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1. Introduction

Problems in elasticity, crystallography and phase transitions lead to the consideration of
energy functionals of the kind

/Q §(Vu(2))da

where g is non negative and is zero only on potential wells described by rotations of finitely
many matrices Ay, ..., A, i.e.

g(F)=0 for FelJSO(3)A;.
i=1

In general the matrices A; describe symmetries of the material and are connected by a
symmetry group. See, for instance [1], [2], [3], [4], [5] and [6].

Finding a minimizer of the energy satisfying the homogeneous condition at the boundary
of Q : ulgg = 0, is then equivalent to solving the differential inclusion

Vu(z) € | ] SO(3)A;,
=1

with the boundary condition: u|gg = 0. This needs not always be possible : from a result
of Reshetnyak, see [7] and [5], it follows that the problem

{ Vu(x) € SOB3)I,
ulog = 0,

admits no solution on any open and bounded Q C R3.
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The purpose of the present paper is to show that for any open and bounded 2 C ]R3, the
problem

{ Vu(z) € SO3)I U SO(3)I,
ulpn =0,

-1 0 O
I~ =1 0 1 0],
0 0 1

(or any other matrix giving a change of orientation in ]Rg) does indeed admit a solution,

where

a Lipschitz continuous map u : @ — R®. More precisely, the matrix Vu(z) will belong,
for a.e z in Q, to a subset of O(3) = SO(3)1 USO(3)I~, the set R of those orthogonal

matrices having rows +e;, where (er, eg, e3) is the canonical basis of R3. Notice that our
result is contrary to the intuition: when 02 is smooth, in case u was smooth as well,
the three components of u would have 9€) as a level set, hence their gradients would all
be orthogonal to 0f2, i.e. parallel to each other. In particular our result shows that the
minimum of the functional

/Q §(Vu(z))da

with homogeneous boundary condition is zero. Hence the functional is not quasicon-
vex since the (affine) boundary datum is not a solution to the minimum problem. The
boundary datum zero need not be the only case yielding a zero infimum for the mini-
mum problem. Characterizations of such boundary data under different assumptions are
presented in [2] and [8].

An unknown referee, whom we thank for the careful reading of the proof, has pointed out
that related results on the existence problem, have been announced by Muller and Sverak

for the case Q C R?.
2. Notation and preliminary results
For z in R3, define the three maps = — | X,|(z), 2 — |Xu|(2), © — | Xi|(z), as follows:
| Xs|(21, 22, 23) = sup{|a;| = j=1,2,3}.
Let k € {1,2,3} be such that |Xs|(z) = |zx| and set
| X |(21, 22, 23) = sup{|zj| : 7=1,2,3; 7 # k}.

Remark that |X,,| is unambigously defined: in case ki and kp are such that |zy,| =
| Xs|(z) = |2k, |, then | X, |(2) = | X;|(z) independently of the choice of k. Set also

| Xi| (21, x2, 23) = inf{|x]~\ :j=1,2,3}.

Proposition 2.1.
a) The maps |Xs|, | Xml|, | Xi| are continuous.
b) [X,l(z1, 22, 73) = | Xsl(21), 1], o)), and the same for |Xom| and | X
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&) Xl B3> 535) = | Xl (@1, 22, 35) for amy permutation (z3,, 23, 235) of (1,22, 73),
and the same is true for | Xp,| and | X;|.

Remark 2.2. The composition of a continuous function on R? with (|X,|, | X/, | Xi]),
is a continuous function of x, and is invariant under a permutation of (x1, z2,x3).

For z in R? and such that |z;| # |2;|, for 4,5 = 1,2,3 and i # j, set s(z), m(z), i(z) to
be such that

o) = 1Xsl(@), @) = [Xnl(@),  |zi@)] = [Xil(2).

The maps x — s(x), x — m(z), z — i(z), are locally constant on their (open) domains.
We have the following technical proposition.

Proposition 2.3. Let E C R? be defined by

E={a w1, 1] + [w2 <1, [22] < |aaf}
Uz il 2 [loo< 1, [21] + fa2] 2 1, |21] < faal}.

Then, (x1,x2) belongs to E if and only if ((21)mod1, (£2)moed1) belongs to E.

Proof. Set y; = (1)mod1 and y2 = (22)moq1- Four cases are possible: (x1,x2) = (y1,y2),

(z1,22) = (Y1 —1,92), (x1,22) = (y1,y2— 1), (x1,22) = (y1 —1,y2—1). One verifies easily
the claim, separately for each case. O

We wish to have indices ¢ in {1,2,3}. It is convenient to set ()3 = (r — 1),0q3 + 1, for
any integer r.

We shall need three functions f!, f2, f3, from R to R. On [0, 1] set

fy) =inf{y,1 -y},

and consider f! on R to be its extension by periodicity. We have that f! is continuous
and that f(y) = f!(|y|). Set also

P = @) ) = 1 ()

3. Main result

It is our purpose to define a function u : Q@ — R?, Lipschitz continuous on 2, such that

ulpg = 0 and Vu(z) isin R C SO(3)I U SO(3)I~ for a.e. = in €.

Theorem 3.1. Let Q) be a bounded open subset of R3. Then there exists @ : Q — R?,
Lipschitz continuous with Lipschitz constant one, such that

i) aloa =0;

ii) Vaua(z) € R, for a.e. x in S

Proof. The proof consists of the following steps:
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a)

b)
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We define first a map u! on the sphere || z |5 < 1, satisfying the differential inclusion
ii) on || # [[co< 1 but not the boundary condition i) at || z ||.c= 1.
We recursively extend this map, by defining a function u” on the set of x such that

S 37 <1 7 [loo< S 57, a Lipschitz continuous map satisfying condition ii) and

such that, for all j € {1,2,3}, sup |[u}(z)] < 2,1%1
We define a function u satisfying properties i) and ii) for Q = Bs, the sphere || ||oo
< 2.

Exploiting Vitali’s covering theorem, we define @ on 2, with the properties i) and ii)
of the theorem.

a) On By, the unit ball || z ||oo< 1, set:

ui(2) =1 || @ [lo= 1 — |X](2);
uy(x) =inf{f1(1 X[ (2)), F1(| X (2))};

ul(z) = { P21 Xm|(x))  on |Xi|(z) + [Xm|(2) < 1
’ PXil(x)  on [XG|(x) + [ Xim| (z) > 1.

Notice that on the set {z : |X;|(z) + | Xm|(x) = 1}, one has | X;|(z) = 1 — | Xn|(2),
hence f2(|Xi|(x)) = f2(1 = |Xi|(2)) = f2(|Xm|(2) = 1) = f2(|Xm|(z)) by the periodicity
of f2. Recalling Proposition 2.1, the map u' is continuous, actually piecewise affine. In

particular consider u!(z1,z2,1).

Claim 1. ul(xla x2, 1) = ul((xl)modla (xQ)modla 1)'

Proof of claim 1. We have u}(x1,z2,1) = 0. Moreover,

uy(x1, w9, 1) = inf{f'(|z1]), f(|zal)} = inf{f* (z1), f' (22)}
= inf{fl((l‘l)modl)v fl(($2)mod1)}'

Finally consider ué(xl, x2,1). Recalling Proposition 2.3, we have

($17$2) el & ((Il)modla (xQ)modl) SO

Then if (z1,x2) € F we have

and

ug(ar, w2, 1) = f2(|z1]) = f2(21)

u%((xl)modla (xQ)modla 1) = f2(|($1)mod1|) = fQ((xl)modl)'

Since f2(x1) = f2((21)moq1) the claim follows in this case. Analogously when (z1, )
belongs to the complement of E. This proves claim 1. O
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Moreover, we have: sup{|u]1(a:)\ cx € By, j=1,2,3} =1.
Whenever the gradients exist, we have:
VU% (l‘) == Sign<xs(:v )es(x)

)
1o sign(@i))eiq) on |Ti(z)| + [Tl <1
Vu (.T) { _Sign(xm m))em(x) on |xz(m)‘ + ‘xm(x)‘ > 1

(

2/

Ton(z))Cm(z) O |Tix)| + | Ty < 1

vu;,(x):{f2,( (@)em(z) o0 [Zi(m)| + |Zm(a)]
f (xz(x))ez(x) on |xz(x)‘ + ‘xm(x)‘ > 1.

Since |f2/(t)| =1,fort ¢ {(1/4)z : zinteger}, we have that, a.e. on B, Vu'(z) € R.

b) We begin by defining two auxiliary functions v and ¢!. The function ¢! will, in turn,
extend u' as u” on the layer 1 <|| z ||so< 1+ 3. To do so, we have to carefully consider

the continuity of u? at {z :|| # [[so= 1}. An induction argument carries this construction
to u'.
We begin by defining the subsets Q2, @3,, Q3 of B1 = {z :| z [|«< 5} as

2

Q3= {zeBy : |us| = [X|(@)};

Q% ={w € By : |os] = [Xul (@)}

Q) ={z € By : |zs| = |Xi|(x)}.
Setv:B% — R? to be:

1 1
0a(@) = 5= 112 loo= 5 — 1%, (2);

and, for z in Q3 U Q3.

o(z) = { PXml (@) on [Xi|(x) + [Xn|(2) < 5
PUXil()  on [Xi|(2) + [Xom|(2) > 35
v3(a) =inf{f2(1Xi[(2)), f2(| Xm|(2))};
for x in Q?,
wio) = PIXI)  on | Xil(x) + [ Xl (x) < &
PXml(@)  on |Xi|(z) + [ Xm|(z) > 5;

vs(w) =sup{f*(1Xi|(2)), f2(| Xl (2))}.

The same arguments as used for u!' show that v is lipschitzean on B1 and that
2

1
sup{|vj(x)| : = € B%, j=1,2,3} = 5

Notice, for future use, the following properties of v:
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a) v(r1,x2,23) = v(|21], |22], |23]);

B) wv(xy,x2,x3) = v(w2,T1,T3).

To prove (3) above, remark that when (x1, 2, 73) belongs to one of the set Q2, Q3 ng,
so does (x2,x1,x3). Then v is defined through the maps | Xg|, | X, |, | X;| that assume the
same values on (x1, z2,z3) and any of its permutations.

The map v is differentiable a.e. on B 1 and, whenever Vv exists, has the form, for x in

QU

Voui(x) = { fSI(xm(x))em(:v) on |xi(x)| + |!Em(x)| < %
- /
f3 (xi(x))ei(x) on |xl~(x)\ + \xm(x)‘ > %
Vug(z) = — sign(Ty(z))es(a)
Vug(z) = P (@iw)eiw o |Tig)| + [Tm)| < 3
- /
f2 ($m(x))€m(x) on |xz(x)| + |xm(x)| > %
For z in QS’
Vv (1‘) = { fS/(xi(l’))ei(x) on |xz(m)‘ + ‘xm(x)‘ < %
- /
P (@me))em@) o0 |2y + [Tma)| > 3
VUQ(.T) = — Slgn(l‘s(w))es(w)
Vus(z) = { ¥ (@) em() o0 ia)| + [T < 3
- /
P iw)eiw)  on i) + 1Tm@| > 3

Hence, a.e. on By, Vu(z) € R.

The following properties will be essential to show the continuity of the extension of the

map u'.

Claim 2. For (z1,x2,1) in By we have

1 1
ul(xy,w9,1) = v <($1)mod1 — 3 (22)mod1 — 5,0) :

Proof of claim 2. We have already proved that

ul(l'la x2, 1) = Ul(($1)mod1> (xQ)modla 1)7

hence, without loss of generality, we can assume z1,2z9 > 0. Set y in B 1 to be y =
(x1 — %,:pg - %,O). Since y3 = 0, y is in Q?, and | X;|(y) + | Xm|(v) = [ Xmn|(y) < 1/2, so
that v1(y) = f3(0) = 0. Moreover, by the very definition, ul(x1,z9,1) = 0.
In order to prove the claim for the second and third components, consider the sets

A={z1 +z2 <1}N{xy < a1},

B={x1+x2>1}N{xe > 21},

C={x1+x2 <1}N{xg > 1},

D={x1+z3>1}N{xs < a1}
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Since va(z1 — 5,22 — 5,0) = 1 — sup{|z1 — 3|, |z2 — [}, we have

1 1
V9 1171—5,372—570

= zoxa(T1, 22) + (1 — 22)XB(71, ¥2) + 1XC (71, 22) + (1 — 21)X D (21, 72).

On the other hand,
us (w1, w9, 1) = inf{ f1(x1), f1(z2)} = inf{x1, 1 — z1, 9,1 — z3}.

On A we have z9 < 21, 1 — 21 > 29, 12 < 1 — 9, so that uj(w1, 22, 1) = x2. Analogously
one verifies that u%(xl,xg, 1) =wva(z1 — %,:pg — %,O), for (z1,22) €e BUCUD.
Consider now the third component. Notice that

1

|XZ‘<551 - §ax2 — 5,0) =0
and that
1 1 1 1
| Xm (21 — 3172~ 5,0) = inf{|z; — §|, |29 — §|}’

hence, by definition, v3(z1 — 5,22 — £,0) = f2(inf{|z1 — &, |v2 — 3|}). We have

1 ’:1:1—% on AUB
inf{x xg——’}:
2 ‘:1:2—%} on CUD
so that

1 1
U3 <$1—§,$2—570) :fQ(
1

= f2 (56’1 - 5) XauB(z1,72) + f2 <$2 - %) Xcup(T1, 72)

1
1_57

1

T — 5‘) XauB(z1,72) + f* (

1
v =5 xcup(x1,z2)

= f2(z1)xauB(1, 22) + f2(22)Xcup (71, T2).
On the other hand, by definition,
ul(r1, w2, 1) = f2(| Xl (21, 2, 1)) xauc (21, 22) + F2(|X3| (21, 22, 1)) x pup (21, 72)
= f2(z1)xa + f2(z2)xe + f2(21)xB + f(22)XD-

This proves claim 2. O

Claim 3. For &y, &o: —% & < %, —% <& < % and for r =1,2,3, we have:

&
(61,6, )—2vr< §1+1 §2+i ;)
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Proof of claim 3. Consider r = 2. By definition, since (£1,£2,0) is in Q?, we have
v1(£1,€2,0) = f3(0) = 0. On the other hand, since vs is zero at the boundary of B%, the

claim holds for r = 2.
Consider r = 3. We have
1
v2(€1,62,0) = 5 sup{|&1], [§21}

while, since (%&1 + 4, 252 + 4, 2) is in Q2,
11, 11\ . (of1. 1\ /1 1
w (g0t paetys) =2 (Ga+1) 2 (e )]
:mf{%fl (éw%)éﬂ <€2+%)}-

inf{%f1 <§1+%>,%fl <£2+%)}:%1nf{%—\§1| ‘§2|}

1/1
=3 (5 — sup{|&1], |§2|}) ,

2
B
(@)
¢}
~
.
g
=
~
m
=)
=
o
&
B
o
[}
=
=
-+
i
o)
B
2
)
s
—~
~
N—
Il
—
~
|
=

and the claim holds in this case as well.
Consider r = 1. Since (&1, &2,0) is in Q3,

v3(€1,62,0) = fA(inf{[&1], [€]})-
On the other hand,

v1(1§1+ 52 1;)
{f (SUP{\ 51+ Js&e+glh) on s+ +lze g <3
f2 (inf {|3& + § %fﬁi\}) on |56 + 3| + 382+ 1 = 3
{f (3+ QSUP{&,fz}) on & +& <0
B E+imf{&,&Y) &G +&>0
{ £3 (3sup{&,&}) oné& +& <0
2 (Ginf{&,6}) on&+&>0
1y

{ (sup{&1,62}) on & +& <0
fA(inf{&, &})  on &+ & > 0.

Consider the four sets:

A={(£1,62) : &+ & < 0andéy > &1},
B ={(&,&) : &1+ & <Oand& < &},
C={(&,8) - &1+ & >0and& < &1,
D ={(&,&) : & +& > 0and & > &},
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so that

BUD ={(&,&) : [&| = &}
and

AUC = {(&,&) : &l > [}
We have

o (ga Yoty ;) = S PA@xa + 5 s + 5 P @xe + 5 @)D

= 3 P2&Dxpop + 5 (&) xave = S/ E(ll 16,

Thus claim 3 is fully proved. O

Having proved the properties of the map v described in claims 2 and 3, we introduce the

“layer” function ¢!, that will be used to extend the map u'. On the set R? x [—%, %], we

define ¢! as

1 1
021, 12, 23) = v <(S€1)mod1 — 5 (22)mod1 — 5&63) -

We shall use the following property of ¢1:

Claim 4.
51(371,372@3) = 51(|371|7 |22, [23])-

Proof of claim 4. We have

1 1
My, w2, 23) = v <($1)mod1 — 5 (22)mod1 — 57563)

1 1
= (xl)modl IR (xQ)modl rSE |$3| .
2 2
By inspection, one verifies that }(|t|)mod1 — %} = }(t)modl — %}, so that

1 1
021, 29, 3) = v ((‘xl‘)modl — 5 (|z2|)mod1 — 5 |£U3|)

= €I(|x1|7 |.T2‘, ‘1’3|>

Claim 4 is proved. O
Having introduced ¢!, define , for n € INT, ¢ : R? x [—2%, 2%] as

n 1 1l/on—1 n—1 n—1

0" (x1, 9, w3) = 2n71€ (2", 2" g, 2" T ay)

Notice that, by claim 4, (" (x1, z2, x3) = £"(|x1|, |x2], |T3]).
The analogue of the property expressed by claim 3 is given by the following claim 5.
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Claim 5. Form e N andr =1,2,3,

m—+1 m 1
f(ril)3<l’1,l’2,0> :gr 1’1,1’2,2—m .

Proof of claim 5.

1 I ~1 o 1
0" (!ELIEQ,Q—m):Wfr (2m x1,2™ 902,5)

1 _ 1 _ 11
= 2m_1vr <(2m 1551)mod1 Ty <2m 1552)mod1 Ty 5) .
On the other hand
1
E(Z—j)g(l‘l, x9, 0) = Q—mﬁb_m (le‘l, 2ml‘2, 0)

1 1 1
= Q_mv(r—l)g <<2mx1)mod1 - 57 (me2>mod1 - 57 0) .

At this point notice that, by inspection, for ¢ in R, (2t),,0a1—[2(t)moa1—1] € {0,1}. Hence

((mel)modl - %7 (me2)mod1 - %7 0) - (2(2m_1x1)m0d1 —1- %7 2(2m_1x2)m0d1 —-1- %7 O)
has 0 or 1 at the two first components; so that, by the periodicity of v when z3 = 0,

1 1
U(T—1)3 ((2mx1)mod1 - 5, <2mx2)mod1 — 57 O)
m—1 1 m—1 1
= Ur-1)3 2(2 xl)modl —1- bR 2(2 xQ)modl —1- 57() ’

and applying claim 3,

1 1
U(r-1)3 ((mel)modl - 57 (2m$2)mod1 - 57 0)

_ 1 1 1 _ 1 1 11
= 2v, ((2m 1$1)mod1 571 + 1 (2™ 1$2)modl ~957 1 + 1 5)
_ 1 _ 11
= 2v, (<2m 1xl)modl Ty (2™ 1552)mod1 Ty 5) )
proving claim 5. O

Set
L' = {(z1,x2,23) : |z3] < land sup{|xi|,|z2|} < |x3|},

and, for n > 2,

n—2 n—1
1 1
L™ = {(:pl,xg,x;;) : E % <lzs| < g gand sup{|z1], |x2|} < |x3|}
1=0

1=0
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On L' the map u! is already defined. For n > 2 and (z1, 72, 23) in L™, set

n—2
- 1
U;L(xl,xz,x:&) = %_1(n+1))3 (fm,xz, 3| — Z 5) :

1=0

Remark that, from property ) of the map v and claim 4, we have, for the map u”, the
analogous properties

o) (1, w2, w3) = u (|71, |22, |3]);

B u(x1, 9, 13) = u" (12, 71, T3).

Notice that it follows that the map u'x 1 + u?x 2 is continuous. To prove this fact, we
have to show that

u}(xl, x9,1) = 5}(!151, 2, 0),

and the validity of this statement is supplied by claim 2 and by the definition of ¢1.

n—2 1 n—2 1
uy (901,962,2?) = U}%l (m,xz,Z@) :

=0 =0

Claim 6.

Proof of claim 6. We have to show that

1
n—1 n—2
ity (7122, = 66, ("””1’“’ W) /

and this follows from claim 5 setting m = n—2 and r = (j —n)3. Thus claim 6 is proved.
o

We wish to extend each map u™ to the set {z : >\~ 02 211 <[ 2 [Joe< Doi 01 %} Set

u"(z) = u" (| Xi|(2), [Xm|(2), [ Xs|(2)).
It is a true extension: let = be in L". Then |z3| = | X;|(x), and
(1| (), [ X (2), [ Xs| (2)) € {([21], [22], [23]), (2], |[21], |23])}-
From o) and (') it follows then that
u"(x, we, w3) = u(|Xif (2), [ X (2), [ Xs](2)),

so that the new definition coincides with the old. Moreover each u™ is a composition of
continuous maps, hence continuous.

We have in addition that, for j = 1,2,3 and n € N,

sup{lﬂ?(x)l Z—<Ilwlloo<221}§ -

=0
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Consider now Vu"™(z). Recalling that the maps i(-), m(-) and s(-) are defined on an open
set of full measure and are locally constant on it, we see that, given ¥, there exist integer
values, say 7, T, 5, which are the values of i(), m(+), s(-) respectively on a neighborhood
of 7. For x in this neighborhood

u"(z) = u" (a7, vm, 75).

If we consider the gradient with respect to the variables x;, z7;, 5, we have

n—2
1
VZ,%,EU? (27, T, 75) = V7 m sf(] 1(n+1)) (xfa Tr, | T3] — Z 21>

! 2 2 -2
= vzvmgwg(j*(fﬂrl))g (2” X, 2n T, 2n |[L‘8| —
1 B 1 1 gy
= Vimsgnz V- (n+1)s <(2” 220 mod1 — 3 (2" o) mod 1 — 52" 2<x§| - Z§>> :
i=0
Except on a set of measure zero, this gradient equals
Vi 50— (n+1)); (&0 & €5)
computed at
1 1 gy
<§L7 gmu gs) = (( 72$Z)m0d1 - 57 <2n72xm)mod1 - 57 2n72 (‘SL’§| - Z 5))
=0

Since, a.e.,

Vimsv (& &m &s) €ER

and Vimsu™(ar, om, 5) is obtained from it by a permutation of the rows, then it fol-
lows that Vimsu” (27, 27, v5) belongs to R as well. Since the columns of Vu™(x) are a
permutation of the columns of V; 7 su" (27, ¥3, v5),we have

Vu'"(z) € R.

c¢) For z such that || = ||co< 2, set:
u(z) =u’(x), whenx € L.

By claim 6, the map u is unambigously defined and continuous, actually Lipschitz con-
tinuous, a.e. Vu(z) is in R and, by the estimate on |u}(z)|, one has

lim w(z) = (0,0,0)

[[#]loc—2

i.e. u satisfies i) and ii) with Q = Bs.
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d) The collection {z + 7By : 2 € Q, r € RY, r < S dist(z,0Q)} is a Vitali covering of Q.
Let z; and r;, j € IN, be such that:
(1) (2j +r;jB2) are mutually disjoint;

(2) Q=NU <UjG]N<Zj + 'erg)>, with N a subset of Q of zero measure.
For each j € IN, define the vector function @’/ on ), by setting

l‘—Zj

() = rju (2 ) om0
rj

so that Vi/(z) € R for a.e. x in zj + r; Bo.

Finally set, for x in {2,

i) =Y (x).

jelN
Then @ is the required function: @ is Lipschitz continuous and satisfies i) and ii) of the
Theorem. a
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