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ON THE EXISTENCE AND UNIQUENESS OF A SOLUTION
TO A STOCHASTIC DIFFERENTIAL EQUATION IN A

BANACH SPACE

B. MAMPORIA

Abstarct. A sufficient condition is given for the existence of a solution to
a stochastic differential equation in an arbitrary Banach space. The method
is based on the concept of covariance operator and a special construction of
the Itô stochastic integral in an arbitrary Banach space.
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Let X be a real separable Banach space, X∗ its dual, (Ω,B, P ) a proba-
bility space, B(X) the Borel σ-algebra of X. A random element ξ : Ω → X
is called a Gaussian random element if 〈ξ, x∗〉 is a Gaussian random variable
for all x∗ ∈ X∗. The distribution of ξ, µξ(B) = P{ξ ∈ B}, B ∈ B(X) is
uniquely determined by the mean Eξ =

∫
Ω

ξ(ω)dP (ω) and the covariance op-
erator R : X∗ → X, 〈Rx∗, y∗〉 = E〈ξ − Eξ, x∗〉〈ξ − Eξ, y∗〉, which is symmetric
and positive (〈Rx∗, x∗〉 ≥ 0 for all x∗ ∈ X∗) linear operator. Symmetric and
positive linear operators, which are covariance operators of Gaussian measures,
are called Gaussian covariances. By the factorization lemma (see [1], [10], Lem-
mas 3.1.1, 3.1.2) the symmetric and positive linear operator R : X∗ → X can
be factorized through a separable Hilbert space H,R = AA∗, where A : H → X
is a continuous linear operator.

A family of random elements (Wt)t∈[0,1], Wt : Ω → X, is called a Wiener
process if

1) W0 = 0 almost surely (a.s.);
2) Wti+1

−Wti (i = 0, 1, . . . , n−1) are independent random elements for every
0 ≤ t0 < t1 < · · · < tn ≤ 1;

3) for every t ∈ [0, 1], W (t) is a Gaussian random element with mean zero
and covariance operator tR, where R : X∗ → X is a fixed Gaussian covariance.

If X is a finite-dimensional Hilbert space and R is the identity operator, then
our definition of a Wiener process coincides with the usual definition of a finite-
dimensional Wiener process. Our definition is a direct extension of the definition
of a Wiener process for the Hilbert space case ([1], p. 113). It is known that
for any Gaussian covariance R and an arbitrary Banach space X there exists a
Wiener process and it has a.s. continuous sample paths (see [2]–[4]).

Let (Ft)t∈[0,1], Ft ⊂ B be an increasing family of σ-algebras such that
a) Wt is Ft-measurable for all t ∈ [0, 1];
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b) Ws−Wt is independent of Ft for 0 ≤ t < s ≤ 1. F0 contains all P -null sets
in B.

The main problem in studying a stochastic differential equation for the Ba-
nach space case is the definition of the stochastic integral of an operator-valued
random function with respect to a Wiener process in a Banach space. The orig-
inal definition of the Itô stochastic integral in the finite-dimensional case can be
naturally extended to the Hilbert space case (see [1], [5]). Subsequently, by iso-
lating the inequalities needed to construct Itô stochastic integrals in a Banach
space it proved possible to extend the theory to special classes of Banach spaces
with geometrical properties similar to those of a Hilbert space (see [6]–[8]).

We will define the stochastic integral of an operator-valued random function
in an arbitrary Banach space. To this end, as the first step we define the Itô
stochastic integral of a random function with values in a dual space. In what
follows we fix a Wiener process (Wt)t∈[0,1] with values in a Banach space X
associated with a given Gaussian covariance.

Definition 1 ([9]). A function ϕ : [0, 1]× Ω → X∗ is called nonanticipating
with respect to (Ft)t∈[0,1] if the function (t, Ω) → 〈ϕ(t, ω), x〉 from ([0, 1]×Ω,B
[0, 1] × B) into (R1,B(R1)) is measurable for all x ∈ X, and the function ω →
〈ϕ(t, ω), x〉 from (Ω,B) into (R1,B(R′)) is Ft-measurable for all t ∈ [0, 1] and
x ∈ X.

We denote by GR(X∗) the class of nonanticipating functions ϕ for which

PR(ϕ) =

( 1∫

0

∫

Ω

〈Rϕ(t, ω), ϕ(t, ω)〉dt dP

)1/2

< ∞,

where R : X∗ → X is a covariance operator of W1, GR(X∗) is a linear space
and PR is a pseudonorm.

If ϕ ∈ GR(X∗) is a step-function, ϕ(t, ω) =
n−1∑
j=0

ϕti(ω)χ
[ti,ti+1]

(t), 0 = t0 <

· · · < tn = 1, ϕti
: Ω → X∗, i = 0, . . . , n − 1, then the stochastic integral of ϕ

with respect to (Wt)t∈[0,1] is naturally defined by the equality

1∫

0

ϕ(t, ω)dWt =
n−1∑
i=0

〈ϕti(ω),Wti+1
(ω)−Wti(ω)〉.

The following lemma is true.

Lemma 1 ([9]). For an arbitrary ϕ ∈ GR(X∗), there exists a sequence of

step-functions (ϕn)n∈N ⊂ GR(X∗) such that ϕn

PR→ϕ, and
∫ 1

0
ϕndWt converges in

L2(Ω,B, P ) as n →∞.

The limit of the sequence
∫ 1

0
ϕndWt is called the stochastic integral of ϕ with

respect to (Wt)t∈[0,1] and is denoted by
∫ 1

0
ϕdWt. It is easy to see that the above
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definition of the stochastic integral is correct and

E

( 1∫

0

ϕdWt

)2

=

1∫

0

∫

Ω

〈Rϕ, ϕ〉dt dP = P 2
R(ϕ).

Let L(X, X) (L(X∗, X∗)) be the space of linear bounded operators from X
to X (from X∗ to X∗).

Definition 2. A function ϕ : [0, 1]×Ω → L(X, X) is called nonanticipating
with respect to (Ft)t∈[0,1] if for all x ∈ X and x∗ ∈ X∗ the real-valued function
(t, ω) → 〈ϕ(t, ω)x, x∗〉 is measurable, and for all t ∈ [0, 1] the function ω →
〈ϕ(t, ω)x, x∗〉 is Ft-measurable. By GR(L(X, X)) we denote the class of all
nonanticipating functions ϕ : [0, 1]× Ω → L(X, X) such that

1∫

0

∫

Ω

〈ϕ(t, ω)Rϕ∗(t, ω)x∗, x∗〉dt dP < ∞ for all x∗ ∈ X∗,

where ϕ∗(t, ω) is the dual of ϕ(t, ω) and R : X∗ → X is the covariance operator
of W1.

Let ϕ ∈ GR(L(X, X)) and x∗ ∈ X∗, ϕ∗x∗ map [0, 1]×Ω into X∗ and ϕ∗x∗ ∈
GR(X∗). Then we can define the stochastic integral

∫ 1

0
ϕ∗x∗dWt. Consider the

map Tϕ : X∗ → L2(Ω,B, P ), Tϕx∗ =
∫ 1

0
ϕ∗x∗dWt.

Proposition 1. Tϕ is a continuous linear operator, i.e., it is a random linear
function (RLF ).

Proof. Let R = AA∗, A : H → X be a factorization of R. For any x∗ ∈ X∗

1∫

0

∫

Ω

〈ϕ(t, ω)Rϕ∗(t, ω)x∗, x∗〉 dP dt =

1∫

0

∫

Ω

〈ϕ(t, ω)AA∗ϕ∗(t, ω)x∗, x∗〉 dP dt,

1∫

0

∫

Ω

(
A∗ϕ∗(t, ω)x∗, A∗ϕ∗(t, ω)x∗

)
H

dP dt=

1∫

0

∫

Ω

∥∥A∗ϕ∗(t, ω)x∗
∥∥2

H
dP dt<∞.

Therefore we have an operator L : X∗ → L2(Ω× [0, 1], H), Lx∗ = A∗ϕ∗(t, ω)x∗.
The closed graph theorem easily shows that L is continuous. Therefore

sup
‖x∗‖≤1

‖Tϕx∗‖2 = sup
‖x∗‖≤1

1∫

0

∫

Ω

〈ϕ(t, ω)Rϕ∗(t, ω)x∗, x∗〉dP dt= sup
‖x∗‖≤1

‖Lx∗‖2 < ∞ ,

i.e., Tϕ is continuous. ¤
Definition 3 ([9]). Let ϕ ∈ GR(L(X, X)). The linear continuous map (RLF)

Tϕ : X∗ → L2(Ω,B, P ), Tϕx∗ =
∫ 1

0
ϕ∗x∗dWt, x∗ ∈ X∗ is called a generalized

stochastic integral of an operator-valued random function ϕ with respect to
(Wt)t∈[0,1].
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Definition 4 ([9]). We say that a random element ξ : Ω → X is the sto-
chastic integral of ϕ (if such an element exists) if 〈ξ, x∗〉 = Tϕx∗, and write

ξ =
∫ 1

0
ϕdWt.

Therefore for all ϕ ∈ GR(L(X, X)) the generalized stochastic integral Tϕx∗

exists, but the stochastic integral
∫ 1

0
ϕ(t, ω) dWt does not always exist. The

generalized stochastic integral as an RLF induces a cylindrical measure on X
which cannot always be extended to a countably additive measure on the Borel
σ-algebra B(X). Or there is no random element ξ : Ω → X such that Tϕx∗ =
〈ξ, x∗〉. Thus, the question of existence of a stochastic integral is reduced to the
problem of extending a cylindrical measure to a countably additive measure or,
equivalently, to the problem of decomposability of an RLF.

We need a notion of a positive symmetric linear operator T : X∗ → X with
a special property.

Definition 5. We say that a positive symmetric linear operator T : X∗ → X
belongs to R2(X) if there exists c > 0 such that for all n ∈ N and x∗1, . . . , x

∗
n

from X∗

( n∑
i=1

‖Tx∗i ‖2

)1/2

≤ c sup
〈Tx∗,x∗〉≤1

( n∑
i=1

∣∣〈Tx∗i , x
∗〉

∣∣2
)1/2

.

We denote by Π2(T ) the minimal c for which this inequality holds.
Operator A : H → X is called 2-absolutely summing if there is a constant

c ≥ 0 such that for all n ∈ N and h1, . . . , hn from H,
( n∑

i=1

‖Ahi‖2
)1/2

≤

c sup
‖h‖≤1

( n∑
i=1

〈hi, h〉2
)1/2

. The minimal c for which this inequality is true is de-

noted by π2(A). By the factorization lemma it is easy to prove the following
assertion.

Proposition 2. A positive symmetric linear operator T : X∗ → X belongs to
R2(X) if and only if in the factorization T = AA∗, A : H → X is a 2-absolutely
summing operator and Π2(T ) = π2(A).

From the properties of 2-absolutely summing operators follows

Proposition 3. If T ∈ R2(X) and 〈T1x
∗, x∗〉 ≤ 〈Tx∗, x∗〉 for all x∗ ∈

X∗, then T1 ∈ R2(X) and Π2(T1) ≤ Π2(T ). And if A1, A2 are linear bounded
operators from X to X and T1, T2 ∈ R2(X), then A1T1A

∗
1 + A2T2A

∗
2 ∈ R2(X)

and Π2(A1T1A
∗
1 + A2T2A

∗
2) ≤ ‖A1‖ · Π2(T1) + ‖A2‖ · Π2(T2).

We need the following

Lemma 2. Let ξ : Ω → X be a weak second order random element such that
the correlation operator Rξx

∗ := E〈ξ, x∗〉ξ belongs to R2(X). Then E‖ξ‖2 ≤
Π2

2(Rξ).
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Proof. By the factorization lemma, there exists (x∗k)k∈N ⊂ X∗ such that

〈Rξx
∗
k, x

∗
j〉 = δkj, xk := Rx∗k, k = 1, . . . , n, . . . . Rξx

∗ =
∞∑

k=1

〈x∗, xk〉xk. Let

Rξ = AA∗, A : H → X, (ek)k∈N , ek = A∗x∗k, k = 1, 2, . . . , be an orthonormal

basis in H, ηn :=
n∑

k=1

ek〈ξ, x∗k〉; ηn ∈ H and for all h ∈ H

E〈ηn, h〉2 = E
( n∑

k=1

(h, ek)〈ξ(ω), x∗k〉
)2

=
n∑

k=1

(h, ek)
2

since

E〈ξ(ω), x∗k〉〈ξ(ω), x∗j〉 = 〈Rξx
∗
k, x

∗
j〉 = δkj.

Thus ηn : Ω → H is a weak second order random element and for all h ∈ H

E〈ηn, h〉2 →
∞∑

k=1

〈h, ek〉2, n →∞.

Then by Lemma 5.2 of [10] Aηn =
n∑

k=1

Aek〈ξ(ω), x∗k〉 converges in L2(Ω, X). For

all x∗ ∈ X∗

E
(〈ξ(ω), x∗〉 −

n∑

k=1

〈Aek, x
∗〉〈ξ(ω), x∗k〉

)2

= 〈Rξx
∗, x∗〉 − 2

n∑

k=1

〈Aek, x
∗〉〈Rξx

∗
k, x

∗〉+
n∑

k=1

〈Aek, x
∗〉2

=
∞∑

k=n+1

〈Aek, x
∗〉2 → 0 as n →∞.

Thus
∞∑

k=1

Aek〈ξ(ω), x∗k〉 = ξ(ω) a.s. Since η ∈ H and A : H → X is 2-absolutely

summing, by the Pietsch theorem (see [10], Theorem 2.2.2) there exists a prob-
ability measure ν on BH = {h : ‖h‖ ≤ 1} such that

‖Aηn(ω)‖2 ≤ π2
2(A)

∫

‖h‖≤1

|(ηn(ω), h)|2dν(h) ≤ π2
2(A)

∫

‖h‖≤1

‖h‖2dν(h) ≤ π2
2(A)

and E‖ξ‖2 = lim
n→∞

E‖Aηn(ω)‖2 ≤ π2
2(A). ¤

Let us state the following sufficient condition for the existence of a stochastic
integral.

Theorem 1. Let ϕ ∈ GR(L(X, X)) and Lϕ : X∗ → X Lϕx∗ =
∫ 1

0

∫
Ω

ϕ(t, ω)R
ϕ∗(t, ω)x∗ dt dP belong to R2(X), where ϕ∗(t, ω) : X∗ → X is a dual op-
erator of ϕ(t, ω) and R is the covariance operator of W1. Then there exists
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the stochastic integral
∫ 1

0
ϕ(t, ω)dWt and E

∥∥ ∫ 1

0
ϕ(t, ω)dWt

∥∥2
< ∞; the process

ξt =
∫ t

0
ϕ(s, ω)dWs has a.s. continuous sample paths.

Proof. Let, as in the proof of Lemma 2, (x∗k)k∈N ⊂ X∗ be such that 〈Rϕx∗k, x
∗
j〉 =

δkj, Rϕ = AA∗, A : H → X, A∗x∗k = ek, k = 1, 2, . . . , be an orthonormal basis
in H, xk := Rx∗k, k = 1, 2, . . . . Then, as in the proof of Lemma 2, we can

prove that It(ω) :=
∫ t

0
ϕ(s, ω)dWs =

∞∑
k=1

xk

∫ t

0
ϕ∗(s, ω)x∗kdWs and convergence is

understanding in the sense of L2(Ω, X). Let

ζn(t) :=
n∑

k=1

xk

t∫

0

ϕ∗(s, ω)x∗kdWs.

By Lemma 2.2 of [9], for any k, there exists a sequence of step-functions

(ψ∗n)n∈N ⊂ GR(X∗) such that ψ∗n
PR→ϕ∗x∗k and

∫ 1

0
ψ∗n(t, ω)dWt →

∫ 1

0
ϕ∗(t, ω)x∗kdWt

in L2(Ω,B, P ) as n → ∞. Therefore, using the one-dimensional technique, it

is easy to prove that the process
∫ t

0
ϕ∗(s, ω)x∗kdWs has a.s. continuous sam-

ple paths. Now we use the method applied in [11] (Theorem 2.1.6). Let
(y∗n)n∈N ⊂ X∗ be a total subset in X∗. There exists Ω0 ⊂ Ω, P (Ω0) = 1
such that 〈It(ω), yn〉 and ζn(t, ω), n = 1, 2, . . . , are continuous for all ω ∈ Ω0.
For tm → t, m → ∞, and ω ∈ Ω0, lim inf

tm→t
〈Itm(ω) − ζn(tm, ω), y∗k〉| ≥ |〈It(ω) −

ζn(t, ω), y∗k〉|. Hence we have lim inf
tm→t

〈Itm(ω) − ζn(tm, ω)〉| ≥ ‖〈It(ω) − ζn(t, ω)〉|.
Then sup

t∈[0,1]

‖It(ω)− ζn(t, ω)‖ = sup
t∈Q

‖It(ω)− ζn(t, ω)‖, ω ∈ Ω0, where Q is a set

of rational numbers in [0, 1]. Since ‖It− ζn(t)‖ is a submartingale, for all ε > 0,
P{sup

t∈Q
‖It− ζn(t)‖ > ε} ≤ ε−1E‖I1− ζn(1)‖ → 0, n →∞. There exists (nk)k∈N

such that lim
nk→∞

sup
t∈[0,1]

‖It − ζnk
(t)‖ = 0 a.s. Therefore It has a.s. continuous

sample paths. ¤

Let us state now a theorem on the existence and uniqueness of a strong
solution to a stochastic differential equation in a Banach space.

Theorem 2. Consider the stochastic differential equation

dξ(t) = a(t, ξ(t))dt + B(t, ξ(t))dWt, (1)

where a : [0, 1]×X → X and B : [0, 1]×X → L(X, X) are such that
1) for all x ∈ X, B(·, ·)x and a(·, ·)x are measurable with respect to the σ-

algebra B[0, 1]× B(X).
2) There exist K > 0, R ∈ R2(X) and bounded linear operators Ai : X → X,

i = 1, 2, . . . , such that
∞∑
i=1

‖Ai‖ < ∞ and for all t ∈ [0, 1], x, y ∈ X, x∗ ∈ X∗,

〈a(t, x), x∗〉2 + 〈B(t, x)RB∗(t, x)x∗, x∗〉 ≤ K2
(〈Rx∗, x∗〉+

∞∑
i=1

〈Aix, x∗〉2),
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〈a(t, x)− a(t, y), x∗〉2 + 〈((B(t, x)−B(t, y))R(B∗(t, x)−B∗(t, y))x∗, x∗〉

≤ K2

( ∞∑
i=1

〈Ai(x− y), x∗〉2
)

.

3) There is a F0-measurable random element ξ0 : Ω → X with 〈R0x
∗, x∗〉 :=

E〈ξ0, x
∗〉2, R0 : X∗ → X belonging to R2(X).

Then there exists a strong solution (ξt)t∈[0,1] to (1) with continuous sample
paths, ξ(0) = ξ0, sup

0≤t≤1
E‖ξt‖2 < ∞, and if ξ1(t) and ξ2(t) are two solutions,

ξ1(0) = ξ2(0) = ξ0, then P
{

sup
t
‖ξ1(t)− ξ2(t)‖ = 0

}
= 1.

Proof. Let ξ0(t) = ξ0 and

〈ξn(t), x∗〉 = 〈ξ0, x
∗〉+

t∫

0

〈a(s, ξn−1(s)), x
∗〉ds +

t∫

0

B∗(s, ξn−1(s))x
∗dW (s). (2)

We have

E〈ξn(t), x∗〉2 ≤ 3E〈ξ0, x
∗〉2 + 3tE

( t∫

0

〈a(s, ξn−1(s)
)
, x∗〉2ds

+ 3E

t∫

0

〈B(s, ξn−1(s))RB∗(s, ξn−1(s))x
∗, x∗〉ds ≤ 3E〈ξ0, x

∗〉2

+ 3K2E

t∫

0

(〈Rx∗, x∗〉+
∞∑
i=1

〈Aiξn−1(s), x
∗〉2)ds

+ 3E〈ξ0, x
∗〉2 + 3 · tK2〈Rx∗, x∗〉+ 3K2E

t∫

0

∞∑
i=1

〈Aiξn−1(s), x
∗〉2ds

When n = 1,

E〈ξ1(t), x
∗〉2 ≤ 3〈R0x

∗, x∗〉+3K2t〈Rx∗, x∗〉+ 3K2t

∞∑
i=1

〈AiR0A
∗
i x
∗, x∗〉.

When n = 2,

E〈ξ2(t), x
∗〉2 ≤ 3〈R0x

∗, x∗〉+ 3K2t〈Rx∗, x∗〉+ 3K2E

t∫

0

∞∑
i=1

〈ξ1(s), A
∗
i x
∗〉2ds

≤ 3〈R0x
∗, x∗〉+ 3K2t〈Rx∗, x∗〉+ 3K2

t∫

o

∞∑
i2=1

(3〈R0A
∗
i2
x∗, A∗

i2
x∗〉

+ 3K2s〈RA∗
i2
x∗, A∗

i2
x∗〉+ 3K2s

∞∑
i1=1

〈Ai1R0A
∗
i1
Ai2x

∗, Ai2x
∗〉)ds



522 B. MAMPORIA

= 3〈R0x
∗, x∗〉+ 32K2t

∞∑
i2=1

〈Ai2R0A
∗
i2
x∗, x∗〉

+ (3K2)2 · t2

2

∞∑
i2=1

∞∑
i1=1

〈Ai2Ai1R0A
∗
i1
A∗

i2
x∗, x∗〉

+ 3K2t〈Rx∗, x∗〉+ (3K2)2 · t2

2

∞∑
i2=1

〈Ai2RA∗
i2
x∗, x∗〉.

It is obvious that

E〈ξn(t), x∗〉2 ≤ 3
n∑

m=0

(3K2t)m

m!

∞∑
i1=1

· · ·
∞∑

im=1

〈Aim · · ·Ai1R0A
∗
i1
· · ·A∗

imx∗x∗〉

+
n∑

m=1

(3K2t)m

m!
<

∞∑
i1=1

· · ·
∞∑

im−1=1

〈Aim−1 · · ·Ai1RA∗
i1
· · ·A∗

im−1
x∗, x∗〉.

We will show that random element ξn exists for all n ∈ N . To this end, we
have to prove that 〈Rnx

∗, x∗〉 := E〈ξn, x
∗〉2, x∗ ∈ X∗ belongs toR2(X) (see [10],

Theorem VI.5.3). It is enough to show that
∞∑

i1=1

· · ·
∞∑

im=1

<Aim · · ·Ai1R0A
∗
i1
· · ·A∗

im

and, analogously, we obtain
∞∑

i1=1

· · ·
∞∑

im−1=1

< Aim−1 · · ·Ai1RA∗
i1
· · ·A∗

im−1
belongs

to R2(X).

Π2

( ∞∑
i1=1

· · ·
∞∑

im=1

Ai1 · · ·AimR0A
∗
i1
· · ·A∗

im

)

≤
∞∑

i1=1

· · ·
∞∑

im=1

Π(Ai1 · · ·AimR0Ai∗1 · · ·A∗
im)

≤
∞∑

i1=1

· · ·
∞∑

im=1

‖Ai1‖ · ‖Ai2‖ · · · ‖Aim‖Π2(R0) =

( ∞∑
i=1

‖Ai‖
)m

Π2(R0).

Obviously,

Π2(Rn) ≤ 3
1
2

n∑
m=0

((3k2 · t)m

m!

) 1
2
( ∞∑

i=1

‖Ai‖
)m

Π2(R0)

+
n∑

m=1

((3k2 · t)m

m!

) 1
2
( ∞∑

i=1

‖Ai‖2
)m−1

· Π2(R) < ∞.

Thus, equality (2) makes sense.
Analogously, for any x∗ ∈ X∗

E〈ξn+1(t)− ξn(t), x∗〉2 ≤ 2tE

t∫

0

〈a(s, ξn(s))− a(s, ξn−1(s)), x
∗〉2ds
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+2E

t∫

0

〈[B(s, ξn(s))−B(s, ξn−1(s))]R[B∗(s, ξn(s))−B∗(s, ξn−1(s))]x
∗, x∗〉

≤ 2K2E

t∫

0

∞∑
i=1

〈Ai(ξn(s)− ξn−1(s)), x
∗〉2ds;

E(〈ξ1(t), x
∗〉 − 〈ξ0(t), x

∗〉)2 =E

( t∫

0

〈a(s, ξ0(s)), x
∗〉ds +

t∫

0

B∗(s, ξ0(s))x
∗dWs

)2

≤ 2

(
E

t∫

0

(〈a(s, ξ0(s), x
∗〉2 + B(s, ξ0(s))RB∗(s, ξ0(s))x

∗, x∗〉
)

ds

≤ 2K2t

(
〈Rx∗, x∗〉+

∞∑
i=1

〈AiR0A
∗
i x
∗, x∗〉

)
;

E〈ξ2(t)− ξ1(t), x
∗〉2 ≤ 2K2E

t∫

0

( ∞∑
i2=1

〈ξ1(s)− ξ0(s), A
∗
i2
x∗〉2

)
ds

≤ (2K2t)2

2

( ∞∑
i2=1

〈Ai2RA∗
i2
x∗, x∗〉+

∞∑
i2=1

∞∑
i1=1

〈Ai2Ai1R0A
∗
i1
A∗

i2
x∗, x∗〉

)
.

It is easy to prove that

E
(〈ξn(t)− ξn−1(t), x

∗〉2≤ (2K2t)n

n!

( ∞∑
in=1

· · ·
∞∑

i2=1

〈Ain · · ·Ai2RA∗
i2
· · ·A∗

inx∗, x∗〉

+
∞∑

in=1

· · ·
∞∑

i1=1

〈Ain · · ·Ai1R0A
∗
i1
· · ·A∗

inx∗, x∗〉
)

.

Denote the correlation operator of a random element ξn(t)−ξn−1(t) by R(n, t).
It is easy to show that

Π2(R(n, t)) ≤
(

(2k2t)n

n!

) 1
2
[( ∞∑

i=1

‖Ai‖
)n−1

Π2(R) +
( ∞∑

i=1

‖Ai‖
)n

· Π2(R0)

]
.

According to Lemma 2, we have

E‖ξn(t)− ξn−1(t)‖2 ≤ Π2
2(R(n, t))

≤
(2k2t)n ·

( ∞∑
i=1

‖Ai‖
)2(n−1)

n!

(
2Π2

2(R) + 2
( ∞∑

i=1

‖Ai‖
)2

× Π2
2(R0)

)
= C1 · Cn−1

n!
.

We also have that for all x∗ ∈ X∗

E〈a(s, ξn)− a(s, ξn−1), x
∗〉2 ≤ K2E

∞∑
i=1

〈ξn − ξn−1, A
∗
i x
∗〉2.



524 B. MAMPORIA

Therefore E‖a(s, ξn) − a(s, ξn−1)‖2 ≤ C2 · Cn−1

n!
. Since

∫ t

0
(B (s, ξn(s))

− B (s, ξn−1(s))) dWs is a martingale with a.s. continuous sample paths, we
have

E sup
t

∥∥∥∥
t∫

0

(B (s, ξn(s))−B (s, ξn−1(s))) dWS

∥∥∥∥
2

≤ 4E

∥∥∥∥
1∫

0

(B (s, ξn(s))−B (s, ξn−1(s))) dWs

∥∥∥∥
2

≤ 4C2 · Cn−1

n!
.

Therefore

E sup
t

∥∥ξn+1(t)− ξn(t)
∥∥2 ≤ 2

1∫

0

E
∥∥a(s, ξn(s))− a(s, ξn−1(s))

∥∥2
ds

+2E sup
0≤t≤1

∥∥∥∥
1∫

0

(B (s, ξn(s))−B (s, ξn−1(s))) dWS

∥∥∥∥
2

≤ 2C2 · Cn−1

n!
+ 8C2 · Cn−1

n!
= 10C2 · Cn−1

n!
.

That is,

∞∑
n=1

P
{

sup
t
‖ξn+1(t)− ξn(t)‖ >

1

n2

}
≤

∞∑
n=1

10C2 · Cn−1

n!
· n4 < ∞.

By the Borell–Cantelli lemma, the sum ξ0 +
∞∑

n=0

(ξn+1(t)−ξn(t)) converges a.s.

uniformly in t to a random element which we denote by (ξt)t∈[0,1]. From (2), as
n →∞, we have

〈ξ(t), x∗〉 = 〈ξ0, x
∗〉+

t∫

0

〈a(s, ξ(s)), x∗〉ds +

t∫

0

B∗(s, ξ(s))x∗dWS

a.s. for all x∗ ∈ X∗. Therefore (ξt)t∈[0,1] is a solution to the stochastic differential
equation (1). Obviously, we have ξn(t) → ξ(t) in L2(Ω, X) as n → ∞ and
sup

t
E‖ξt‖2 < ∞.

Now let ξ1(t) and ξ2(t) be two solutions to (1) with ξ1(0) = ξ2(0) = ξ0. Then
we have

E〈ξ1(t)− ξ2(t), x
∗〉2

≤ (2K2)nE

∞∑
i1=1

· · ·
∞∑

in=1

t∫

0

t1∫

0

· · ·
tn−1∫

0

〈ξ1(s)− ξ2(s), A
∗
i1
· · ·A∗

inx∗〉2ds dtn−1 · · · dt1
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≤ (2k2t)n

n!

( ∞∑
i=1

‖Ai‖2

)n

· ‖x∗‖2 · sup
t

E‖ξ1(t)− ξ2(t)‖2.

Since n is arbitrary, we have E〈ξ1(t) − ξ2(t), x
∗〉2 = 0 for all x∗ ∈ X∗. We can

choose a countable total set {x∗n, n ∈ N}. Therefore ξ1(t) = ξ2(t) a.s. for all t,
and since ξ1(t) and ξ2(t) have continuous sample paths, we get P{sup

t
‖ξ1(t)−

ξ2(t)‖ = 0} = 1. ¤ ¤

Remark. Since P{Wt ∈ RX∗, t ∈ [0, 1]} = 1 (see [12]), we can consider the
operators B(t, x), t ∈ [0, 1], x ∈ X, mapping from RX∗ to X.

Finally we give a simple example: let A0i : X → X, i = 1, 2, . . . be lin-

ear operators such that
∞∑
i=1

‖A0i‖ < ∞, and α0i(·) : [0, 1] → R be such that

∞∑
i=1

α2
0i(t) ≤ c for any c > 0. Let a(t, x) =

∞∑
i=1

α0i(t)A0ix. Then for all x∗ ∈ X∗,

〈a(t, x), x∗〉2 ≤
( ∞∑

i=0

α0i(t)〈A0ix, x∗〉
)2

≤ c
∞∑
i=1

〈A0ix, x∗〉2.
Consider now 〈B(t, x)RB∗(t, x)x∗, x∗〉, x∗ ∈ X∗. By the factorization lemma

we can choose (ak)k∈N ⊂ X, (a∗k)k∈N ⊂ X∗ such that 〈ak, a
∗
j〉 = δkj, Rx∗ =

∞∑
k=1

〈ak, x
∗〉ak and RX∗ = X0, where X0 =

{ ∞∑
k=1

λkak,
∞∑

k=1

λ2
k < ∞

}
. Then

〈B(t, x)RB∗(t, x)x∗, x∗〉 =
∞∑

k=1

〈ak, B
∗(t, x)x∗〉2 =

∞∑

k=1

〈B(t, x)ak, x
∗〉2.

Let Aki : X → X k = 1, 2, . . . , i = 1, 2, . . . , be linear operators such that
∞∑

k=1

∞∑
i=1

‖Aki‖ < ∞, and αki(·) : [0, 1] → R, k = 1, 2, . . . , i = 1, 2, . . . , be such

that
∞∑
i=1

α2
ki < c. Let B(t, x)ak =

∞∑
i=1

αki(t)Akix, k = 1, 2, . . . . It is easy to

see that B(t, x) can be extended as a bounded linear operator in RX∗. For all
x∗ ∈ X∗ we have

〈B(t, x)RB∗(t, x)x∗, x∗〉 =
∞∑

k=1

(
〈
∞∑
i=1

αki(t)Akix, x∗〉
)2

≤ c

∞∑

k=1

∞∑
i=1

〈Akix, x∗〉2.

Therefore, for operators Aki, k = 1, 2, . . . , i = 1, 2, . . . , a(t, x) and B(t, x)
satisfy the conditions of Theorem 2.
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