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ON THE EXISTENCE AND UNIQUENESS OF A SOLUTION
TO A STOCHASTIC DIFFERENTIAL EQUATION IN A
BANACH SPACE

B. MAMPORIA

Abstarct. A sufficient condition is given for the existence of a solution to
a stochastic differential equation in an arbitrary Banach space. The method
is based on the concept of covariance operator and a special construction of
the It6 stochastic integral in an arbitrary Banach space.
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Let X be a real separable Banach space, X* its dual, (€2, B, P) a proba-
bility space, B(X) the Borel o-algebra of X. A random element £ : Q — X
is called a Gaussian random element if (£, 2*) is a Gaussian random variable
for all z* € X*. The distribution of &, pe(B) = P{{ € B}, B € B(X) is
uniquely determined by the mean E{ = [, &(w)dP(w) and the covariance op-
erator R : X* — X, (Ra*,y*) = E({ — E¢,z*)({ — E¢,y*), which is symmetric
and positive (<Rx*,x*> > 0 for all z* € X*) linear operator. Symmetric and
positive linear operators, which are covariance operators of Gaussian measures,
are called Gaussian covariances. By the factorization lemma (see [1], [10], Lem-
mas 3.1.1, 3.1.2) the symmetric and positive linear operator R : X* — X can
be factorized through a separable Hilbert space H, R = AA*, where A : H — X
is a continuous linear operator.

A family of random elements (W;)ico,1), Wi : © — X, is called a Wiener
process if

1) Wy = 0 almost surely (a.s.);

2) Wy, =Wy, (1 =0,1,...,n—1) are independent random elements for every
0<ty<ti < ---<t, <1,

3) for every t € [0,1], W (t) is a Gaussian random element with mean zero
and covariance operator tR, where R : X* — X is a fixed Gaussian covariance.

If X is a finite-dimensional Hilbert space and R is the identity operator, then
our definition of a Wiener process coincides with the usual definition of a finite-
dimensional Wiener process. Our definition is a direct extension of the definition
of a Wiener process for the Hilbert space case ([1], p. 113). It is known that
for any Gaussian covariance R and an arbitrary Banach space X there exists a
Wiener process and it has a.s. continuous sample paths (see [2]-[4]).

Let (F})icjo,1), F+ C B be an increasing family of o-algebras such that

a) W, is Fy-measurable for all ¢ € [0, 1];
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b) Wy — W, is independent of F; for 0 <t < s < 1. Fy contains all P-null sets
in B.

The main problem in studying a stochastic differential equation for the Ba-
nach space case is the definition of the stochastic integral of an operator-valued
random function with respect to a Wiener process in a Banach space. The orig-
inal definition of the Ito stochastic integral in the finite-dimensional case can be
naturally extended to the Hilbert space case (see [1], [5]). Subsequently, by iso-
lating the inequalities needed to construct Ito stochastic integrals in a Banach
space it proved possible to extend the theory to special classes of Banach spaces
with geometrical properties similar to those of a Hilbert space (see [6]-[8]).

We will define the stochastic integral of an operator-valued random function
in an arbitrary Banach space. To this end, as the first step we define the Ito
stochastic integral of a random function with values in a dual space. In what
follows we fix a Wiener process (W);cp,1) with values in a Banach space X
associated with a given Gaussian covariance.

Definition 1 ([9]). A function ¢ : [0, 1] x Q@ — X* is called nonanticipating
with respect to (F})iecpo, if the function (¢,Q) — (¢(t,w),x) from ([0,1] x Q, B
[0,1] x B) into (R', B(R')) is measurable for all x € X, and the function w —
(p(t,w),x) from (2, B) into (R', B(R')) is Fy-measurable for all ¢ € [0, 1] and
x e X.

We denote by Gr(X*) the class of nonanticipating functions ¢ for which

Pr(p) = (/1/<R¢(t7w),@(t7W)>dth) " < 00,
0 Q

where R : X* — X is a covariance operator of Wi, Gr(X™) is a linear space
and Pg is a pseudonorm.

n—1
If o € Gr(X*) is a step-function, p(t,w) = j;)goti(w)x[tiytiﬂ](t), 0=t <
e <tp=1,¢, :Q— X* 1=0,...,n— 1, then the stochastic integral of ¢
with respect to (W})secp,1) is naturally defined by the equality
1

n—1

[t = 3 e w) Wi @) - W (o).

0 i=0
The following lemma is true.

Lemma 1 ([9]). For an arbitrary ¢ € Gr(X*), there exists a sequence of

step-functions (¢, Jnen C Gr(X™*) such that gpn&?’w, and fol @, dW, converges in
Ly(Q, B, P) as n — oo.

The limit of the sequence folgon dW, is called the stochastic integral of ¢ with
respect to (W;)epo,1] and is denoted by folgo dW;. 1t is easy to see that the above
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definition of the stochastic integral is correct and

E(/goth) //Rso, )dt dP = Pg(y).

Let L(X, X) (L(X*, X*)) be the space of linear bounded operators from X
to X (from X* to X*).

Definition 2. A function ¢ : [0, 1] x 2 — L(X, X) is called nonanticipating
with respect to (F;)scjo,1 if for all 2 € X and 2* € X* the real-valued function
(t,w) — (p(t,w)x,z*) is measurable, and for all ¢ € [0,1] the function w —
(p(t,w)z,z*) is Fi-measurable. By Gr(L(X, X)) we denote the class of all
nonanticipating functions ¢ : [0, 1] x Q — L(X, X) such that

//(gp(t,w)Rgo*(t,w)x*,x*)dt dP < oo forall z*e X7,

where ¢*(t,w) is the dual of p(t,w) and R : X* — X is the covariance operator
of Wl.

Let ¢ € Gr(L(X, X)) and z* € X*, ¢*z* map [0, 1] x  into X* and p*z* €
GRr(X*). Then we can define the stochastic integral fol p*x*dW;. Consider the
map T, : X* — Ly(Q, B, P), T,a* = fol ot dWy.

Proposition 1. T, is a continuous linear operator, i.e., it is a random linear
function (RLF).

Proof. Let R = AA*, A: H — X be a factorization of R. For any z* € X*

/1/@@"”)}%@*@’”)”’”*’5”*)dpd'f:/1/<90(t,w)AA*s0*(t,w)x*,:c*>det,

//A**th At (t,w)z™),, dP dt= //HA**tw

Therefore we have an operator L : X* — Ly(Q2 x [0,1], H), Lz* = A*o*(t,w)x*
The closed graph theorem easily shows that L is continuous. Therefore

2
Hdet<oo.

sup || T,2*||*= sup // (t,w)Ry* (t,w)x*, x*)dP dt = sup | Lz*|]* < oo,

flz*]I<1 flz*]I<1 [l*[|<1

i.e., T, is continuous. l

Definition 3 ([9]). Let ¢ € Gr(L(X, X)). The linear continuous map (RLF)
T, : X* — Ly(Q,B,P), T,x* = fol o r*dWy, x* € X* is called a generalized
stochastic integral of an operator-valued random function ¢ with respect to
(Wt)te[0,1]~
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Definition 4 ([9]). We say that a random element & : Q — X is the sto-
chastic integral of ¢ (if such an element exists) if (§,2*) = T, 2", and write

é— = fol gOth

Therefore for all ¢ € Gr(L(X, X)) the generalized stochastic integral T,z*
exists, but the stochastic integral fol o(t,w) dW; does not always exist. The
generalized stochastic integral as an RLF induces a cylindrical measure on X
which cannot always be extended to a countably additive measure on the Borel
o-algebra B(X). Or there is no random element ¢ : 2 — X such that T,2* =
(&, z*). Thus, the question of existence of a stochastic integral is reduced to the
problem of extending a cylindrical measure to a countably additive measure or,
equivalently, to the problem of decomposability of an RLF.

We need a notion of a positive symmetric linear operator T : X* — X with
a special property.

Definition 5. We say that a positive symmetric linear operator 7' : X* — X
belongs to Ro(X) if there exists ¢ > 0 such that for all n € N and z7, ...,z

from X*
n 1/2 1/2
(ZHTQZ‘:HQ) < c sup <Z‘ (Tx, x” ) .
i=1 <

We denote by II5(7") the minimal ¢ for which this inequality holds.
Operator A : H — X is called 2-absolutely summing if there is a constant

n 1/2
¢ > 0 such that for all n € N and hy,...,h, from H, <Z||Ahz||2> <
i=1

n 1/2
¢ sup (Z(hz,hy) . The minimal ¢ for which this inequality is true is de-
Ihl<1 N=1

noted by my(A). By the factorization lemma it is easy to prove the following
assertion.

Proposition 2. A positive symmetric linear operator T : X* — X belongs to
Ro(X) if and only if in the factorization T = AA*, A: H — X is a 2-absolutely
summing operator and Iy (T") = ma(A).

From the properties of 2-absolutely summing operators follows

Proposition 3. If T' € Ry(X) and (Thx*,2*) < (Tx* z*) for all z* €
X*, then T1 € Ro(X) and ly(Th) < Ilo(T). And if Ay, Ay are linear bounded
operators from X to X and T1,Ty € Ro(X), then AJT1 A} + AT Al € Ro(X)
and Hg(AlTlAT + AQTQA;) S HA1H . HQ(Tl) + ||A2H . HQ(TQ)

We need the following

Lemma 2. Let £ : Q2 — X be a weak second order random element such that
the correlation operator Rex* := E(&,x*)¢ belongs to Ro(X). Then E€]|? <
I3 (Re).
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Proof. By the factorization lemma, there exists (2f)geny C X* such that
(Rewy,x}) = Opj, o i= Raj, k= 1,...,n,.... Rex* = i(m*,mkﬂk Let
Re = AA*, A: H — X, (ex)ken, e = A%z}, k=1,2,..., bke:;m orthonormal
basis in H, n, := kiek@,x,t}; N, € H and for all h € H

=1

n n

Bl ) = B(Y (he) (€@).ai)) = S (hen)?

k=1 k=1
since

E(€(w), wp) (W), 27) = (Rewy, £5) = Okj-

Thus 7, : 0 — H is a weak second order random element and for all h € H

E{n,, h)* — Z<h7€k>27 n — oo.
k=1
Then by Lemma 5.2 of [10] An, = ZAek ), ) converges in Lo(£2, X). For

all #* € X*

n

B((Ew),2*) =Y (Aep, 2){E(w), a1))”

k=1
= (Rex™, 2") — 22 Aey, x*) (Rexy, o +Z Aey, x*
k=1
= Z (Aep,7*)* — 0 as n — oo.
k=n+1

Thus Y Aep(é(w),z}) = &(w) a.s. Since n € H and A : H — X is 2-absolutely
k=1

summing, by the Pietsch theorem (see [10], Theorem 2.2.2) there exists a prob-
ability measure v on By = {h : ||h|| < 1} such that

meWSﬁmy/wmmw&MMSﬁmy/M%M@sﬁ@)
[Ih]|<1 [Ih][<1
and E|¢]|* = lim E[|An,(w)]* < 73(A). O

Let us state the following sufficient condition for the existence of a stochastic
integral.

Theorem 1. Let ¢ € Gr(L(X, X)) and L, : X* — X Lya* = [} [, o(t,w)R
e*(t,w)z*dt dP belong to Rao(X), where ¢*(t,w) : X* — X is a dual op-
erator of ¢(t,w) and R is the covariance operator of Wy. Then there exists



520 B. MAMPORIA

the stochastic integral fol o(t,w)dW, and EH fol gp(t,w)thH2 < 00; the process
& = fot o(s,w)dWy has a.s. continuous sample paths.

Proof. Let, as in the proof of Lemma 2, (v} )ren C X* be such that (R,x;, }) =
Opj, Ry = AA*, A+ H — X, A*x}; =eg, k=1,2,..., be an orthonormal basis
in H, x, := sz, k=1,2,.... Then as in the proof of Lemma 2, we can

prove that I,(w) := [ ¢(s,w)dW, = Z p [o 9" (s,w)atdW, and convergence is
understandmg in the sense of Lo(£2, X ) Let

t
n

() =3 / (5, w)ztdIW,,

k=1 0

By Lemma 2.2 of [9], for any k, there exists a sequence of step-functions

(V¥ )nen C Gr(X™*) such that @D*—w x; and fo (t,w)dW; — fo O (t, w)xrdW;
in Ly(2, B, P) as n — oo. Therefore, usmg the one-dimensional technique, it
is easy to prove that the process fo (s,w)z;dWs has a.s. continuous sam-
ple paths. Now we use the method applied in [11] (Theorem 2.1.6). Let
(Y )nen C X* be a total subset in X*. There exists 2y C Q, P(Qp) = 1
such that (I;(w),y,) and (,(t,w), n = 1,2,..., are continuous for all w € €.
For t,, — t, m — oo, and w € Qy, litmirtlfutm(w) — Gutm, w), yi) | = [(I(w) —

Gu(t,w), yi)|- Hence we have litmirtlfUtm(w) — Gu(tm,w))| = L (w) — Cult, w))].
Then sup || I;(w) — (o (t,w)|| = sup ||I(w) — G (t,w)]|, w € Qo, where Q is a set
teQ

te[0,1]
of rational numbers in [0, 1]. Since ||I; — (,(¢)|| is a submartingale, for all € > 0,
P{sup||I; — ¢, (t)|| > e} < e 'E|I, — . (1)|| — 0, n — oo. There exists (ny)ren
teQ

such that lim sup ||l — (,, (t)|| = 0 a.s. Therefore I; has a.s. continuous
k=790 ¢€0,1]
sample paths. O

Let us state now a theorem on the existence and uniqueness of a strong
solution to a stochastic differential equation in a Banach space.

Theorem 2. Consider the stochastic differential equation

d§(t) = a(t, E(t))dt + B(t,£(t))dWr, (1)

where a : [0,1] x X — X and B : [0,1] x X — L(X, X) are such that

1) for all x € X, B(-,-)x and a(-,-)x are measurable with respect to the o-
algebra B[0,1] x B(X).

2) There exist K > 0, R € Ry(X) and bounded linear operators A; : X — X,

i=1,2,..., such that Y_ ||A;|| < oo and for allt € [0,1], z,y € X, z* € X*,
i=1

(a(t,x),z*)* + (B(t,z)RB*(t,z)z", %) < K*((Rz*,2*) + Z(A,»x, z*)?),

=1
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<1 St
i=1
3) There is a Fo-measurable random element &y : Q@ — X with (Rox*, x*) =
E{(&,z*)?, Ry: X* — X belonging to Ra(X).

Then there exists a strong solution (& )wcp,) to (1) with continuous sample
paths, £(0) = &, sup E|&|> < oo, and if &(t) and &(t) are two solutions,
0<t<1

£(0) = &(0) = &, then P{sup [l&1(t) = &) = 0} = 1.
Proof. Let &(t) = & and

6057 = (600 + [alsgoa(s))a)ds + [ B(ssbana(9)adW (o). (2
We have
B(Ga(1).2%)* < 3B{6o,")? + 3LE( / s 6ua(9)),a") s

t

+ 3E/(B(s,fn_l(s))RB*(s,§n_1(s))x*,x*)ds < 3E(&, 2*)?

0
t

+ 3K2E/(<Rx*,w*) + Z(Ai£n,1(s), x*)?)ds

0
+3E{&, o) + 3 - tK*(Ra*, %) + 3K*E / i(Aign_l(s), z*)2ds
When n =1, _
B{&1(t), %) < 3(Rox*, o) +3K*t(Rx*, x*) + 3K2t§:<AiRoAf:c*,x*>.

i=1

When n = 2,

E{&(t),2%)? < 3(Rox*, 2*) + 3K*t(Ra*, z*) + 3K2E/i<§1(s),Afx*)2ds

< 3(Rox*,z*) + 3K*t(Ra*, ;1:)+3K2/Z (RoAj x*, A% ™)

i2=1

+ 3K*s(RA} x*, A} 2*) + 3Ks Z<AilRoA;Ai2$*, A;,x))ds

11=1



522 B. MAMPORIA

= 3(Rox*, %) + 32Kt Z(AiQROA;x*, x)

ia=1
R S S A A R A )
10=111=1
_ 2 _
+ 3K*(Rx*,z*) + (3K?%)%- 5 > (AnRALz", o).
10=1
It is obvious that
*\ 2 3K2 - * * * %
E(&a(t), 2")” <3 Z Z im0 A RoAj -+ A] xta)
m=0 11=1 Im=1
", (3K? t _
e 3 BIY S S y ARAL A,
m=1 ’Ll 1 ’Lm 1= 1

We will show that random element &, exists for all n € N. To this end, we
have to prove that (R,z*, 2*) := E(,, x*)?, x* € X* belongs to Ro(X) (see [10],

Theorem VI.5.3). It is enough to show that Y --- > <A, - A; RoAj --- A

i1=1 im=1

and, analogously, we obtain Y. -+ > <A, _, ---A; RA} --- A7 _ belongs

7

i1=1 tm—1=1
to RQ(X)
HQ(Z"' Z Az‘l"'AimRoAfl"'Afm)
i1=1 im=1
Z Z Aiy - Ay RoAis -+ A7)
1=1 Im=1
<3S A A A, [Ta(Ro) = (Z A ||) Ma(Ro).
i1=1 im=1
Obviously,

ng(Rn)gza%Z((%Q i ) (ZHAH) Ro)
+2 (T)(Z llAz’IIQ)m_1 y(R) < .

Thus, equality (2) makes sense.
Analogously, for any z* € X*

3 3
g

t

E(§ns1(t) = &a(t),2")* < 2tE/<a(S,£n(S)) —a(s,&n-1(s)), 2")ds

0
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t

128 / (B(5.60(5)) — B(s,Eucr ()] RIB"(5.£(s)) — B (s, €n ()" 2)

0

< 9K’ / D (A6n(s) — ua(9)), s

E({&(t),2") - <€o(t)7$*>)2=E(/t<a(8,§o(8)),x*>d8+/tB*(s,Eo(S))I*dWS)Q

<2(E [als.ulo). 7 + Bls, D RE (s o) ) ) s

0
< 2K2t<(§x*, ") + Z(AiRoA;"x*,x*>>;
i=1

t

B ~60).0°) <2678 [ (3(60) — &ls), A7)

0 i9=1
S ( 5 ) ( g <A12RA12£E , L >—|— E E <AZ'2AZ'1R0A11AZQZE X >)
10=1 19=1141=1

It is easy to prove that

in=1 i2=1

+Z Z in " 'Az'lRoAZ"'A:"x*’x*>>'

i1=1

Denote the correla‘mon operator of a random element &, (t)—&,-1(t) by R(n,t).
It is easy to show that

My ((n, ) < (220 )[(ZHAH) IL,(R (ZHAH) (o)

According to Lemma 2, we have

Ej&n(t) = &a-1 (D" < T3(R(n, 1))
2(n—1)

k2t (30 )14l -
< <21| ) (2112 +2<ZHAH) xHZRO)) - Cn!

We also have that for all z* € X*

E<a(87§n) - ( gn 1 < K2EZ fn_l,A;-ka‘*>2.
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Therefore Ella(s,&,) — a(s,&_1)|? < Cy - €5 Since fot (B (s,&0(5))

n
— B (s,&u-1(s))) dWy is a martingale with a.s. continuous sample paths, we

have

2

Esup '/t(B (5,6n(s)) = B (s,6n-1(s))) dWs
§4EH/1(B (5,6n(s)) = B (5,6n-1(s))) dW's 2 <4Cy- -

Therefore
1

Esup ||§n+1 — &t )H2 < 2/E||a(s,§n(s)) — a(s,ﬁn_l(s))Hgds

0

1
2
12 sup / (B (5,£0(5)) — B (5. &1 (5))) dWs
0<t<1
n—1 n—1 n—1
§202-C —|—8C'2-C| =100, - C|
n. n.
That is,
> 1 = 10C, -C™ Y,
> PRSP 6 () = €0(0)] > 5 < 32— < o0

By the Borell-Cantelli lemma, the sum &+ > (§,41(f) — &, (t)) converges a.s.
n=0
uniformly in ¢ to a random element which we denote by (&)co1]- From (2), as

n — oo, we have
(€(t),z") = (o, 2™) + /(a(s,f(s)),x*)ds +/B*(s,§(s))x*dWS

a.s. for all ¥ € X*. Therefore (& )¢c[o,1) is a solution to the stochastic differential
equation (1). Obviously, we have &,(t) — £(t) in Lo(2,X) as n — oo and
sup E||&]]? < .

t

Now let & (t) and &(t) be two solutions to (1) with & (0) = &(0) = &. Then

we have

E{&(t) — &(t),2%)?

1

tn
<(2K*)'E) - Z// / —&(8), Al - AL 2 s dt, -+ dty
0

11=1 in=1 0
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e (ZIIAH“’) | - sup Bll(6) — &0

Since n is arbitrary, we have E(&(t) — &(t),2*)? = 0 for all z* € X*. We can

choose a countable total set {z¥, n € N}. Therefore & (t) = &(t) a.s. for all ¢,

and since &;(t) and & (t) have continuous sample paths, we get P{sup ||&(¢) —
t

L) =0p=1. O O

Remark. Since P{W, € RX*, t € [0,1]} =1 (see [12]), we can consider the
operators B(t,z), t € [0,1], x € X, mapping from RX* to X.

Finally we give a simple example: let Ay; : X — X, ¢+ = 1,2,... be lin-
ear operators such that Y ||Ay|| < oo, and ag(-) : [0,1] — R be such that
i=1

Z a2 (t) < cfor any ¢ > 0. Let a(t,x) = > api(t)Agixz. Then for all z* € X*,

a(t,z), 27)? < (Zam( )<A0ix,x*>)2 §c§<A0ix,x*>2.

Consider now <B(t x)RB*(t, x)z*, x*), xt € X*. By the factorization lemma
we can choose (ax)ren C X, (ap)ren C X7 such that (ag,a}) = oy, Rx* =

S (ag, v*)ay, and RX* = X;, where X, = { ST Mg, Yo A< oo}. Then
k=1 k=1 k=1

o0
E B(t,x)ag, x 2.

k=1

(B(t,z)RB*(t,x)x*, " Z ai, B
k=1

Let Ay, : X — X k= 1,2,...,1 = 1,2,..., be linear operators such that
ZZHAMH < oo, and ag; () : [0,1] — R, k= 1,2,...,i=1,2,..., be such

that Za,ﬂ < c. Let B(t,x)ap = Zakl( YAz, k= 1,2,.... It is easy to
1=1 i=1
see that B(t,z) can be extended as a bounded linear operator in RX*. For all
x* € X* we have
[e.o] o0 2 [e.°] o0
(B.o)RB (1) %) = 3 (O (DA, a) < D03 (A a7)2
k=1 = =1 k=

1 1 =1

Therefore, for operators Ag;, k = 1,2,..., 4 = 1,2,..., a(t,x) and B(t,x)
satisfy the conditions of Theorem 2.
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