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A Remark on a Free Interface Problem
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We study the optimal design problem of finding the minimal energy configuration for a mixture
of two conducting materials with a perimeter penalization of the unknown domain, when a vol-
ume constraint is added. We prove that minimizers of the constrained problem also minimize an
unconstrained problem with a volume penalization for which regularity results are available in the
literature.
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1. Introduction and statements

In this paper we study minimal energy configurations of a mixture of two conductive
materials in a bounded, connected open set {2 C R" where the energy includes
penalization of the perimeter of the interface between the materials.

The energy we consider here is given by
Flu, E) = /GE($)|VU|2da:+P(E,Q), (1)
Q

where £ C § is a measurable set, op(z) = axg(r) + Bxa\g(2), for some 0 < 8 < «
u e WhH2(Q) and P(F, ) denotes the perimeter of E in Q. We are interested in the
following constrained problem

min {F(u, E) : u=ug on 09, |E|=d} , (2)

where ug € W1?(Q) is a given boundary datum and 0 < d < |Q| is prescribed.
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Energies with surface terms competing with a volume term often appear in materials
science as a model for optimal design [1], phase transiction [5], liquid crystals [6] or
continuum mechanics [4].

A similar functional was studied by L. Ambrosio and G. Buttazzo in [1] where they
consider an energy of the type

/Q [o5(@)|Val® + xa(@)g1 (@, u) + xons(@)gale w)] de + P(E,Q),

with u = 0 on 02, and prove that if (u, F') is a minimal configuration then u is locally
Holder continuous in © and E is (equivalent to) an open set such that P(F,Q) =
HYOE N Q).

A stronger regularity result is proved by F. H. Lin in [7] who shows that if (u, E) is
a minimizer of functional (1) in the class of all configurations such that v and 0F
are prescribed on 92, then u € C'/?(Q) and 0*E is a CY*-hypersurface away from a
closed singular set ¥ of H"~! measure zero (by 0*E we denote the reduced boundary
of E in the sense of De Giorgi).

A more detailed analysis of the minimal configurations of (1) is carried on in the
two dimensional case by C. J. Larsen in [6]. However also in this case only a partial
regularity of OF is obtained.

All minimum problems considered in these papers are unconstrained. Indeed, from
the point of view of regularity the constraint |E| = d introduces extra difficulties,
since one can work only with variations which keep the volume constant.

The main result in this paper deals precisely with this issue, stating that every mini-
mizer of the constrained problem (2) is also a minimizer of a suitable energy functional
with a volume penalization, but no constraints.

Theorem 1.1. There exists A\g > 0 such that if (u, E) is a minimizer of the con-
strained problem (2), then for all X\ > X, (u, E) is also a minimizer of the functional

F(v, F) —/JF(I)|VU\2dx+P(F, Q) + A||F| - d] (3)
Q
among all configurations (v, F') such that v = uy on OS).

Though the functional in (3) is slightly different from the ones considered in [1], [7] or
[6], from the point of view of the regularity the extra term )\‘ |F|—d ‘ is a higher order,
negligible perturbation, in the sense that if xy € 9*ENONQ then |ENB, ()| decays like
0" as o — 0T while the leading term fBg(xo)0E|vu|2 + P(E, By(x¢)) decays like "'
Therefore, as an immediate consequence of Theorem 1.1, we have that the regularity
results proved in above mentioned papers still hold for minimal configurations of the
constrained problem (2).

However, the full regularity of the boundary of the optimal sets £ remains an open
problem, even in low dimensions. Next result gives a partial answer to this question.

Theorem 1.2. There exists v, > 1 such that if § <, and (u, E) is a minimizer of
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problem (2), then u € C%Y/22(Q), for some 0 < £ < 1/2 depending on n,a, 3, O*E
is a CY¢-hypersurface and H*(OE \ O*E) =0 for all s > n — 8.

We conclude with a few words on the proofs. Theorem 1.1 is obtained by a contra-
diction argument. We show that if A is sufficiently large and (u, ) is a minimizer
of (3) with |E| # d, then one can construct a suitable bi-Lipschitz map ® :  — )
such that, setting @ = uo ®~! and E = ®(E), one has Fy(i, E) < F(u, E). The
construction of this diffeomorphism is quite delicate and uses in an essential way the
structure theorem of the reduced boundary 9*F due to De Giorgi.

Theorem 1.2 follows instead by proving that if /3 is not too large (and the critical
ratio 7, can be explicitly estimated), then [ B, (z0) |Vu|? decays like 9" 7172 As already

observed in [7] this estimate easily implies that E is an area almost minimizer in the
sense of F. Almgren and the regularity of 0*F follows from the results on minimal
surfaces proved in [3] and [8].

2. Proof of Theorem 1.1

This section is entirely devoted to the proof of Theorem 1.1. We argue by contradic-
tion assuming that there exist a sequence {\, }ren such that A\, — oo as h — oo and
a sequence of configurations (uy, Ej) minimizing F,, under the boundary condition
up, = ug for all h such that |Ej| # d for all h. Notice that

Fy, (un, Ep) < F(ug, Ep) =: A, (4)

where Ey C 2 is a fixed set of finite perimeter such that |Ey| = d. Therefore from
(4) it follows that the sequence uy, is bounded in W'2(Q), the perimeters of the sets
Ej, are bounded and |Ej,| — d. Therefore, with no loss of generality, we may assume,
passing possibly to a subsequence, that there exist a configuration (u, E') such that
up, — u weakly in Wh2(Q) and xp, — g a.e. in Q. Thus F is set of finite perimeter
in Q with |F| = d. Finally we shall assume that |E,| < d for all h, since if |Ej,| > d
the proof is similar. Our aim is to show that for A sufficiently large there exists a
configuration (i, Ey) such that Fy, (an, En) < Fy, (un, Ep), thus proving the result
by contradiction.

Proof. Step 1. We begin by taking a point x € 9*FE N (Q; such a point exists since
E has finite perimeter in Q, 0 < |E] < |2, and Q is connected. By De Giorgi
structure theorem for sets of finite perimeter (see [2, Theorem 3.59]) the sets E, =
(E — z)/r converge locally in measure to the half space H = {z - vg(z) > 0}, i.e.,,
XE, — xg in Li (R"), where vg(z) is the generalized inner normal to E at = (see
2, Definition 3.54]). Let y € B1(0) \ H be the point y = —vg(z)/2. Given € (to be
chosen at the end of the proof), since xg, — xg in L'(B;(0)) there exists r > 0 such
that

Wn
|Er N Byja(y)] < e, |Ex- N Bi(y)| > |E- N Bi2(0)] > on+2

where w,, denotes the measure of the unit ball of R” and B,(z,) C €2, where x, =
x + ry. Therefore we have

wpr™

on+2 '

|\EN B, o) <er”, |E N B,(x,)] >
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Let us assume, without loss of generality, that x, = 0 and from now on let us denote
the balls centered at the origin by B,. From the convergence of E} to E we have that
for all h sufficiently large

wnr

\EhﬁBr/g\ < 57"“, ]EhﬂB ‘ >

(5)
Let us now define the following bi-Lipschitz map which takes B, into itself
(1—0(2”—1 x 1f\x]<—

Pr) =S z+o x <|x]<7’ (6)
(=)

T if \x|27’,

for some 0 < o < 1/2" such that, setting

B, = ®(Ey), iy = upo ®,

we have |Ej| < d. Let us now estimate

Fa(un, Br) = Fa, (n, Bn) = {/BTUEh(x)WUh\Zd% - /BTUEh(Z/)Wﬂhde] (7)

+ (P(Eh,ET) — P(Eh,§r>> + A\ <|Eh| - |Eh|)

=hLip+Ilop+1I3p.

Step 2. In order to estimate I;;, we need to estimate preliminarly the gradient and
the jacobian of ® in the annulus B, \ B, /. If r/2 < |z| <, we have

ij( T) = <1+U—| B )51-]-—1—7107’ |w|n-‘1]-2 foralli,j=1,...n

and thus, if n € R"”, we get

B or™ 9 .
(V®on)-n= (1+a— |x|”) In|* + nor FES
from which it follows that

,r.n
rwomz(ua—" >!77\

|

From this inequality we easily deduce an estimate on the norm of V®~!

Voo <M>' ~ max— (8)

71 _
[V~ (®(x))]| = max Vd o =1 [V® o |

In|=1

-1
n) <(1—(2"—=1)o)"" forallz € B,\ B,s.
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Concerning the jacobian, it is convenient to write, for z € B, \ B, /2

B(z) = pl|z))— | (9)

]

where
n

o(t) :t(l—ka—%), for all t € [r/2,r].

Let I denote the identity map in R™. Recalling that if A = I + a ® a for some vector
a € R™ then detA = 1+ |a|?, a straightforward calculation gives for all z € B, \ B, />

JB(z) = ¢ (Ja]) (M)

||

n n\ n—1
:(1+0+M)(1+0_£) S 14 Cy(n)o

[ [

for some positive constant C(n) depending only on n. On the other hand, from (10)
we get also

(10)

JO(z) <1+ 2"no. (11)
Let us now turn to the estimate of I; ,. Performing the change of variable y = ®(x)
in the second integral defining Iy, and observing that oz (®(z)) = op, (z), we get

Ly = /B op, () [|Vuh(:17)|2 — |Vup(x) 0 VO (B(2)[} Jcp(x)} dx = Ay + Agy,,

where A, stands for the above integral evaluated on B, and Ay for the same
integral evaluated on B, \ B,/;. Recalling the definition of ® in (6) we get

Ay = / op, () [|Vuh(a:)]2 — |Vun(z) o (1= o(2" = 1)) I[P (1 - o(2" — 1))"] dz
B2
_ / 0 (1) [ Vun ()2 [1 — (1 — (2" — 1)) 2] da > 0.
B2
Recalling (8), (11) and (4) we have
Agp = / o, () [|Vuh(:p)|2 — |Vup(z) o VO (Cb(x))‘zjq)(x)] dx
Br\B,. /2
> [ on@IVm@P 1= 0= (2 Do) (14 2'0)] do
Br\B, /2
> — C'g(n)a/ o, (2)|Vup(z)] dv > —Cy(n)Ao,
Br\B, />

for some Cy(n) > 0, depending only on n. Thus, from the above estimates we may
conclude that
Il,h 2 —OQ(H)AO' . (12)



422 L. Esposito, N. Fusco / Free Interfaces with Volume Constraint

Step 3. To estimate I we shall make use of the area formula for maps between
rectifiable sets. To this aim let us denote for all z € 0*E), by Tj, : m, — R”
the tangential differential at x of ® along the approximate tangent space 7, to
0*E},, which is defined by 1), ,(7) = V®(z) o 7 for all 7 € m,,. We recall (see [2,
Definition 2.68]) that the (n — 1)-dimensional jacobian of 7}, , is given by

JorThe = \/det (Ty, 0 Ths)

where T,f@ is the adjoint of the map 7}, ,. To estimate J,_1T} , let us fix x € 0" E) N
(By \ B,2). Let us denote by {7i,...,7,-1} an orthonormal base for 7, and by L
the n x (n — 1) matrix representing T}, , with respect to the fixed base in 7, , and the

standard base {ej,...,e,} in R™. From (9) we have
Lij == VCI)z . Tj
() P (go'(|.i£|) - 90<|x’)) LT i1 j=1,...,n—1.
] [ ) || |zl

Thus, we have that for j,l=1,...,n—1

(Lo L)j = ata i(ei -7i)(€e ™) + (90'2(|$|) - <P2|;||§|)) wenlte-m),

x>
=1

Since J,,—1T},, is invariant by rotation, in order to evaluate det(L*o L) we may assume
without loss of generality that 7; = ¢;, forall 7 = 1,...,n—1. Then, from the equality
above we have

2 2 / /
\ e’ (1)) (1) P e*(z)) | v’ ®x
Lol ="——-—1 —

where 1"~ denotes the identity map on R*! and 2/ = (x1,...,7,_1). With a
calculation similar to the one performed to obtain (10), from the equality above we
easily get that

g o) = (DY [ (- £LDY ]

and thus, using (9) we can estimate for v € 0*Ej, N (B, \ B,/2)

Jn1The = v/det(L* o L)

e\ o (a2l [P
‘( 2] ) \/”sozuxw (*” (I = )IxP (13)

VAN
T~
5
8
N~
3
o
~G\
8
VAN
~6\
8
VAN
[S—y
_l’_
)
+
)
Py
3
|
=
q
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To estimate I, we use the area formula for maps between rectifiable sets (]2, Theo-
rem 2.91]), thus getting

Ly = P(Ey,B,) — P(E,, B,) = / dH" ' — / 1w dH™ !
6*E;J‘I§T B*E;Lﬂgr

= / (1= Ju1Thy) dH™ ' + / (1= Jp1Thy) dH™ '
9*EpNBr\B, s

8*EpNB,. /s

Notice that the last integral in the above formula is nonnegative since ® is a contrac-
tion in B, 9, hence J,_1T}, < 1 in B, /s, while from (13) and (4) we have

/ (1—JpiTh ) dH" ' > —2"nP(E), B,)o > —2"nAc ,
0*EnNBr\B, /2

thus concluding that
Iy, > —2"nAo . (14)

Step 4. To estimate I3, we recall (5), (6), (10), thus getting

I3, = /\h/ (JO(x) — 1) de + )\h/ (JO(x) —1) dx
EpNB\B, /2 EnnB, /2
Wn n n n n
> A Ch(n) <W - 8) or" =M\ [1—(1—(2"=1)o)"]er
Wn
on+2

> Apor” [Cl(n) — Cy(n)e — (2" — 1)n5} :

Therefore, if we choose 0 < € < (n), with (n) depending only on the dimension, we
have that
I3, > MCs(n)or™,

for some positive C3(n). From this inequality, recalling (7), (12) and (14) we obtain

‘F>\h (uh, Eh) - .’F/\h(ﬂh, Eh) Z g ()\thTn — A(CQ + an)) >0

if \j, is sufficiently large. This contradicts the minimality of (uy, Ej), thus concluding
the proof. O

3. Proof of Theorem 1.2

In this section we are going to prove Theorem 1.2. To this aim, given a set £ C € of
finite perimeter in € for every ball B,(x) CC Q we measure how far £ is from being
an area minimizer in the ball by setting

Y(E,B.(z)) = P(E,B.(z)) —min{ P(F, B.(z)) : FAE CC B,(x)} .

The following regularity result due to I. Tamanini ([8]), shows that if ¥(F, B,(z))
decays fast enough when r — 0, then E has essentially the same regularity properties
of an area minimizing set.
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Theorem 3.1. Let ) be an open subset of R™ and let E& be a set of finite perimeter
satisfying for 6 € (0,1/2)
w(E7 BT($)) < CT’n_1+25

or every x € Q and everyr € (0,70), with c,ro > 0. Then 0*E is a C'°-hypersurface
f Y Y y
in Q and H* (OE\ 0*E)NQ)) =0 for all s >n —8.

Let us now prove Theorem 1.2.

Proof. Step 1. Let us first prove that u € C%/2+¢ for some ¢ if the the ratio o/ < 7,
for some ~,, > 1 depending only on the dimension. Let us fix a ball B,(z) CC Q and
assume, with no loss of generality that x = 0. Let us denote by v the harmonic
function in B, coinciding with u on 0B,. We then have

/ op(z)Vu-Vedr =0, Vv-Vedr =0, (15)
B, B,

for all ¢ € Wy*(B,). Multiplying the second equation in (15) by a and subtracting
from the first equation, we obtain

Oz/(Vu—Vv)-VgodaH—(ﬁ—oz) Vu-Vedr=0. (16)
. B, \E

Similarly, if we multiply the second equation in (15) by 4 and subtract from the first
equation, we obtain

g (Vu—Vv)-Vgoda:+(a—ﬁ)/ Vu-Veodr=0.

B, B-NE

Choosing in this equation and in (16) ¢ = u — v and adding the resulting equalities,
we easily get

1/2 1/2
(a +ﬁ)/ Vu — Vol*dr < (a— ) </B ]Vu|2dx> (/B |Vu — Vv|2dx) :

hence

|Vu — Vv]Qd:U< /|Vu|2dx (17)

B
Since v is harmonic, we have for 0 < o < r

[ o< < ( / Vol de

From this inequality and (17) we easily get

1/2 1/2 1/2

( ]Vu|2dx> < ( \Vu—Vv|2dx> - (/ |Vv|2dx>
BQ BQ BQ
1/2 1/2
a— /73 9 0 n/2 / 9
P (/ |Vul d:c) + (7’) ( r|Vv| dx
o — n/2 /2

< 2
< [Oé‘i‘ﬁ ] </ |Vul da:>

IN
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and thus, forall0 < p <7

/Bglvu|2 dz < {z—;g + (g)n/gr/Br\Vude. (18)

Let us now find the largest x,, < 1 such that there exists ¢,, < 1 for which

(xn + 972" = 9" (19)
This equality is equivalent to

Xn = ﬁgbn—l)/Q . 192/2 '

n—1 n
max (19(”*1)/2—19”/2): (n—l) - <n—1) ,

Since

9€[0,1] n n

= (n;l)"l_ (n;l)" (20)
a—p

a+p
From (18), (19) and (21) it follows that there exists € > 0, depending on «, 3, n such

that
/,

From this estimate, a standard iteration argument yields that for all 0 < p < r

n—1+42¢
/ Vul? d < cfn) (2) / Vul? da
B, r B

and this inequality implies that u € C%'/2*(Q)) whenever (see (21))

we have that

Assume now that

< Xn - (21)
|Vul? dr < 192_1“6/ |Vul*dx .
B,

Inr

o 1+ xx
= < VY = .
ﬁ 1_Xn

Step 2. Let us now fix rq and a point x € Q such that dist(z, Q) > 2rg. Let us take
0 < r < 1o and denote by F' any set of finite perimeter such that FAF CC B,(x).
From Theorem 1.1 we have that

:F)\O(u, E) S .7-",\0(u,F).

From this inequality and from what we have just proved in Step I, we obtain that

P(E,B,(x)) — P(F,B,(x)) < / op(r)|Vul* dr + )\o||F| - |E|| < er™HE e

T

The assertion then follows immediately from Theorem 3.1. [
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Remark. Notice that (20) and (21) give an explicit value for 7,. One gets, for
instance, v, = 5/3 and 3 = 31/23. Moreover,

2
n_l -
n(7 )—>6

as n — o0o. We do not know if Theorem 1.2 still holds with a larger bound on the
ratio a/3 or even with no bound at all.
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