AZE + 0E ()0s(6) (1)
— O,(Q)AZE + AT TaALd,(€) — 9, ()AZE + AL TaAId;(€).

See e.g. [BHMS] and the references therein for background on the generali-
sation of this setting in terms of Hopf-Galois extensions.

3. Twisted homology and cohomology

We recall that the algebra A is a ¥~ !-twisted Calabi-Yau algebra of dimension 3,
see [HK2] and the references therein for this result and some background. Since the
centre of A consists only of the scalar multiples of 1 4, this means in particular that
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the cochain complex C* := Homg (A%, C), with differential by-1 : O™ — C"*!
given by

n

(b 1) (@0, sy ) = D (10, 0i41, - )
=0

+ (—1)"“90(19*1(%“)&0, Ay, ... ,an),

is exact in degrees n > 3 and has third cohomology H?(C,bg-1) ~ C. An
explicit cocycle whose cohomology class generates H?(C, by-1) can be constructed
using the following incarnation of the cup product « in Hochschild cohomology:

Lemma 3.1.  Let oy, ..., 03 be automorphisms of A, [+ A— C be a cgod~to
03_1 -twisted trace, that is,

[as= [ oo o @
and 0, : A— A, p=1,2,3, be 0,_1-0,-twisted derivations, that is,

p(aB) = 0p-1()0p(B) + 9y()op(B).
Then the functional defined via the cup product by

(/ C Oy ag) (a0, ar, az, az) = /o—o(ao)a(al)ag(@)ag(ag)
is a V™! -twisted cocycle, by-1( [~ Oy~ Dy~ 95) = 0.
Proof.  This is a straightforward computation:
(bﬁl / CO by ag) (a0, ar, az, ag, @)
- / 0o(a0a1 ) (as)a(as) P (as) — / 00(10)1 (a10)Pa(az) s (as)
T / 00(10)1 (a1)Pa(a2a5)Ds (as) — / 00(a0)1 (a1)a(a) s (asas)
T / 000~ (ag)20) s (a1) s a2) D (a3)
. / 00(10)1 (a1)a(a2) s (as) s () + / 000" (a4))0(0)r (a1)Ba(as)Pa(as)

= 0. |
Less straightforward is that when applying the above result with
00:01:k_4l>', 0‘2:]{_29-’ O'gzid,

81 = (k:_4>~)08H, 82 = (k:_3>-)oae, 83 = (k‘1>-)08f

and a suitable twisted trace, one obtains a cohomologically nontrivial ¥~ !-twisted
cocycle.
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Lemma 3.2 ([HK2, Corollary 3.8]).  Define a linear functional f[l] :A—C by

/ a"bmc = n,Oém,OCSr,Oa / b d® = 5m7057o705570.
(1] [1]

Then f[l} is a 02 o V! -twisted trace, and the cochain ¢ € C? given by

Pl vvas) = [ (75 (an0m(an))) (655 0,(02) (K » Oy(a)
1]
is a cocycle, by-1p = 0, whose cohomology class is nontrivial, ¢ ¢ imby-1.
Later, we will also have to consider the cocycles that are obtained by using
the (twisted) derivations 0y, 0,0y in a different order. Explicitly, this is handled

by the following result.
Lemma 3.3.  In the situation of Lemma 3.1, define
Oy =000, 00s, Dy = Dyoay ' o0s, Dy 1= opo 0yt 00y, 0, = Oyoo; oo,
Then we have
/v81v82v83+/v31v53v52=bﬁ11/)1327

/V31V82v63+/\/52\/51\/83=bq91@0213,

where
Y132(ao, ar, as) 1=/00(@0)81(611)52(02_1(as(az))%
nilansar,a) 1=~ [ ao(ao)n(or (Ba(a)))Or(es)
Proof. Straightforward computation. [ |

Applying Lemma 3.3 repeatedly to the cocycle ¢ from Lemma 3.2 gives
cohomologous cocycles.

Corollary 3.4.  The cocycle ¢ from Lemma 3.2 is cohomologous to each of

©132(ag, a1, as, as) == —q > /[1] (154 > (ag 8H(a1))) (k’g > af(ag)) (k’l > Ge(ag)) ,

leg(ao,al,ag,ag) = — /m (]{3_4 I>CLO) (]{7_3 l>88(a,1>) (k’_2 D@H(ag)) (k‘_l > 8f(a3)) ,

ws12(ag, a1, as, az) == q > /[1] (k’4 > ao) (k’?’ > 8f(a1)) (k’z > 8H(a2)) (k’l > 8e(a3)) ,
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a1 (g, ar, az, as) = /[1] (k"> ag) (k%> 0(ar)) (k7" > 0p(a2)) (Ou(as))

and
p321(ag, a1, az, az) == —q /[1] (k?74 > ao) (kiB > af(Ch)) (ki1 Dae(%)) (Om(as)) -

Proof. To begin, one applies Lemma 3.3 to ¢ with

O3 = (k™ >-) 00y, Dy = (k%) 0d,0 (kK r-),

O =(k3>)0d., =k ">)odu()o (K >-).

The formulae for these derivations can be simplified by commuting 0. and k> to
obtain

Js = (k73b)0d;, 0y =q 2(k7'>)0d,, Oy = (k7>)0d,, O = (k"*>-)odu(-).
This gives @130 and 913. Then we can apply Lemma 3.3 again to ¢913. Going

from @913 to (312 is easy, since it only involves exchanging e and f. Next we
obtain 937 from 913 by applying Lemma 3.3 with

0'0:]{3_4l>', 0'120'2:]{?_2\>', 0'3:id,

01 = (]{3_3l>')086, 82 = (k_zb')oaH, 83 = (k_lb')oaf
which gives
532010051083263:(kilb')oaf,
52:820051003:(k*QD-)oaHO(kQD-):8H.

The last cocycle is obtained analogously from @3;5. [ |

A homologically nontrivial 3-cycle dvol in the (pre)dual chain complex
C, := A®c*t! (with differential dual to bg-1) has been computed in [HK1, HK2]:

dvol ' =d®aRbRc—dR®RaRcRb+qdRcRa®b
—FdRcbRa+@FdRbRcRa—qdRbRa®c
+cRbRaRd—-cR@bR®dRa+qcRdRb®a (2)
—c®RdRae®b+cRardb—q¢'c®a®b®d
+ (@' caboc®b

With this normalisation, we have ¢(dvol) = 1.
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4. Some meromorphic functions

In this section we demonstrate that certain functions have meromorphic continu-
ations. These functions arise in the residue formula for the Hochschild cocycle in
the next two sections. We require the following notation. For any [ € %NO and
—(2141) <n < (214 1) define

i 3+ (3] - B1) g

We also define the finite sets

g {{0,2,...,21—1} leNo+})

{1,3,...,21—1} l€eN

Finally, we remark that in this section we will use ¢t as a real parameter
instead of a Peter-Weyl basis element.

Lemma 4.1.  The formulas

2l 2r

Z'-)fl ZZZ 1+)\2 z/2

21=1r=—Ilneg;

Z'_>f2 ZZZ 1_|_>\2 z/2

2l1=1r=—1 nEJ

define holomorphic functions on Domsy, where we abbreviate
Dom; := {2z € C| Re(z) > t}, teR.

Proof. We will show that the sums converge uniformly on compacta. To begin
with, we take z =t € (2,00), and compute the summation over the r parameter
for fi and fy giving

2ln

20+ 1 (20 +1
ZZ +)\2 t/2’ ZZ +)\2 t/2 (4)

2116J 2l=1neg;

For [ € %ND and n € J; we have the inequality
11° n2
[+-| — H > [21
|: + 2:|q 2 g - [ ]q

with equality attained for n = 2] — 1. This inequality implies

2
E) 4 g (5)

2
LA, 21+ (5) + a2l = 1+ (5
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Since the summands in Equation (4) are positive, we may invoke Tonelli’s
theorem to rearrange the order of summation

)IDIEDY Z
2l=1neTJ; n=0[=(n+1)/

Combining the elementary inequality ¢*[2] + 1], < ¢~'Q with Equation (5) gives
the inequalities

)<q 1@2 Z

i n+1 1_|_ % +qn 2l+1)t/2

— 2z+1) 2n
Z Z + n— 2l+1)t/2

We reparameterise the sums deﬁning f1 and fy using y = 2] — 1 — n with
summation range y = 0 to y = oo. This yields

hit) < 71@22 )t/2’

n=0 y=0 3) Tq°
e~ (y+n+ 2)qijl
folt) < : (6)
D T

Next we employ the inequality a? + 3% > of, valid for any positive real
numbers « and 3, to fi(t). This yields

oo 00 na 2 —t/4
t) < q_lQZZ gvtt (1+ (§> ) < 0 for all ¢ > 2.

n=0 y=0

For the function f5(t), we evaluate the sums over y on the right hand side
to obtain, for some positive constants C and Cs,

S (y—f-n—i—?)qy“: —  C1+Con '
fo(t) < HZ:O; <1+ <%)2>t/2 nZ:O <1+ (%)2>t/2

This last sum is finite for all ¢ > 2, and bounded uniformly for ¢ > 2+ ¢ for
any € > 0. This establishes that fi, fo are finite for all Re(z) > 2, and the sums
defining them converge uniformly on vertical strips, and so on compacta. Finally,
to show that fi, fo are holomorphic in the half-plane Re(z) > 2, we invoke the
Weierstrass convergence theorem. ]

Lemma 4.2.  For any positive reals z, y, w > 0, r € N, and z € Domg, define

Z Z ZL‘QTLQ +y ewm)z/?

n=1 m=r

Then we have:
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1. G 1s a holomorphic function on Domg;
2. G has a meromorphic continuation to Domgy with a simple pole at z = 3;

3. This continuation can be written as

z—1 —rw(z— —rw(z—
Gy VE TF) e =32 ] emru(-2)2

T 2gyel T(2) 1—e w632 - Q_yz 1 — e-w(z—2)/2 + err(z)

where err is a holomorphic function on Domsy that satisfies
1 e—rw(Re(z)—Q)/Q

| < 2yRe(z) 1 — e~ w(Re(2)—2)/2"

lerr(z)

Proof. Until further notice, we take z real and positive. Later we will extend
our results to complex z as in Lemma 4.1. Inserting the Mellin transform of

f(t) = e=@n*+y2¢" ™)t giveg
/ tf_le_m n? —terwmdt

) pp
n=1 m=r F 2

For z real, all terms above are positive. Therefore we can apply Tonelli’s

theorem to exchange the order of integration with summation. Having done this,

we consider the sum 3% e~%*"*  The Poisson summation formula provides the

identity
> 1 ™ > n?x?
—ta?n? — =5
> ¢ 5(\/@(”2;6 ”2>_1>'

n=1

Substituting this identity into the expression for G(z) we find

66 =53 o (L et 1)

= (yPerm)z \ x I(3)
PSS [ E e
n=1 m=r

To explore the convergence of the double sum we denote
> zZl_q _n’x? —ts
gn(s) = t2 e w? e Ydt.
0

Later we will set s = y%¢“™ > 0, so we consider only positive, real s, making
gn(s) a positive real function. Using [OS, Section 26:14] to evaluate this Laplace

transform gives
z—1
= 92
4(s) = 2<n7r) K21(n7r\/§)
T\/s 2 x

where u — K, (u) is the modified Bessel function of the second kind. For u > 0
and real v > 1/2, v’ K, (u) is positive, as both v and K, (u) are positive. Also,
the derivative (referring again to [OS]) is given by
0
ou

(W K,(u) =—u"K,—1(u) <0 for all u > 0.
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Thus the function u +— u” K, (u) is positive and monotonically decreasing
for all w > 0. Hence for all € > 0 we have the bound

o)

€S (en)’ K, (en) < /0 WK (u)du, (7)

n=1

Evaluating the integral (using [OS, Chapter 51]) yields

o0

> (en)" K, (en) < %2”—1r(§)r(y +1).

n=1

If we now set s = y%e"™, we obtain the bound

ZZ / o1 e g
nlmr

R 2nmwye?™/?
ST ) na ()

n=1 m=r
Now estimating the sum over n on the right using Equation (7) gives us

L () e (5) -2 () (5 e (45

n=1
z—1

<2(5) " 2T TONG)
LONG) 1 al(QIE) 1

o 82/2 - 1 yzezwm/Q :

wm

E) (L) S e
; : Zemwz/Z

SN e e ety

nlm’/‘

Evaluating the remaining geometric series in G(z) as above, we arrive at

ﬁ 1"(251) e—rw(z=3)/2 1 e—rw(z—2)/2
2ry>1 F(%) 1 — e—w(z=3)/2 2_yz 1 — e—w(2-2)/2

+ err(z) (8)

where
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Thus the sum defining the function err converges for all z > 2, and this
convergence is uniform on compact intervals. Now we observe that for z € C we
have |G(z)| < G(|z|) and similarly |err(z)| < err(]z]). Hence the sums defining
G converge uniformly on closed vertical strips in the half-plane Domgs, and so on
compacta. Similarly the sums and integral defining err converge uniformly on
compact subsets of the half-plane Dom,.

Hence the Weierstrass convergence theorem implies that err is holomorphic
on the half-plane Doms and that G is holomorphic on Doms. Moreover the
formula for G, Equation (8), provides a meromorphic continuation of G to the
half-plane Doms,. [ |

Lemma 4.3.  The formula

’I’L—

_Z+ 1+ )\2 2/2

i
gM8

defines a holomorphic function on Domgs. Moreover f has a meromorphic contin-
uation to Domy, a simple pole at z = 3 with residue 4qQ~2/In(q™").

Proof. First we write
1+Ain:1+§+q”([l+§]2—[gf) n’ + Q%" + Cpy
where C),; is uniformly bounded in n, !, and is given by
Cot = 1+ Q@ =2) = q" [3]",  1Cul <1+3Q%

Now we reparametrise the summation by letting m = 2[ — n, yielding

—m

Z Z n2 + QQ -m 4 Cn,m)z/2

n= 1

where we understand C), ,, = Cp, j=(n4+m)/2. The function

—-m & m(£—1)

q q
Z =
; (Q2q71qu + CO,m>Z/2 ; (Q2q71 + quO,m)Z/2

has summands with absolute value bounded by M¢™:~Y, M > 0 constant, and
so by the Weierstrass convergence theorem is holomorphic for Re(z) > 2. Hence
for some holomorphic function holo on Dom, we have

o0 —m

+ holo(z)

q
f(z) =
mmZZI (zlln2 + Q2q71qu + On,m)z/z

> - et ) helo(s). @
B (ln2+Q2q—1q—m)z/2 in2+Q2q‘1Q‘m 0voL2)-

n,m=1 ‘4
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The strategy now is to perform a binomial expansion on

%nQ + Qququm

ending up with a new sum of functions »_ ., Dymx H(z + 2k) where H is as in
Lemma 4.2. The binomial expansion requires the inequality
Cn,m
ln2 + QQ —
which holds for sufficiently large m. Recall that |C,, | < 1+ 3Q* =: C' uniformly
in n, m, and so we may choose p € N such that
Com
P> qQ*C = [Com <1 VYn>1, m>np.
q qQ élan Q2 lgm = =P
Now, for any fixed p, sums of the form

<1

oo p—1

ZZ n2+Q2q q- m+C )z/2

n=1 m= 1
can immediately be seen to be holomorphic for Re(z) > 2 as the sum can be
bounded by a constant multiple of the Riemann zeta function. Hence for such a
choice of p € N and for some holomorphic function holo on Dom, we have

E g 1+ e ) + holo(z).
n2 + Q2 m)z/2 %an + QQC] 1q m

nlmp

Now we perform the binomial expansion, separating the resulting infinite sum
Y re, into the k=0 term and ZZO .- This gives

f(z) = ZZ n2—|—Q2 q—m)*?

nlmp

+§; ( =3 ) S Z Com) | hotof2)

nlmp n2+Q2q q ) 2

-+ ()XY e+ holo(),
k=1 nlmp TL2+Q2(] qa ) 2
where G is as in Lemma 4.2, with 2 = 1/2, y = ¢~ /2Q, w = In(¢”') and r = p.
Our aim now is to show that f — G is a holomorphic function on Dom,. We
need to show that the remaining summation converges to such a function. This
remaining sum is bounded by

: (7 )zz "m”)zg%

nlmp n2+Q2q q

C* Z Z " Re(z)+2k )+2k

n=1 m= p( n2+Q2 -t —m)

MIN

N
??wm
N~
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To estimate this sum of functions, we infer from Lemma 4.2 that there exists
a positive function M which is defined for Re(z) > 3 and such that

efRe(z)rp/Q 1pt1)
()] < M) = M) @G

Hence

S ()RSt

nlmp n2+Q2q q )

( i )'OkM(z+2k>(q5(p+l)Q‘1)Re(Z)+2k-

IN

k=1

Recall that p was chosen such that ¢ > ¢Q 2C. Also the function
2+ M(z) is uniformly bounded for Re(z) > 4. Hence, for all z with Re(z) > 2,
the function k +— M (z+ 2k) is uniformly bounded in k£, by M say. It thus follows

that the sum
-3 p+1 =2,k
l(k>w 00)

e}

k=1
converges for Re(z) > 2, by comparing with the binomial expansion on the right
hand side. The convergence is again uniform on compacta, so invoking Weierstrass’
convergence theorem we conclude that f(z) — G(z) is holomorphic for Re(z) > 2.
Hence there exists a function holo which is defined and holomorphic for Re(z) > 2

such that
VT I‘(Zgl) gPF=3)/2
(q*%Q)zfl F(%) 1— q(z_3)/2

So we see f(z) is holomorphic for Re(z) > 3, meromorphic for Re(z) > 2
and has a a simple pole at z = 3 with residue 4¢Q2/In(¢7!). ]

(5 )] crarte + maioengrye

f(z) = + holo(z)

5. An analogue of a spectral triple

We now introduce an analogue of a spectral triple over A. Let H := H;, & H;, be
the Hilbert space given by two copies of the GNS space Hj;, = L?*(A, h). We define

a grading on H by [' = ( (1) _01 ) . For any operator w on H we abbreviate
1+ 14T 1-I' 1-T
wh = %w%, W W (10)

The algebra A is represented on H by

. < Whéa) 7Th(()Oé) )

for a € A. Here 7, denotes the GNS representation by left multiplication on each
copy of the space. In the sequel we will omit the symbol 7. We now introduce
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some unbounded operators and projections

A AR 0 A q_lAL 0 - (I)n+1 0
AR_( 0 AR) AL‘( 0 qAL) q’”‘( 0 @,

on A® A C H and use them to define (on the same domain)

0 O,
or 0 )7
Recall from Section 4 the numbers

o= (3) o (3] - 131) w

where [ € 1Ny and —(20 +1) <n < (20 +1). Also recall that

(e e}

1 n 0 "
p—3 > w(y 0 )rh

n=—0o0

o=

L={—l,—l+1,...,1— 1,1}

We will see in the following Proposition that the commutators [D, ] of D
with algebra elements are not necessarily bounded, yet are unbounded in a very
controlled manner. Even though (A, H, D) thus fails to be a spectral triple, we will
still be able to construct an analytic expression for a residue Hochschild cocycle
from the commutators.

Proposition 5.1.  The triple (A, H,D) has the following properties:
1. The unbounded operator D is essentially self-adjoint

2. The eigenvalues of D are {—(1+ 1), £X9j_1: 1 € 1Ny, j € I\{-1}}. The
eigenvalue —(l+%) has multiplicity 2 and £X;2;_1 has multiplicity 2(20+1).

8. The commutator [D,a] is given by S(a) 4+ T(a)AL, where the linear maps
S, T: A— B(H) are given by

- . 0 ¢ 0.(0,% ()
S(a) = 0g(a)T T(a) = ) 1 .
()= Ol @ <qaaf<of<a>> 0 )

Proof. The set

0\ [t th s 1
{(ﬂ,z) , ( 0 > , (Cé,ﬁ: ti‘,s—l) e QNO’ rel;, se Il\{—l}} ,

+N2s1 — (s —3)

s—1 112 112
q 2\/[”5},1— [s =3,
is an orthogonal basis for H comprised of eigenvectors of D. The correspond-

ing eigenvalues are —(I + 1), —(I + 3) and £\, respectively. This spectral
representation establishes that D is essentially self-adjoint.

U
where Cg . =
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Next, the commutator of D with a homogeneous algebra element a =
®,(a), for some p € Z, is computed directly. It is sufficient to consider just this
case, because A consists of finite linear combinations of homogeneous elements
(the generators are homogeneous). For such an element o we have

1 « n 0 10 0.
[D,a]—§;\ﬂna(0 —n>+AL<8f O)a

1 n 0 L0 0

_522_@%(0 _n)_aAL(af O).

It follows from the definition of the projections ®,,, now regarded as a linear
operator on H;, that a®,, = ®,4,a for any n € Z. Using this, together with the

definition of the derivations 0. and d; in Equation 1, the commutator simplifies
to

1 o1 1
Since o} (o) = A, >/} as operators on A@ A C H, the last expression
for the commutator simplifies to

A

o=
Y
Q
SNl
—~
o (]
L
Q
SNo=
—~
S 9
o
N——
I
o
>
o=
VR

and hence

Dol g@( 10 )+A§ 0 de(a) A}
20 A Op(@AL 0

6. The residue Hochschild cocycle

The main step in the definition of the residue cocycle is the construction of a
functional that plays the role of an integral. In the situations considered in the
literature thus far, [C, BeF, GVF, CNNR, CPRS1, KW], functionals of the form

T — 7(T(1 + D*)~*/?)
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were used, where z € C and 7 is a faithful normal semifinite trace, or at worst a
weight, on a von Neumann algebra containing the algebra of interest. Often, the
von Neumann algebra is just B(H), and the functional 7 is the operator trace.
In this example, we need to apply our functional to products of commutators
[D,a] ~ A, with « € A, so it has to be defined on an algebra of unbounded
operators. We will deal with this using a cutoff that is defined by the projections

- - . t 1 <
Lo i= Ly © Lony  Ln(t4) = { e =T

o 0 otherwise
and
- th t, 0 0
Plzzo\lln, PQ( G ):(1—68,1)( 0 ) P2(t£~,s):(1_6s’l)<ti‘,s>'
. o 0 2. \\"
Observe P, is the projection onto | ker 9 0 , and that the pro-
f

jections L, converge strongly to the identity in B(H).
For w € R* we now define a functional T, on positive operators p € B(H)
in the following way:

Yo (p) := sup Tt <P1P2L (14 D)/ *A 2 pAL2 (14 D)/ *P, Ry, )
meN

where Ap = ArA; and Tr is the operator trace on B(H). This expression

continues to make sense for possibly unbounded positive operators defined on and

preserving the subspace A® A C H.

Lemma 6.1.  For each w € Ry the functional T, is positive and normal on
B(H).. It is faithful and semifinite on PiP,B(H) P Py.

Proof. We will compute the operator trace using the Peter-Weyl basis

5 ) ()

for H. The operators (1+D?), A r, P, P, and L, are all positive and diagonal in
this basis. By using the definition of the operator trace, the value of the operators
A;l and (14 D?)~®/* on this basis, and the symmetry property for self-adjoint
operators, we compute Y, (p) for p € B(H)y (or even p > 0 and affiliated to
B(H)) by

Tt (PP Lin(1 + Dz)‘“’/ 45}%&?(1 + D) PRPL, ) =
o L @) (P} Py Lyt pt PPy Lt

_ZZZ 1+/\2 w/2 — <rtl

2l= Or——ls——l 87 rs>

> ~@st1) (P Py Lyt p~ P Py Lyt,)

+ZZZ 1_|_)\ w/2 — <trsa L 2 mr,s7

2[=0r=—1 s=— l
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where pt and p~ are as in Equation (10). Now,

! 1 1
piprp il = e 2Ssshgsism
12 "e 0 otherwise
! —3<s<l—-1,3<I<m
PPy Lt = " 27
’ 0 otherwise.

So if we set n = 2s £+ 1 and recall the sets

7 e {0,2,...,21 -1} 1€ (No+3)
{1,3,...,21—-1} 1leN

we may express the trace as

Tr (P1P2Lm(1+D2) WAATEpATE (1 + D) VAP By L, )_

CATINTY B R
_ZZZ 1+)\2 w/2 : : + : - : (12)

l l l l
i =i | (fogrthan)  (fopthon)

This shows that Y, is a supremum of a sum of positive vector states and so
automatically positive and normal. To see that it is faithful on PyPB(H) PP,
we observe that the operator trace is faithful and that PiPyAL"Y?(1 + D?)~w/4
is injective on Py PyH. The semifiniteness comes from the fact that finite rank
operators are in the domain of Y. [ ]

We extend T, to an unbounded positive normal linear functional on B(H)
as usual. In fact, we extend it also to unbounded operators p defined on and
preserving A @ A by decomposing LywLy, for each k into a linear combination of
positive bounded operators.

If for an operator p (not necessarily bounded) the function w — Y,,(p) has
a meromorphic continuation to Doms_s for some § > 0, then we define

7(p) := Res,—3T.(p). (13)

Lemma 6.2. The functional T is defined on the positive operator c*c, and
7(c¢*c) = 0. Indeed, for all m > 1,

(O ()2 o

Proof. The action of the operator ¢ = ¢t + ¢~ may be described using the
Clebsch-Gordan coefficients (see for example [DLSSV], [KS]): we have

441 At I+3 Y R N
'l = t+5, ! c g _crstr+%,s_l?
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where
l+ — (7+s) /2(“ +r+ ]Q[l — s+ 1]f1)1/2 - _ _q(r+s)/2 ([l — T]Q[l + S]Q)I/Q
s 20+ 1], - 21,

Using this description of ¢ to compute the action of ¢*c, we find
r4s—1 ([l"‘r'*'l]q[l_s"’l]q [l_r]q[l‘i‘s]q)tl
20 + 1],[21 + 2], 20,20 +1]), ) "*
. (([1+r+ ol =+ gl 4 s+ gl =5 +1))3 115

(c"e)ty.s =

21 + 1],[20 + 2],
(L rLafl = ol slyfl - s]qﬁtu)

20],20 + 1], s

Let €, = Q(1 —¢*"), so that [w], = ¢""€,. Then the above expression can
be written as

* T2l 2g El4r+1€1—s+1 o €El—r€l+s 1
(C C)tr,s =4q (q + qg — tr,s
€21+1€21+2 €21€214+1

S +
€21+1€21+2 €21€21+1

1 1
. q21+r+5 ((€l+r+1€lr+1€l+s+1€ls+1)2 1 (€l+r€lfr€l+s€lfs)2 tl_1>

Define the scalars C(l,7,s) and Cy(l,7,s) to be

€l+r4+1€1—s+1 €l—r€l4s
Ch(l,r, s) o= st Co(l,r,s) 1= =118
€21+1€21+2 €21€2141

The definition of €, implies that C; and C5 are uniformly bounded for all [, r, s
appearing in the formula for T,(c*c). As in the proof of Lemma 6.1 we compute
for z € R

c*e¢ 0
0 0

72r7n

= Z Z Z + )\2 z/2 q2l+"+1C'1(l,r, nTJrl> + q2l+2TCg(l,r, nTH)) 7

20=1r=—1 nEJl

Tr <P1P2Lp(1 D2 ALE ( > AT (1+ D2)Z/4P1P2Lp)

0 O
0 c*c

_QT_

= Z Z Z (1 + )\2 Z/Q 2l+n+1C’1(l ) + Oy (1, nT_l)) )

20=1r=—1 nejz

Tr (P1P2Lp(1 + DY) HAAL? ( ) Aﬁ(l + DQ)_Z/4P1P2LP>

The uniform boundedness of C and C5, together with Lemma 4.1, demon-
strate that the limits as p — oo of the two sums above exist for z > 2. Hence

e ((55)) (6 &)
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are well-defined functions for z > 2. Indeed the arguments of Lemma 4.1, together
with the Weierstrass convergence theorem, show that these functions extend to
holomorphic functions on Dom,. In particular, these functions are holomorphic
at z = 3 and hence

()= (5 &) =0

By linearity it follows that 7(c*c¢) = 0 also. Using the normality of ¢, for
any operator X we have the operator inequality

X*(ce)"X < |lc*e||™ ' X cteX,

and so for z > 2 real, we have Y, ((c*¢)™) < ||¢||*™~2Y.(c*c). Thus for 2z > 2, the
sum defining T, ((c*c¢)™) converges. Once more invoking the Weierstrass conver-
gence theorem shows that z — Y,((¢*¢)™) extends to a holomorphic function for
Re(z) > 2. Similar estimates now show that

T(((C*g)m 8>>:T(<8 <c*(i>m>):

Theorem 6.3. Let a« € A and X,Y be any closed linear operators on Hy
which are defined on and preserve A. Then we have the following well-defined
evaluations of T:

(83 ((2 )

2. 7(al) =0

(5 ) (1 (3 2)) -k

where f[l]: A — C is the functional defined in Lemma 3.2 and

R:=4(¢"—q)/In(g7").

Proof. Throughout this proof we assume without loss of generality that any
element of A is homogeneous with respect to both the left and right actions
(that is o(a) = ¢Pa, og(a) = ¢” a for some p,p'). This is because finite linear
combinations of homogeneous elements span A (cf. Theorem 2.2).

Indeed, if @ € A is homogeneous of a non-zero degree for either the left
or right action, then <tlr,s7at£",s> = 0 and so for any linear operator C that is
diagonal in the Peter-Weyl basis, T,,(Ca) = 0 for all w € R, . Hence, we need
only consider those elements of A that are homogeneous of degree zero for the
left and right actions. A convenient spanning set for these algebra elements is

{14, (c*¢)™: m € N}.
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1. By definition of T, we have

L((13)- (5 1)

2. Lemma 6.2 has established that for all m > 1,

(O () 2) o

By linearity we can extend this to conclude that 7((c*¢)”I') = 0. Finally, for z
large and real we compute Y, (I') using the proof of Lemma 6.1. Now

Tr <P1P2L (1+ D) AL TALE (1 + D?) Z/4P1P2L)

_ZZZ 1+)\2 =/2 ZZZ 1+/\2 22

20=1r=—1 nej 20=1r=— lnEJ

and for each p the summands above are finite and hence subtract to give zero.
Hence Y,(I') = 0 for all z and so 7(I') = 0.

3. For z large and real, the evaluation of Y, as sums of positive real
numbers (as in the proof of Lemma 6.1) implies the numerical inequality

T.(AL(ce)™) < Ta((ce)™).

This is because the introduction of A% multiplies each summand by ¢** < 1
(cf. Equation (12)). Lemma 6.2 demonstrates that Y.((c*c)™) extends to a
function that is holomorphic in a neighbourhood of z = 3, and together with
the Weierstrass convergence theorem the result follows.

Finally we analyse T, (A% < (1) 8 )) and T, <A% ( 8 (1) >) Again

using the proof of Lemma 6.1 we find

10

PR N
Tr (P1P2Lp(1 + DAL AL ( 0 0

A1
00

A1 4
=Tr <P1P2L,,(1 + D) FMALTA2 ( 01

A1

—2r4+n

_ZZZ 1+)\2 z/2

2l=1r=—1 ne]
n+2l

_Qq_lzz +>\2 z/2 QQZZ _|_)\2 z/2

2l= 1n€Jl 2= lnEJl

For z real, the sum S or > ones "/ (1 + A2,)7? is bounded above by
fa(2) from Lemma 4.1 for all p. By the Weierstrass convergence theorem we
conclude that as p — oo, this sum converges to a function with a holomorphic
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extension about z = 3. Next, when considering the sum ngzl > oned, "2/ (1+
A?,)7/%, observe by rearranging the order of summation

ZZZZ

2A=1ncJ;  n=0l=(n+1)/

that Lemma 4.3 proves that the sum has a limit as k£ — oo and the corresponding
function of 2z extends to a meromorphic function with a simple pole at z = 3. The
residue at 2z = 3 is 4gQ2/In(¢™!) and from the definition of 7 we conclude that
for R=4(¢~" —q)/In(q7"),

(a3 ) ((3 ) -

Finally, we compare the definition of R f[l} in Lemma 3.2 to the evaluation
of 7 on A derived here and observe that they agree on A. [ |

Lemma 6.4.  Given any matric M € Ms(A) and any o € A we have
T(MA} o) = 7(07 () MA}).

Proof.  From Lemma 3.2, the linear functional f[l} is a 02 o~ -twisted trace.
That is, given any o, € A

/[1 o= /[ )

Now we separate the matrix M = My + M, into diagonal and off-diagonal
matrices respectively. Then by Theorem 6.3, 7(MyA%«) and 7(M,A?% ) are both
well-defined, so by linearity

T(MA20) = 7(MyA20) + 7(M,A20) = 7(MyA2a) + 0.
Since M, is diagonal, we may write
MA} = Aj o (Ma)

where o, acts componentwise on the matrix. Using the value of 7(A202(My)a)
from Theorem 6.3, we have

T(MA%O&) = T(A%U%(Md)a) = R/ ai(Mj)oe + R/ ai(Md_)oz
(1] (1]

=R (7% 9 Ha ai MJ R O'% 9 Ha U% M;),
/m<<>>< >+/m<<>>< )

by the twisted trace property of f[l]' Recombining these two terms yields
7(ALo7(Ma)a) = T(ALop (97 ()07 (Ma)) = 7(0~ ()AL 07 (Ma)) = 7(97" (@) MaA]).
Now, 7(9(a)M,A?) is well defined and has value zero, so we can write

T(MA2a) = 7(9 (@) MgA2) + 7(0~ () M,A2) = 7(97 () MA2).
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Theorem 6.5.  Given any aq,...,a3 € A, the map
Gres © Ao, - - -, a3 — T(ap|D, a1][D, as)[D, as))

is a V! -twisted Hochschild 3-cocycle, whose cohomology class is non-trivial. The
cocycle ¢res has non-zero pairing with the 9" -twisted 3-cycle dvol defined in (2),
giving
g taa—q

-2 In(¢h)

<¢re57 dU0l> = 3R(q71 + Q)
The cocycle may be written as

Pres = P R(p + 13 + p231) + R(0132 + @312 + 0321)

where ¢ and @i are the cocycles described in Lemma 3.2 and Corollary 3.4.

Proof. First consider mp(ao,a1,as,a3) = ao[D,a1][D,as][D,as] as an un-

bounded operator on A®.A C H. Using the equality [D, a] = S(a)+T ()AL, we
see that mp(ag,as,as,as) can be expanded into 8 terms. Recall that by Theorem
6.3 the functional 7 vanishes on off-diagonal operators. Four of the eight terms
in the expansion of mp(ag, a1, as, az) are off-diagonal since, for all a € A, S(a) is
diagonal and T'(a) is off-diagonal. Thus

T <a0 (T(a1>ALS(a2)§(a3) + 8(ar)T(az)ArS (as)
+5(a1)S(az)T(az) AL + T(al)ALT(ag)ALf(ag)AL)> ~ 0.
Therefore, ¢,es(ag, a1, as,az) reduces to
Gres (00, 1, a2, az) = T (ao (S(al)é(ag)g(ag) + 8(a))T(as) AL T (as)Ar
+T(a)A LS (an)T(az)A g + T<a1)ALT(a2>ALS(a3))) . (14)
From Proposition 5.1 it follows that
apS(a1)S(az)S(as) = aoOu(a1)0u(az)Ow (as)l

and recall that from Theorem 6.3 we know 7(al') = 0 for all & € A. Since
apOy(a1)0y(az)0y(as) € A we have

7(aoS(a1)S(az)S (as)) = 0.

We now move all the @ £ ’s to the right in the remaining terms in Equation
(14). For a € A, we use ApS(a) = S(o;'(a))AL , and

Arf(a) = 0 TR UXCAI ) )




KRAHMER, RENNIE, AND SENIOR 583

This yields

Ores(0, 01, 02,3) = 7 (a0 (S(a1) T(az)T (07 (a))

+T(a)S(0 ()T (o (a3)) + T(a)T (o, (02))S (0 2(a5)) ) A3)

In this form Theorem 6.3 tells us that ¢, is a well defined, multilinear
functional on A®*. In order to demonstrate that this cochain is indeed a twisted
Hochschild cocycle, it remains only to show that the boundary operator maps the
cochain to zero. This result follows from the Leibniz property of the commutators
together with Lemma 6.4. Explicitly,

(bgilqbres)(ao’ cyag) = T(aga1[D, as][D, a3][D, as]) — 7(ao[D, ara][D, a3][D, a4])
+7(ag[D, a1][D, azas|[D, ay))
—7(ao[D, a1][D, as][D, aza4))
+7(9  ay)ao[D, a1][D, as][D, as))
= —7(ao[D, a1][D, as]|D, aslay)
(0 (as)ao[D, a1][D, as][D, as))

+

o=}

9

where the last equality follows from Lemma 6.4.
In order to identify ¢..s, we use Proposition 5.1 to write, for ag, ..., a3 € A,

ag <§(a1)T(az)T(UZI(a3)) +T(a1)S(op (a2))T (07, (a3))

+T(a1)f(021(az))g(UZQ(az))> _ ( 7T1(ao,(.). ., as) _ 0 >

2(&0, Ce ,(13)

for some multi-linear maps m, mo: A — A. Again using Proposition 5.1, we
have
7T1(CLQ, N ,a3)
= aodu(a1)0(0,* (a2))0¢ (0, * (a3)) — aode (0, * (a1))Om (07 (a2))0s (0, * (az))
+a0e(0,,” (a1))0f (0% (a2)) O (0% (as)),

and

7T2(CLO, e ,a3)
1 3

= a0 ()9 (0 *(a2))0.(0; * (a3)) + apdy (o, * (@1))9r (07 (a2))e 0, * (as)
—agdy (0% (a1))0e(0, * (a2)) O (0% (a3))-

N|=

Then by Theorem 6.3, and the o invariance of f[l}’ we have

¢Tes(a0> ap, ag, a3) = R/

7T1(CLO,...,CL3)—|—R/ Wg((lo,...,&g). (15)
(1]

(1]



584 KRAHMER, RENNIE, AND SENIOR

Comparing Equations (15), (15), (15) with the expressions for the cocycles
identified in Lemma 3.2 and Corollary 3.4 we find

bres = CR(¢ + 013 + p231) + R(0132 + @312 + ©301).

The evaluation of this cocycle on the cycle dvol (see Equation (2)) is a straight-
forward computation using the explicit expressions obtained. The result is

(res, dvol) = 3R(q~' 4 q).
n

Concluding remark. Recall that our residue functional 7 was defined,
via the functional T, , using the ultraviolet cutoff projection P;P,. There are
other choices of cutoff projection that could be used to define a residue functional,
and we thank the referee for their remarks on this point.

Indeed, the operator D restricted to WoH coincides with the Dirac operator
used in [KW]. Employing the cutoff projection ¥ yields a new residue functional
7'. Following the computations contained in [KW], 7/ coincides with a multiple
of the functional 7 on products ao[D, a;1][D, as][D, as], albeit taking the residue in
Equation (13) at w = 2 not w = 3. Our aim was, however, to attempt to reconcile
the spectral and homological dimensions. Whether or not this is a fruitful strategy
in a more general context has to be tested on further examples.
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