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INTEGRALS OF LEGENDRE POLYNOMIALS
AND SOLUTION OF SOME PARTIAL
DIFFERENTIAL EQUATIONS
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Abstract. We show a connection between the polynomials whose in-
flection points coincide with their interior roots (let us write shorter
PIPCIR), Legendre polynomials, and Jacobi polynomials, and study
some properties of PIPCIRs (Part I). In addition, we give new formulas
for some classical orthogonal polynomials. Then we use PIPCIRs to
solve some partial differential equations (Part II).

1. Part I. Properties of PIPCIRs

1.1. Relation to classical polynomials.

Since translating all the roots an equal amount or multiplying a polyno-
mial by a constant will not affect the position of the roots relative to any
critical or inflection points, we restricted our attention to a polynomial with
the first and last roots at x = 41, given by

Qu(z) = (1 = 2*)gn—s(z), n2=2. (1)
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Let us call a polynomial whose inflection points coincide with their interior
roots in a shorter way: PIPCIR. It will be shown that the zeros of these
polynomials are all real, distinct, and they lie in the interval [—1,1].

The requirement all inflection points to coincide with all roots of @, ()
except *+1 yields:

Qr(z) = —n(n — 1)gu—a(x), or
(1= 2*)Qn(2) + n(n - 1)Qn(x) = 0. (2)

If n = 2, the function does not have neither inflection points, nor interior
roots between 1 and -1, but it equals zero at 1 and -1. We may include
Q2(x) into the family of PIPCIRs.

Let us differentiate the equation (2) with respect to x:

—2aQp + (1 —2)Q +n(n - 1)@, =0,
and denote y,—1 = Q/:
(1—a)yn_ — 2y, +n(n—1)y,_1 = 0. (3)

We have now well-known Legendre’s differential equation whose bounded
on [—1, 1] solutions are known as Legendre polynomials: y,—1 = L,_1(x),
n > 1. One can find properties of these polynomials in [1] or [2]. They are
normalized so that L, (1) =1 for all n. If

1
Qu() = / Lo (2)de, (4)

then Q) (z) = L,—1(x) and Q) = L], _,(z).
We see that polynomials @, (z) defined by (4) satisfy the equation (2),
and @Q,(1) = 0 for all n > 1. Moreover, Q,(—1) = 0 for n > 2, since

fil L,,_i(x)dz =0, because L,_;(x) is orthogonal to Lo(x) = 1. Thus,
@Qn(1) = Qn(-1) =0,  n=>2 (5)

Using (4), we get an explicit expression for @, (z) from the formula for
Legendre polynomials ([1, p. 120]):

2n — 2k — 3) n—2k

>
Z Qk; ”n—2l<:) z5, n22, (6)
k=0
(=1)=22(n - 3)11

and @Q,(0) =

where N = n/2 or (n — 1)/2 according as n is even or odd, or N = [n/2].
The PIPCIR @, () is even for even n and odd for odd n.

Remind that n!l =n(n—2)(n—4)(n—6) ..., on=1, (D =1.

n!!
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If n = 1, we evaluate the integral immediately: — ftl lde =—-(1—-t)=t—1.
This function cannot be included in the family of PIPCIRs since it is not
an odd function and has only one root.

Explicit formula for ¢, (z) is the following

N k+1
1 -1 2n — 2k + 1!
m(x) = G
(n+1)(n+2) — (2k)!(n — 2Ek)!
where N = [n/2] and
1 1 n+1
w0 =5 al =0 ©)
You may see examples of polynomials @, (z) and ¢, (z):

2 —1 2 —x
QQ('%') == 2 ) Q3(.TJ) - 9 )

5rt — 622 + 1 725 — 1023 4 3z
Q4(IE) = T) Q5(:E) = ] )

2125 — 3524 + 1522 — 1
Qﬁ(x) - 16 I

1 T
qO(:C)__E) Q1($)—_§a
() —5x? +1 () —T23 + 3z
r)=—"— r)=—"——

q2 R ) q3 R )

—21z% + 1422 — 1 —332° + 3023 — 5z

If we substitute the formula (1) into the equation (2), we determine that
the polynomial g, (z) of degree n satisfies the differential equation

(1 = 2%)qp, — 4aqy, +n(n + 3)g, = 0. 9)

The bounded solution of this equation is the Jacobi polynomial P,(ll’l)(x),

or ultraspherical polynomial Py(Lg/ 2) (z). Onme can find properties of these
polynomials in [2]. In particular, the zeros of these polynomials are all real,
distinct, and lie in the interior of the interval [—1,1]. Hence, we have

Theorem 1. The polynomial Q,(z) = (1 — 22)q,_2(x), n > 2, has (n — 2)
distinct real zeros in the interior of the interval [—1,1] and two zeros at its
ends.

The equation (2) may be considered as a particular case of the equation
for Jacobi polynomials pi*? (x) with o = -1, 8 = —1 ([2, p. 59]). But
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polynomials qua’ﬁ ) () belong to the family of classical orthogonal polyno-
mials only for « > —1, 8 > —1 (see [2, pp. 28, 57]). That is why these
polynomials were not under investigation.

The normalization of Jacobi polynomials is PT(ll’l)(l) = n+ 1 (see
[2, p. 57]). Since ¢,(1) = —1/2 (see (8)), we have:

P (x) = =2(n + 1)ga (). (10)

There are many important properties and recurrence formulas for Le-
gendre and Jacobi polynomials (see [1], [2]). All of them may be transferred
into formulas for PIPCIRs. We shall consider some of them.

1.2. Rodrigues formula and corollaries.

Rodrigues formula holds for arbitrary o and (3 (see [2, p. 66]); for « =
we have:

1 4

2 a p(a,a) _ 2 n+a
—1)*P, = -1 . 11
(2 = )P @) = o (@ = 1) (1)
If o« = 8 = —1, it becomes
2 n
(-1 T =1 d" o o et
P, (x) = ST g [(z* —1)" 1], n > 1.

Wishing to find PT(l_l’_l)(O)7 we determine the coefficient of 2™ in the bino-
mial (22 — 1)"7!, then evaluate
(=1)(=2/2(n — 1)1

2n!!

P D(0) =

n

Hence, comparing this equality with (6), we have for PIPCIRs

P () = 2=

Qn(z), n>1 (12)

and

x?—1 dr

- 21-1pl(n — 1) da™ [(® =)', n> 1. (13)

Now formulas (1), (10) and (12) yield
(@~ )P (@) = 4P (@),

Combining the formulas (1), (4) and (12), we obtain relation between Le-
gendre polynomials L, (z) = P () and Jacobi polynomials p{tY (x) and
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P
1— 2 1
TP ) = [ PO @)
2 5(-1,-1) ! (0,0)
Epn-l—l (.%') - - Pn ’ (x)dx

For Legendre polynomials (o = = 0) we have:
Lo(z) = — L 122 — 1)),

2nn! dx™
Taking into account (4) and the fact that since x = +1 are zeros of multi-
plicity n — 1 for the function (22 —1)"~!, they are zeros of multiplicity 1 for

d°
the (n — 2) derivative, we can write (note: wf(x) = f(x)):
1 dn—2
(n— 1) dan—2

Now we have two expressions for Q,(x); equating them, we obtain the
formula

(2> =1)"1],  n>L (14)

Qn(-%') - on—1

dn 9 1 dn72
oy [(m -1) }:n(n—l)dacn_2

(z2-1) [(z>—1)""1]. (15)

Theorem 2. Each function (n > 1) in (15) is a polynomial of degree n,
that has n real distinct roots in the interval [—1, 1], two of them are x = —1,
and x = 1. Other roots coincide with inflection points of this polynomial.

This statement is an obvious corollary from (13) and (14) and from The-
orem 1.

1.3. Orthogonality property.

Theorem 3. The functions Q,

() and Qum(x) (n # m) are orthogonal with
()

respect to the weight function w(z) = 1/(1 — z?):
1
/_1 762”(1@_@;;(%) dx =0 (n#m) (16)
and
_ ! (Qn(x))z _ 2
||Qn||2_/_1 1 — a2 dx_n(n—l)(2n—1)' (17)

Since w(zx) is not continuous on [—1, 1], PIPCIRs do not belong to classical
orthogonal polynomials, but because Qn(—1) = Qn(1) = 0, all integrals (16),
(17) are proper.
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The functions g, (z) and ¢, () (n # m) are orthogonal with respect to
the weight function (1 — 2?) and

= [ (@20 =) = s (1

These statements are immediate corollary from orthogonality of Legendre
polynomials and from the formula

/ L) = —2

1 2n—|—1'

1.4. Generating functions.

It is known that the function W (h,z) = (1 — 2zh + h?)~'/? is the gener-
ating function for the Legendre polynomials; that is

W (h,z) = (1 — 2zh + h?)~Y? = ZL

and this series converges for |h| < 1 when |z| <1 .

The PIPCIRs are integrals of the Legendre polynomials, but the integral
of Lo(x) = 1 is not included into the family of PIPCIRs. Therefore we
denote as

1
U(h, ) = —h/ (W(hot) = 1)dt = 1 — 2h — /T — 20h + 12

and it can be shown in a standard way that U (h, z) is the generating function
for the PIPCIRs:

U(h,z) =1—ah—\/1-2zh+h>=>_ Qn(x)h". (19)
n=2

The function U (h,z) satisfies the equation

0*U 0*U

that can be verified by direct substitution.
The generating function for the family of polynomials g, (z) is

U(h 1
Vih ) = LD (1 —zh — /1 — 2zh + h?)

h2(1—22)  h2(1 — 2?2 )

h2

1 D
= — = n(T)h™. 21
1—zh++1—2zh + h? ngoq() 1)
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The function V' (h, z) satisfies the equation

10 [ 0V 19 5y OV
—_— 1— —_— pu—
h28h(h 8h>+1—x28x<( ) ax) 0

that can be verified by direct substitution.
In [2, p. 68], we can find the generating function for Jacobi polynomials

1,1

Zp(ll) 4
\/1—2xh+h2(1—h+\/1—2xh+h2)

or, p. 82, for ultraspherical polynomials p¥? (x) =[(n+ 2)/2]1%&1’1)(90):

ZP 3/2)( 1
T (1 —2zh + h2)32

Using (21) and (10)7 we can write:

PR 1 ,
2n20n+1 1—xh++v1—2xh+ h?

S peEmn = ! .
n:O(n+1)(n+2) 1—xh++V1—2xh+ h?

1.5. Estimation of the functions Q,(x) and g,(x).

If we take 2 = cosf = (e + e %)/2, where i> = —1, we can get in a
standard way, using (19), for odd n
(n—1)/2
L 2(2n = 3)! (2n — 2k — 3)1(2k — 3)I!
Qn(cosf)= eI cos nf—2 ; B =2k cos(n—2k)0,
and for even n:
2(2n — 3)N
Qn(cosb) = % cosnf
n/2—1 2
(2n — 2k — 3)11(2k — 3)!! (n — 3)!!
—9 o) — (T2
Z Gn—2pnpn s 2k < nll

Using this, we can show that for —1 < z <1 the following estimations hold:

4(2n — 3N
(@) 1Qula)| < W ;

_ |
(b)  |Qn(z)| < |Qn(0)| = T for even n ;

1
©  lanla)| <5
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1.6. Asymptotic property.

The asymptotic behavior of polynomials qua’ﬁ ) for a > —1 /2, a— (3 >
—2m and o + 3 > —1 is described in [3]. We shall use it for « = 5 = 1:

(1,1) — in - cos —
Py (cosf) =(n+1) <s1n 5 COS 2> (sin@)

n

X

m—1
> a0 0 0((n+ 3/2>m>]
k=0

where Ji(x) is the Bessel function of the first kind of order &, the coefficients
A (0) are analytic functions for 0 < # < 7. The O-term is uniform with
respect to 0 < 0 < 7 — g, where ¢ is an arbitrary positive number.

As a corollary, this gives

/
P (cos 0) =2(n + 1)(sin §) ! (siiﬁ)l 2
[J1((n+3/2)9) A (H)M + o2

)

n+3/2 BT 0+ 3/2)2
where
3(1 —6coth) 3 T
A1) = ——i—~ <= <p<
1(0) 20 and ‘02‘_71—1—3/20’ 0_0_2’

and E is constant.
Rewrite the leading term in terms of x = cos 6

1/2
PO (5) 2(n+1) <?/rlccosa;>
—x

" V1 =22
m—1
Je+1((n + 3/2) arccos )
X [Z Ay (arccos x) )
2 (n+3/2)

+ arccosz O((n + 3/2)_7”)] .

Using (10), we obtain:

4,/ arccos r

Gn(2) = — (= 22/
+arccosz O((n +3/2)"™)]

m—1

Jg n + 3/2) arccos x
Z Ay (arccos ) +1(((n T 3?2))%1 )
k=0




INTEGRALS OF LEGENDRE POLYNOMIALS 267

and for PIPCIR we have:
m—1

Qni2(z) = — (1 - x2)1/4\/MLZ:O Ay (arccos ) Jk+1(((7; jrr zg)):ifcos )

+ arccosx O((n + 3/2)m)]

or,

= Ji n — 1/2) arccos x
Qulz) =— (1 _w2)1/4\/m[k20 Ay (arcoos o) k+1<<(n_ 1§2))k+1 )

+ arccos z O((n — 1/2)_’”)] .

Corollary.
Qn(zr)=—(1- x2)1/4\/arccosx[

+ Al(e)—Jz((T(ln_—Jgg@) +o }

Ji((n —1/2) arccos x)
n—1/2

where

3(1 — V1 + a?arccos x)

Au(arccos ) = 8arccos

and  |og| < ————(arccos )3, 0<z<1.
n J—

1/2

2. Part II. Applications of PIPCIRs

The set of PIPCIRs is a family of orthogonal polynomials with respect
to weight 1/(1 — 22) (see (16), (17)).

Theorem 4. If f(z) is continuous on the interval I : —1 < x < 1, its
derivative is piecewise continuous, the curve y = f'(x) is rectifiable, and
f(=1) = f(1) = 0, then there exists a series of PIPCIRs with constant
coefficients

BoQs(w) + ..+ BuQula) + ...
where
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which:

(a) converges everywhere on I,

(b) converges to f(x) at each point on I,

(c) is such that the series after multiplication by an arbitrary Qk(z) is
termwise integrable on I and converges to the integral of f(x)Qg(x).

Proof. This theorem is corollary from the similar statement about Legendre
polynomials. We differentiate the given function f(x) and find the series of
Legendre polynomials that converges to f'(z):

f(x) = AoLo(x) + A1L1(z) + ... + ApLn(z) + . ..

where

1
An:%glfJﬂm%mmm

Then we integrate this series termwise from x to 1 and use (4):

1
- / F(#)dt = f(z) = Ao(x — 1) + A1Qa(w) + ... + AuQuir(x) + -

Since f(—1) = f(1) =0 and Qn(—1) = @Qn(1) = 0 for n > 2, we must have
Ag = 0. The coefficients A,, may be evaluated in terms of polynomials @,

(use (2)):

A = 2n2—i— 1/_11 () L) 2n2+ 1 (f(x)Ln(x)‘ll—/_ll f(x)L%(x)dx)

n 1 n n(n L f(2)Qpan(x
=2 Qs = CEDOED [ TG0,

and we set for n > 2 :

B,=A,1=
n n—1 2 . 1 _ 22
nn—1)2n —1 !
2= DR g, ()
—1
The last integral shows that we do not have an improper integral. U

Requirement f(—1) = f(1) = 0 makes certain restrictions for applica-
tion of this series. But this obstacle can be overcome. For an arbitrary
continuous function f(x) we define

SO+ @) - f(=D

g(z) = f(z) - 5 - 5 .
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Since g(1) = g(—1) = 0, we can find a representation

g(x) = Z B Qn(z)

where
n(n — n— !
B, = "D [ (a)a-afa)a,
Thus -
n=2
Examples.

x+2 if —1<2<0

~1—-1.5 0.875
9w if0<z<l1 Q2(z) + Q4 ()

(see Fig. 1)

fo<z<1 2
(see Fig. 2)

x+1 if —1<z2<0

1—22 ifo<z<1

filz) = {
folz) = {2 f-lsws0 172 6 7500(2) — 0437504 (x)
fg(x) = { ~ —1.75@2(1‘) — 0.625@3(1‘)

+ 0.4375Q4 () (see Fig. 3)

sin(mz) =~ —4.7765Q3(z) + 1.82981Q)5 () (see Fig. 4)
cos(mz) = —1 — 3Q2(x) + 3.63872Q4 () (see Fig. 5)
e” ~ cosh(1) + xsinh(1) + 1.10364Q2(x) + 0.357814Q3(z) (see Fig. 6).

Figures 4, 5, 6 show graphs of PIPCIR expansion in comparison with
Taylor polynomial expansion of the same degree.

The set of PIPCIRs is a family of orthogonal polynomials with respect to
weight 1/(1 — 22) (see (16), (17)). Sometimes it is convenient to normalize
polynomials, so that its norm would be 1. Then we shall have family of
orthonormal polynomials:

Gua) = 2= g (29)

Q= [ @ =1,

—1 1—562
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Theorem 5. Let f(x) be continuous on the interval I = [—1,1], f(—1) =
f(1) =0, and its expansion in series of normalized PIPCIRs

= B,Qun() (24)
n=2

converges uniformly on I. Then
1
B2
/ 1 1-a? Z

Proof. Multiply the series (24) by f(z)/(1 — 2?) and integrate over I:

[ -5, [ 10000 - 5 5

2.1. Intervals different from [—1,1].

If a function f(z) is continuous on the interval [a, b], we may represent it
as a sum of series of PIPCIRs by substitution a new variable
x = (1/2)[(b — a)t + b+ a]. When x varies from a to b, we have ¢ vary-
ing from —1 to 1. As a result, we shall have:

:ZBnQn (2$—b—a>’
—= b—a

where

B, _n(n— 1)2(2n —1) /1 ; ((b — a)t2+ b+ a> doa(t)dt

:n(n—l 2n—1/f n2<2x b_a)dx.
b—a

If an interval is [—b, b] then

S (D), m= MY (2

If a function is continuous on the interval [0, 1] (or [0, b]), we can extend it
on the interval [—1,0] (or [—b,0]), making it even. Then we can find series

= Z BorQak(z)  where

Ba =2k(2k — 1)(4k — 1) /0 @) (2)de



INTEGRALS OF LEGENDRE POLYNOMIALS

(make corresponding correction for the interval [0,b]).

271

If f£(0) = 0, we have choice to extend the function f(z) on the interval
[—1,0] by making an extension odd or even (the extended function must be

continuous). If we choose the odd extension then

= Boy1Qokra()  where

Bopst = 2k(2k + 1)(4k + 1) /O @) ()

2.2. The distance formula and corollary.

Let R denote the distance from the origin O of the fixed point My. Let
r be the spherical coordinate denoting the distance from the origin of a

variable point M. Let D be the distance MyM. We shall show that

D:R—TCOSH—ROO - nQn(COSH) forr < R
> (7)

and

—r—RcosH—rZ( ) Qn(cos ) for r > R,

where x = cos 0, and 6 being the angle of intersection of vectors OM g and

OM, and Q,(x) is the PIPCIR of degree n.

From the triangle OMyM we can find (using Law of Cosines):

D = \/r2 + R2 — 2Ry cos .

Using the generating function and its series representation (19),
oo
U(h,z) =1—ah—/1-2zh+h2=> h"Qn(x)
n=2

we shall get, setting h = /R for r < R and x = cos 0:

2

r r r r
U(§,0080> =1- Rcos@— \/1—QECOS(9+R—

—1—%0089—— Z( ) Qn(cosb).

Hence we obtain:

D:R—TCOSH—ROO - nQn(cosﬁ) for r < R.
> ()

If r > R, we set h = R/r and obtain the second equality.

(25)
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This formula is of special interest, if we recall that reciprocal of distance
D is represented as a series of Legendre polynomials ([1, p. 207]):

D RZ( > n(cosf) for r < R,

and

1 1 o n
5= Z <§) L, (cos @) for r > R.

Using this, we may find an interesting connection between PIPCIRs and
Legendre polynomials:

( R—rcosf— RZ(T) anose))(RZ( ) cos9)>:1.

If we temporary set: Q1(x) =z, cosd =z, r/R = t, then

R (1 - Zt"cznm)) <% Zt“an)) -
n=1 n=0

Multiply series and equate coefficients of t™ (n > 0) to 0:

> Qu(@)Lyk(x) = Ln(2).
k=1

Here are some particular cases:

Li(z) = Q1(x) = =

La(z) = Q1(z)L1(z) + Q2(x)

Li(7) = Q1(x) L2(x) + Qa2(x) L1 (x) + Q3(x)

Ly(z) = Q1(2) L3 () + Q2(x) Lo () + Q3(x) L3 (x) + Qa(x).

Using this system of equations, we may express Legendre polynomials as a
sum of products of PIPCIRs, or PIPCIRs as a sum of products of Legendre

polynomials.
For a small value of n we can do it immediately:
Ly(z) = Q1(x)
Ly(z) = Q(x) + Qa(x)
Ly(z) = Q}(z) + 2Q1(z)Q2(z) + Q3(x)
Ly(z) = Qi(z) + 3Q1(x)Qa(2) +2Q1(x)Qs(w) + Q3(x) + Qu(x)
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Q1(z) = L1(2)

Qa() = La(x) — Li(x)

Qs(x) = Ly(z) — 2Ly (x) La(x) + Li(x)

Qa(x) = La(x) — 2Ly (z) L3(x) + 3L{(x) La(z) — Lj(x) — Li(x)

and so on.
Recall the relation between a PIPCIR and a Jacobi polynomial:

— 72
Qo) = (1= P)an-ale) =~ 5 =3 P @)

Using this, we can obtain new formulas for Jacobi polynomials:

1—22 & 1 (1,1)
5 Z i+ 1Pi<; (@) Ln—k(2) = Lpi1(2) — Lny2(2),
k=0

and

P (@) =~ (La(a) — L3(@)

B 6) = 1= (1) -2 o + 0

P () = -0 (Lal) — 2 () L) + BL3 (@) Lalr) — L) — LA(w)
and so on.

2.3. Solution of some partial differential equations.

Recall that PIPCIRs are solutions of the equation (2). If we set = cos 6
then these polynomials will satisfy equations

d*Qn dQn
_ -1 =0. 2
70 cot 6 0T n(n—1)Q, =0 (26)
Theorem 6. The equations
(a) (1—2a®)y" —cy=0, y(=1) =y(1) =0
dQ?J dy 2
(b) 202~ Cot0og —cy =0, y(0) =y(m) =0

have only trivial solution on the interval [—1,1] for any c.

The proof is standard.

If we change the conditions to y(0) = y(1) = 0 or 3/(0) = y(1) = 0, the
conclusion will be the same.
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Example 1. Consider the equation
Pw 10w
— = <z<l1l, t> 2
ox2  kot’ Ol 20, (27)
with initial condition w(z,0) = f(x) for all 0 < 2z < 1 and boundary
conditions w(0,t) = 0, w(1,t) = 0 for ¢ > 0. This requires that f(0) = 0,
f(1) =0.

We shall seek a solution of this problem by separation of variables. First
we shall find a solution of (27) of the form w(z,t) = F(x)G(t). Standard
operations will give the following equations for F' and G:

(1—2®)F" +A\F =0 and G’ + kG = 0. (28)

(1-2?)

We rewrite boundary conditions w(0,t) = 0, w(1,¢) = 0 in terms of the
functions F' and G: F(0)G(t) = 0 and F(1)G(t) = 0 for all ¢. This means
that F'(0) =0 and F(1) = 0.

Since f(0) = 0, we may extend the function f(x) to entire interval [—1, 1]
making it odd and the extended function is continuous. Then we shall look
for solution using PIPCIRs of odd order only. As it was stated in Theorem 6,
the first of the equations (28) has a nontrivial solution only if A > 0. If we set
A =2n(2n+1), n > 0, we find a solution of this equation F'(z) = Qant1(x).
After that we determine a particular solution of the second equation (28)
with A = 2n(2n + 1):

G(t) _ 672n(2n+1)kt.

Let
xD
w(z,t) = Bont1Qant(x)e IR, (29)
n=1

For any coefficients Ba,1 this function satisfies the equation (27) and
boundary condition w(0,t) = 0, w(1,t) = 0. For t = 0 we must have

f(@) =) Bons1Qont1(@),
n=1

and we find coefficients Ba,41, using formulas (22):

1

1
=2n(2n + 1)(4n + 1)/0 f(@)gon—1(x).

The function (29) with defined coefficients B,, is the solution of the prob-
lem (27).
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Example 2. If we have the equation

0*w 10w
12— =~ <z<1 >

0
with initial condition w(x,0) = f(x) and boundary conditions 6—w(0, t) =0,
x
w(l,t) = 0 (that requires f(1) = 0), then after the same procedure, we

may extend the function f(z) from the interval [0, 1] to the interval [—1, 1]
making it even. Since a function @, (z) for even n satisfies both boundary

conditions @, (1) =

Cn (0) = 0, the function
T

t) = Z By Qop(x)e2nEn—Dk! (31)

satisfies this conditions for any coefficients Bs,. For t = 0 we must have

(o @]
(L‘) = Z BQnQQn(x)
and we find coefficients Bsg,, using formulas (22):

f QQn

S 1—a22
=2n(2n — 1)(4n — 1)/0 f(x)gon—o(x)dx.

The function (31) with defined coefficients B, is a solution of the problem
(30).

B, =2n(2n — 1)(

Example 3. Consider the equation
?w  10%w
l1—2?)—=-—, k <z<l1l, t> 2
( x)axQ katQ’ >0’ O_'CC_ Y _0’ (3)
0
with initial conditions w(z,0) = f(z), a—lg(:c,()) =g(z) forall 0 <z <1
and boundary conditions w(0,t) = 0, w(1,t) = 0 for ¢ > 0. This requires
that f(0) =0, g(0) =0, f(1) =0, g(1) =0.
As in Example 1, we shall find first a solution of (32) in the form w(x,t) =

F(z)G(t), separate variables, and we shall get two equations:

(1—a2)F"+XF =0 and G+ MG = 0. (33)

Since f(0) = 0 and g(0) = 0, we may extend the functions f(x) and g(z)
to entire interval [—1, 1] making them odd and the extended functions are
continuous. Then we shall look for a solution using PIPCIRs of odd order
only. As it was stated in Theorem 6, the first of the equations (33) has
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nontrivial solution only if A > 0. If we set A = 2n(2n + 1), n > 0, we find
a solution of this equation F(x) = Qant1(x). After that we determine a
particular solution of the second equation (33) with A = 2n(2n + 1):

Gn(t) =A, sin(VAk t) + By, cos(VAk t)
=A, sin(y/2n(2n + 1)k t) + By, cos(v/2n(2n + 1)k t).

Let
u(x,t)::EE:CQmH4(x)[A2n+1shﬂxfxgt) (34)
n=1
+ Bopy1cos(VAE t)] .
Then

%—Q:(:C,t) = Z Qont1(x) |:A2n+1\/ECOS(\/E t) — Bopg1VAEsin(VAE 1) ] .
n=1

For any coefficients Asgy, 11, Ban+1 the function w(x,t) satisfies the equation
(32) and boundary condition w(0,t) = 0, w(1,t) = 0. For ¢ = 0 we must
have

flx) = Z Bon+1Q2n+1(%),

n=1
g(z) = Z A2n+1m Q2n+1(2),
n=1

and we find coefficients B,, and A,, using formulas (22):

Bopt1 =2n(2n+1)(4n + 1) /1 %n;;(x)dx
01
=2n(2n+1)(4n + 1) /0 f(x)gan—1(x)
S m2n+D)(An+1) ! g(x)Qansa(w)
Agnt1 = NV /0 11— ;2 dz

2n(2n+1)(dn+1) [*
-2 [ ) o).

The function (34) with defined coefficients A,,, B, is the solution of the
problem (32).
If we have the equation
Pw  10%w

l—-2)) ="+, 0<2<1, t>0
1-2)5z =raz 0S2=L 120
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dw
ot

0
and boundary conditions 8—w(0,t) =0, w(l,t) = 0, then after the same
x

with initial conditions w(z,0) = f(z), (z,0) =g(x) for all 0 <z < 1,

procedure, we may extend the function f(x) from the interval [0,1] to the
interval [—1, 1] making it even, and we shall find the answer in the same
way as in Example 2.

Example 4. Let w(r, ¢, 0) be a function defined on spherical solid of radius
R with center at the origin, (r,¢,0) are spherical coordinates of a point
where r is the distance from origin, 6 is colatitude from the positive z-axis
(cone angle), ¢ is the angle of sweep about the z-axis. We assume that the
function w depends only on two variables, r and 6, and satisfies the partial
differential equation

9 ( 0w\ 9 [ 1 dw\
E <’I" E) +Sln9% (Sln@%) =0 (35)

and boundary condition w(R,0) = f(6), where f(0), 0 < 6 < m, is continu-
ous function. We shall seek a solution of this problem by separation of vari-
ables. First we shall find a solution of (35) of the form w(r,0) = F(r)G(6),
and standard operations will give the following equations for F' and G:

sin0i< 1 dG) +AG =0, d (r2d—F> —\F =0.

df \sin6 do dr \' dr
These equations can be rewritten as
d’G dG 9 ,

By Theorem 6, we conclude that A must be positive, and we set A =
n(n—1). The PIPCIR @, (cos @) is a particular solution of the first equation
(36). A general solution of the second equation (36) is equal to the function

B,

F(r):Anrn+rn+1,

(37)

where A,, and B, are arbitrary constants. The second term on the right in
equation (37) becomes infinite at » = 0 and is thus unsuitable. Hence we
let B, = 0.

Now we can construct the function

wy(r,0) = F(r)G(0) = %T"Qn(cos 0)

and then
w(r,0) =3 4, (%)" O (cos 6).
n=0
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This function satisfies the equation (35) and w(r,0) = w(r,m) = 0 for
any coefficients A,. If the function f(6) does not satisfy the condition
f(0) = f(m) =0, then we set

fO) + () f(0) = f(m)

g(0) = f(0) — 5 5 cos .
Since g(0) = g(m) = 0, we can find a representation
= i A, Qp(cos )
n=2
where (2 N
A, = nin = )2( n—1) /0 9(0)gn—2(cos ) sin 6 db.
Thus
The function
Blat) = £(0) ; f(@) | f(o) m AG) B ZA ( ) Qn(cos )

with defined coefficients A, is a solution of the problem (35).

Note. The function S(r,0) = D/r, where D is a distance (25), is one of
the particular solutions of the equation (35) with the boundary condition

£(0) = 2sin(6/2).

Example 5. In the situation described in Example 4 we consider spherical
shell solid with the radius of the inner surface R; and the radius of the outer
surface Ry, R1 < Ro. The common center of these surfaces is at the origin.
We shall determine the function w(R, #) that satisfies the equation (35) and
given boundary conditions

w(Rlve) :f1(0)7 w(R270) :f2(0)7
where f1(6) and f1(6) are continuous functions, 0 < 6 < 7. As in Example 4,

we find the equations (36) and the function (37), but now we cannot reject
the second term of it. So, we construct a function

wy(r,0) = F(r)G(0) = (Anr + il) Qn(cos )

and
xD

w(r,§) = <Anr + f+1> Qn(cos ).

n=0
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For r = R; and »r = Ry we must have:

f1(0)+f1(7f)+f1(0)—f1(7f)

w(Ry,0) = f1(0) = 5 5 cos
o0 Bn
+ nZ:O <AnR7f + R?+1> Qn(cos0)
w(Ry,0) = f2(6) :f2(0)42rf2(7r) N f2(0) ; B
00 B,
Hence, if
91(0) = f1(0) — 11(0) ; fi(m)  £(0) ; AT eo
and
) - 0~ BSOS
then
AnBi Rl;il — 1)2(2n - /O 91(0)qn—2(cost) sin 6 do,
AnRy + Rgil - nln 1)2(2n b /O 92(0)gqn—2(cos ) sin 0 db.

To define coefficients A,, and B,,, we have to solve the linear system of two
equations. It has the unique solution for Ry # Rs.
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Fig. 1. Graphs of fi(z) and si(x) =1 — 1.5Q2(x) + 0.875Q4(x)
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Fig. 2. Graphs of fa(z) and sa(x) = (1 +2)/2 + 0.75Q2(x) — 0.4375Q4(x)
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Fig. 3. Graphs of f3(x) and s3(z) = —1.75Q2(z) — 0.625Q3 () + 0.4375Q4 ()
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Fig. 4. Graphs of f(z) = sin(nz), s(zr) = —4.7765Q3(z) + 1.82981Q5(z) and
T(x) = 7w — (1/6)7323 + (1/120)7%2° (dashed curve represents T'(x))
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Fig. 5. Graphs of f(z) = cos(mx), s(x) = —1 — 3Q2(x) + 3.63872Q4(x) and
T(x) =1—(1/2)7%x? + (1/24)7*z* (dashed curve represents T'(x))
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Fig. 6. Graphs of f(z) = €%, s(x) = cosh(1l) + zsin(1) + 1
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10364Q5 () +
(

0.357814Q3(z) and T(z) = 1 + x + (1/2)x? + (1/6)x3 (dashed curve

represents T'(z))



