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Abstract. In a cyclic hexagon the main diagonals are concurrent if and only
if the product of three mutually non-consecutive sides equals the product of the
other three sides. We present here a vast generalization of this result to (closed)
hexagonal paths (Sine-Concurrency Theorem), which also admits a collinearity
version (Sine-Collinearity Theorem). The two theorems easily produce a proof of
Desargues’ Theorem. Henceforth we recover all the known facts about Fermat-
Torricelli points, Napoleon points, or Kiepert points, obtained in connection with
erecting three new triangles on the sides of a given triangle and then joining
appropriate vertices. We also infer trigonometric proofs for two classical hexagon
results of Pascal and Brianchon.
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1. Two Sine-Theorems

Let A1AsA3A4A5Ag be a cyclic hexagon. A lesser known but nonetheless beautiful result
states that the three main diagonals A; A4, A>As, and A3Ag are concurrent if and only if
A1 Ag - AsAy - AsAg = AgAs - AyAs - AgAy [4]. Ts there an equivalent of this result, holding for
non-cyclic convex hexagons? The answer is yes, and it turns out to be true in much greater
generality, for hexagons not necessarily convex, and not even simple, when viewed as closed
(polygonal) curves. We will call such curves hexagonal paths. The only restriction in the
hexagonal path is that the vertices be six mutually distinct points in general position: That is,
no two lines through vertices of the hexagon may be identical or parallel (in particular, no
three distinct vertices may be collinear). Even this hypothesis on vertices being in general
position can be relaxed, see the Note following the Sine-Collinearity Theorem.

Our main results will then express the concurrency of the three main diagonal lines, A; Ay,
AgAs, and AsAg, in terms of the measures of nine oriented angles, and it will also express the
collinearity of the intersecting points of pairs of corresponding sides in two triangles, AA; Ay A3
and AA4A5Ag, in terms of those nine angles.
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In order not to be distracted by orientation issues, we state our results only when the
hexagonal path is convex and the above vertex listing is consistent with traversing the sides of
the hexagon in a counterclockwise manner. Fixing one of the two core internal triangles in the
hexagon, say AA;A3As (the other being AA3;A4Ag), denote by «, 5, and ~, the measures of
its angles Ay, Az, and As, respectively. Denote also by o~ and 5% the measures of the angles
A; and Az, respectively, in AA; Ay Az. Similarly, we have 57, 4T, and 7=, a™ (see Figure 1).
Then the following holds true:

Ay(q1)

As(p2)

Figure 1: A convex hexagon with concurrent main diagonals, and the nine relevant angles

Sine-Concurrency Theorem. Let A1 A;A3A4A5Ag be a convexr hexagon. With the above
notations, the three main diagonals in the hexagon, A1 Ay, AsAs, and A3zAg, are concurrent if
and only if

sin(a + o) sin(8 + 7)) sin(y + ") sina” sin f~ siny~ )
= sin(a + a7 )sin(f + f7) sin(y + v~ ) sina’ sin 7 siny*

Note. For non-convex hexagonal paths Ay Ay A3 A4 A5 Ag the theorem still holds true, however
one needs to be more careful about the measures of the angles involved. The key here is the
concept of oriented angle. For a proper angle, say BAC , with vertex A and rays AB and 1@ we
define its oriented measure, m(lﬂ\C’) = 0, as being the (real) angle € (in radians), 0 < |0 < ,
required to rotate (about vertex A) the ray E over the ray AC. The measure will be positive
if this rotation is counterclockwise, and negative if it is clockwise. So for oriented angles,
m(@) = —m(fﬂ\C’). Then, just as in the Sine-Concurrency Theorem, the main diagonal
lines A1A4/,£2A5, and A3A/61ill be concurr/ent\if and only if Equation (1) holds,/vﬁere
a = m(A3A145), B = m(A5A341), v = m(A145A43), o= = m(AA1A3), o = m(A5A; Ag),
g = m(A@@, pr = m(A;lg\Ag), N = m(A@l), and v+ = m(Ag/A5\A4). Notice that
the same letter angle measures correspond to angles sharing the same vertex. For a more
unorthodox implementation of these notations, see Figure 2.

To the end of proving the Sine-Concurrency Theorem and its companion, the Sine-
Collinearity Theorem, we take a complex number approach. Identifying the Euclidean plane £
of the hexagonal path with the complex number system C any point P € £ will have an affix
p € C. Although in the figures we sometimes indicate both points and affixes, as in P(p), in



N. Anghel: Concurrency and Collinearity in Hexagons 161

Ax(q3)

Ai(py

Figure 2: A non-convex, non-simple, hexagonal path in general position with concurrent
main diagonals, and the nine relevant oriented angles.

all the other considerations the points and affixes will be identified and used interchangeably,
as in ‘the line determined by the points p,q € C’.

We recall now some key facts in complex Euclidean geometry. The reader can prove them
easily, or approach them via the references [1, 2].

For two (distinct) points p; # pe, the unique line determined by them, P1ps, has the
property that

z z 1
z€C belongs to pipy <= det |py p, 1| =0. (2)
P2 Py 1

Consequently, three points p;, po and p3 will form the vertices of a (non-degenerate) triangle if
and only if

1 pp 1
det |ps py 1| #0.
ps D3 1

Two lines as above, say ﬁlql and §2q2 are non-parallel, and therefore intersect at an unique
det [P~ L~ @

1 Z' #0. Moreover, via (2), the intersection point of
P2 —Gq2 Py —(Gs

point, if and only if
the lines is
P1— ¢ DP1Gy — 1_916111

det { G -P

P2 — G2 P2gs — Paq2

§1Q1 N Paga = — — _2 — _2 . (3)
det {pl @ Dy ql}

D2 — Q2 Dy — Qo

Finally, any affine transformation C 3 z +— az+b € C, a,b € C, |a| = 1, a # 1, can be viewed
as a proper rotation, Ry .,(z), of (oriented) angle § € R\ 27Z and center 2z, € C, via the
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identifications a = ¢ and 2y =

Ry .o(2) =€’z + 29 (1 — €”) = az +0. (4)

Noticing that the center of rotation is the fixed point of the affine transformation, it follows
that given a non-degenerate triangle, Ap;gp,, with oriented angles #; = m(gpip2) at p; and
0y = m(p1paq) at pa, the vertex g appears as the fixed point of a composition of two rotations,
more exactly,
1—e2i02 ) py 462102 (1—2i01)p
q = fix (Rap,, p, © Roy,p1) = ( )1j62¢<91+g2> Jn = sp1 + (1 — 5)py,
e2i02 (1 — (2ih) (5)

where s = [ o206 +0%)
Lemma. a) Let p1 # q1, p2 # G2, p3s 7# q3 be six points such that two of the three lines a
m, and m, are non-identical and non-parallel. Then these three lines are concurrent if
and only if
Pr—q1 Py — G Pigy — PiGu
det |p2 —q2 Py —dy DP2Gs — Dag2| = 0. (6)
D3 —q3 P3 — (3 DP3G3 — P3q3

b) Let p1, pa, p3, S1, S2, S3, and ty, ta, t3, be nine complex numbers such that the first three,
D1, P2, P3, are non-zero. Set

qr:=s1pa + (1 —s1)ps, G2 :=sap3 + (1 —s2)p1, g3 :=s3p1 + (1 — s3)p2, and
1 1 1 1 1 !
rii=t—+(1—t)—, ro=to—+ (1 —ta)—, ry:=t3—+(1—t3)—.
D1 p1 P2

D2 P3 %
Then
P1r—q1 pll 1 P1in pll 1 ( )( )( )
det P2—q2 — —To PoTo — —(> - Ll P2 p22 2p23 Ps h (g - 7])7 (7)
]912 1712 P1DP3DP3
P3 — (g3 s 3 P33 s qs
where

§ = (tipr — s1p2)(tap2 — S2p3)(tsps — s3p1),
n = ((1—=s2)p1 — (1 —t2)pa) (1 — s3)p2 — (L = t3)p3) (1 — s1)ps — (1 — t1)p1) -

Proof. a) Denote by A the 3 x 3 complex matrix appearing in Equation (6). Assume that the
v
three lines are concurrent at, say, v € C. Then, by Equation (2), the point zg = | v | € C3
1
is a non-trivial solution of the homogeneous linear complex system Az = 0. Consequently,
Equation (6) holds.
Conversely, if Equation (6) holds then the homogeneous linear system Az = 0 has non-
trivial solutions. More precisely, since by the non-parallelism hypothesis the matrix A has
u
rank 2, the solution set of the system is one-dimensional. Let | v | € C® be a non-zero
w
vector spanning this solution set. Then w # 0 since otherwise, again by the non-parallelism

(8)
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hypothesis, the system cannot have non-trivial solutions. As a result, there is only one solution

U —v

of the system Az = 0 of type [ v |. However, then it is easy to see that [ —u] is also solution,
1 1

and so u = —7v. In conclusion, by Equation (2) the three lines are concurrent at v € C.

b) The determinant appearing in Equation (6) is in fact a specialization of that appearing
in Equation (7), when |pi| = |p2| = |ps| = 1, and ¢1, ¢o, g3, are given by suitable linear
combinations of type (5).

The identity (7) is not surprising, given the circular symmetries of the matrix involved. It
probably can afford a more elegant proof than the one outlined below. While it can be easily
checked by a brute force determinant expansion and lengthy algebraic manipulations, it is
worthwhile explaining how one can arrive to the right hand side expression in (7).

Notice first that p?p3p3 det(B), where B is the matrix appearing in (7), is a homogeneous
polynomial of degree 6 in py, ps, p3. Also, the elements of the first row, and subsequently the
other two rows by circular permutations, can be expressed as

P1—q1 = 51(]?1 —p2) - (1 - 51)(]93 —p1)7

1 tips (1 —t)p2
— =7 — — — + — ,
b1 ' p1p2ps (P =p2) p1p2p3 (ps = p1) (9)
1 s +1 1-s +(1-1
pir — g = PP UPPL Ly ( 1)p2ps + (1 — t1)pipe (ps — py).
b1 p1p2p3 b1p2p3
The expressions in (9) suggest that p3p3p3 det(B) should be divisible by (p; —p2)(p2—p3) (p3—p1),

D1
and also that a homogeneity of degree 3 with respect to s;,t;, (1 — s;), (1 tz) 1=1,2,3, be
present. Indeed, when p; = ps, det(B) vanishes since then

—(1—s1) 1—ti _ (I—s1)ps+ (1 —t1)p

p%pl psplt
Saps + tapi
B - —5y 2 —Sabs a1
(pg pl) P3p1 P3p1 ’
1 1 p3 +p1
P3p1 psp1

and above the third column is obviously a linear combination of the first two columns.

The divisibility of p?p3p3 det(B) by (p1 — p2)(p2 — p3)(p3 — p1) shows that in the expansion
of det(B), when the elements of B are expressed as in (9), s;,-containing terms multiplied by
(1 — t;)-containing terms cancel out, and this and the degree 3 homogeneity mentioned above
lead to the expressions of ¢ and 7. [

Proof of the Theorem. There is no loss of generality in assuming that the circumcenter of
AA;A3As has affix 0, and the affixes p; of Ay, py of A3, and ps of A5 are such that |p;| =
Ip2| = |ps| = 1. In AA; Ay A3 the vertex Ay has afix g3 = fix (Rog+ , © Roq—,p, ). Similarly, Ay
has afix ¢1 = fix (Ray+ ps © Rog- p,) and Ag has afix ¢o = fix (Roa+,p, © Roy- ps). By (5),

2™ (1 — 2B _>
@1 = sip2 + (1 —s1)ps, where s, = 1 2B 1)

2m+< _ 22‘7*)
e 1—e
B B 10
¢2 = Sops + (1 — s9)p1, where sy = T o raT) (10)

Q218" (1 _ ezm—)

1— e2i(77 +a™T)

g3 = s3p1+ (1 — s3)pa, where s3 =
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According to part a) of the Lemma the three segments A; Ay, AyAs, and A3Ag are concurrent

if and only if the determinant in Equation (6) vanishes, for the choices of py, po, ps, and ¢1, g2,

g3 given above. Since p; = l, Dy = i, D3 = i, we can use part b) of the Lemma to evaluate
1 2 3

the determinant in (6). It equals the determinant in (7) for the values of sy, sg, s3 already
indicated above in Equations (10), and for

b5 — 1—e2 5
L= 1T T ) | g2t
_ 1—€2i7_ S92
bp = 5 = 1_ 2i(v +at)  gZiat’ (11)
s 1 _e2ia_ B S3
37T T g2ifa+BT) T g2t

Clearly, from (10) and (11) we get

1 —€2m+ 28—
_ — _ — p2iB _
1—5 = Ty 1—t; = e (1—s1),
1_ ezmﬁ i
R —ty = 2 - 12
1 S92 1_ eQz‘(v*—&-oﬁ)’ 1 tz € (1 82) s ( )
1 — 28T -
1—53 = ¢ ].—tg = 62““ (1—83).

The last piece of information required to finish the proof of the theorem concerns the angles
a, B, and v in AA;A3As. It is not hard to see that they are related to pi, pe, and ps via the
formulae A A ‘
p2=€"p1, ps=e"py, p1=e"ps. (13)

From (11) and (13) it follows that

tipr —s1p2 = (1 - 6%(%%)) D1,

lopa — Saps = 1o (1 - €2i(a+a+)> D2, (14)

t3ps — S3p1 = 13 (1 - €2i(5+ﬁ+)> Ds3-

From (12) and (13) it follows that
(1—s2)pr — (L —t2)py = (1 —s3) (1 — €07

( )
(L —s3)p2 — (1 —t3)ps = (1 —s3) (1 - €2i(a+a7)> P2, (15)
( )

D1,

1 — e2i(8+8)

(I=s)ps— (1 —t))p = (1 —s1) P3-
Consequently,
§ = (tipr — s1p2)(tapa — s2p3)(t3ps — s3p1)
= t1tot3 (1 - e2i(a+a+)) (1 — e%(ﬁwﬂ) (1 — e%”ﬂﬂ) P1P2P3,
and

n = ((1=s2)p1 — (1 = t2)p2) (1 = s3)p2 — (1 — t3)p3) (1 — s1)ps — (1 — t1)p1)
= (1 —s1)(1 —s2)(1 —s3) (1 — 622'(“*0‘_)) (1 - eQi(ﬂ+5—)> (1 — 62"('”7_)) P1D2P3,
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In conclusion, ¢ = 7 is equivalent, via (11) and (12), to

(1 B 62m—> (1 B 6215—) (1 B 621’7—> <1 _ 62i(a+a+)> <1 _ 62z‘(5+5+)> (1 _ €2i('y+'y+)>
_ <1 _ 62m+> (1 _ 62i5+> <1 _ €2i'y+> (1 _ eZi(a-i—oc’)) <1 _ 621’(6-}—6’)) (1 _ ezi(ww*)) :

which is easily seen to be equivalent to (1). The proof of the Sine-Concurrency Theorem is
complete. [

Sine-Collinearity Theorem. Given a convex hexagon AyAsAsA4AsAg with vertices in gen-
eral position, consider the three intersecting points of corresponding sides in NAy Az A3 and
NALA5Ag. More precisely, let lines A1As and A4As intersect at My, lines Ay Ay and AsAg
intersect at My, and lines AsA; and AgAy intersect at M3 (cf. Figure 3)). Then the points
My, My, and Ms are collinear if and only if for the angles a,a™, o=, 3,81, B~, and v,~7",
v~ associated as before in connection with AA;AsAs we have (Equation (1))

sin(a + a™)sin(8 + 87) sin(y 4+ 1) sina” sin f~ siny~

= sin(a+ a7 ) sin(f 4+ f7) sin(y + 7 ) sina’ sin ST siny* (16)

Proof. As the proof mimics that of the Sine-Concurrency Theorem we provide only its basic
skeleton. Let my, my, and ms be the affixes of My, Ms, and M3, respectively. Then, by (3)

det [pl — 43 P1ds — P1QS}
P3 —q1 p3q; — P3qi

— — )
det [pl B D _qz”}
pP3 —q1 pP3s — 4

my = §1Q3m 31 = —

et |P2 — 3 P20 — pz%}
P3 — q2 D342 — P3q2
My = Pagh O Pags = — - — (17)
e |[P2 70 P20
P3 — 42 P3 —(4s
dou [ b e e
1— G2 9192 — 41492
m3=§1p2ﬂ 192 = — - S — )
S ]
q1 — 42 41 — (4o
and so - o
det [p1 - 23 Plg?) - p1Q3}
__ P3 — 41 P3q1 — P3q1
m; = — S 7 ,
det P1— a3 gl 23
1P3 — 41 P3 — (41
] et
_ 3 — 2 D392 — P3q2
moy = o e y (18)
det p2— a3 IZZ 23
|P3 —q2 P3 — (2]
det [Pl - ?2 Pl]éz - Plpz]
_ q1 — 42 4192 — 4192
ms = —

det [Pl — D2 131 —Pz}
q1 — 42 41 — (42
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Figure 3: A convex hexagon exhibiting collinearity and the nine relevant angles,
as in the Sine-Collinearity Theorem

M, M, and M3 are then collinear if and only if

mq ml 1
det o mg 11 =0. (19)
ms M3 1
Make now the substitutions ]
ﬁz‘ — _7 qz — T,
Di

in m; and m;, 1 = 1,2,3. If as a result of the substitutions we let m; — u; and m; — v;
for i = 1,2,3, by further setting, as in the Lemma, ¢; := s;pir1 + (1 — $;)piyo and r; 1=

t; ! +(1—1t) ,1=1,2,3, the following identity holds true:
Pi+1 Pit2
pL—gs ——r (P2 — a5 — —13] 11
1—¢q3 — — T3 2—q3 — —7T3 _ 2
det ]911 det pf det [pl P2 P1 p2]
Ps—qu -1 Ps— @ -T2 q1—qz2 T1—T2 up vy 1
3 : T - det |uy vy 1
P3—q2 — — T2 us vs 1
det pl3 3 U3 (20)
_pg —q1 D3 - 7“1_
_ (p1—p2)®(p2 — p3)(ps — p1)(s3 — t3)
- 3, 3.3 (77 - €>7
DPiDP2P3

where ¢ and 7 are those given by (8). Since in (20) the various determinants are non-vanishing,
under the further hypothesis |p;| = 1 and the specializations of s;, and ¢; for i = 1,2, 3 given
by (10) and (11), we see that

mq ml 1 Uy U1 1
det [mg My 1| =det [uy vy 1| =0 <= E=n.
ms mg 1 us Vs 1

This proves the Sine-Collinearity Theorem. O]



N. Anghel: Concurrency and Collinearity in Hexagons 167

M,

Figure 4: A nonstandard hexagonal implementation of the equivalence
between concurrency and collinearity in Desargues’” Theorem

Note. Although the Sine-Theorems were stated for convex hexagons the above proofs are
valid, as already mentioned, for arbitrary hexagonal paths with vertices in general position and
oriented angles. In fact, even the requirement that the hexagon vertices be in general position
can be removed if the usual convention that parallel lines meet at infinity is allowed. Only the
algebraic limitations of our proof prevented us from stating the result at this level of generality.
However, it is clear how to get this more general result from ours by a limiting argument. The
natural habitat for matters involving concurrency and collinearity being projective and not
affine geometry, all this is normal.

2. Consequences of the Sine-Theorems
We conclude this paper with few applications to the two Sine-Theorems.

Corollary.

a) Desargues’ Theorem — Indirect Trigonometric Proof. Given a convex hexagon AyAzAs
A4 A5 Ag with vertices in general position, let My, My, and Ms be the three intersecting points
of the corresponding sides in NA1AsAs and NA4AsAg. Then the main diagonals in the
hexagon, A1Ay, AsAs, and AsAg are concurrent if and only if My, My, and Ms are collinear
(cf. Figure 4).

b) Assume that on the sides of a given triangle, NA;AsAs, with angles o, 3, and vy, three new
triangles, NA; Ay Az, NA3AL A5, and NAsAgA, are erected, with oriented angles, o~ and S,
B~ and vT, v~ and o™ respectively, as described after the statement of the Sine-Concurrency
Theorem. If a= = at, 8~ = BT, and v~ = ~T then the main diagonal lines of the hexagonal
path A1As A3 AL AsAg are concurrent.

¢) Let AyAyA3A A5Ag be a cyclic hexagon. Then its main diagonals are concurrent if and
OTLly Zf A1A2 : A3A4 . A5A6 = A2A3 . A4A5 : A6A1-
d) Let ByByB3B4BsBg be a cyclic hexagon. On its sides erect exterior triangles by extending

these sides, and denote the additional vertices of these triangles by Ay, As, As, Ay, As, and
Ag. Then the main diagonals in the conver hexagon A;AsA3A4AsAg are concurrent.
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Proof. a) This is a standard instance of transitivity in mathematics. The concurrency, at O,
of the main diagonals A; Ay, As A5 and Az Ag, respectively the collinearity of My, My, and Ms,
is equivalent via the Sine-Concurrency Theorem, respectively the Sine-Collinearity Theorem,
to the same trigonometric identity (1), involving the nine angles a, o™, a~, 3,57, 57, and
~v,vT, 7~ associated as before in connection with AA; A3As;.

Notice that there are three more hexagons with the same vertex set and the same main diag-
onals as Ay Ay A3 A4 AsAg, for which Desargues’ Theorem holds true, namely A; A; AgA4A5As,
A1 As A3 A A3 Ag, and A1 AsAgA A As. Evidently, they generate different sets of collinear
points.

b) is a result of DE VILLIERS [8]. Its proof is an obvious consequence of the Sine-Concurrency
Theorem, as the given hypotheses make the content of Equation (1) plain. Sub-particular
cases reveal important concurrency points:

— A point on the Kiepert hyperbola [9], if at = o= = gt = 7 =17 =7 = 6,

_T <0< T
2 2’
— The first/second Fermat-Torricelli point [3], if a™ = a~ = g = 7 =" =4~ =
T s
+§/ — 3
— The first/second Napoleon point [6], if aT =a~ =T =" =T =+~ = +%/ - %
— The centroid of AA;A3As, in the limiting case o™ =a~ =t =" =4t =4~ =0.
™

— The orthocenter of AA;A3As, in the limiting case at =a~ =t =" =T =~ = 5

c) is a result of CARTENSEN [4]. To the end of proving it we rely on the notations of Figure 1.
To show that Equation (1) is equivalent to the metric property given by ¢) we employ the Law
of Sines in various triangles with vertices among the vertices of the hexagon. By hypothesis,

all these triangles have the same circumcircle, of radius, say, R. For instance, in AA; A3Ag,
sinfa+a*) 1 . sin(vy+97) _ 1 . oy _ .
LA, IR and in AA3AsAg, A, — g 8ve sin(a+a™) = sin(y+v7). Similarly,
sin(f+ 1) =sin(a+a~) and sin(y+~7) = sin(f+ 7). Therefore, Equation (1) is equivalent
to sinat sin ST sinyt = sina” sin 87 siny .
. sinft _ sina” 1 . sinyt _singT 1 sin a

Now, in AA; A3 A3, A, — AA 3R Similarly, LA = A4 —ag and

siny” 1

A T aR They all lead to the equivalence of sina™ sin 37 siny™ = sina™ sin 8~ siny~ to
6411

AlAQ : A3A4 . A5A6 = A2A3 . A4A5 . A(;Al.

+

Figure 5: An example of a cyclic hexagon with concurrent main diagonals
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Here are now two natural implementations of c).

c1) Let Ay, As, As, Ay, and Aj be five distinct points, distributed in a counterclockwise
manner on a given circle. If A5A; is the counterclockwise oriented arc of the circle (with initial
point A5 and terminal point A;), the continuous function

fr AsAL = R, f(A) = A1 Ay - A3Ay - AsA — Ay Az - AjAs - AA,

is strictly increasing as A advances along the arc, f(A4s) < 0, and f(A;) > 0. By the
Intermediate Value Property there is an unique point A = Ag € A5A; such that the main
diagonals in the cyclic hexagon A; A, A3 A4 A5Ag are concurrent. Clearly, Ag is the intersection

point of the arc A5A; with the line A3/, where [ is the intersection point of the line segments
A1A4 and A2A5.

c2) Let A be a point exterior to a given circle, and let A; and A4 be the points where the two
tangents to the circle through the point A intersect the circle. Let also two secants through
A intersect the circle at Ay and Ag, respectively Az and Aj (cf. Figure 5). Then the main
diagonals in the cyclic hexagon A;AyA3A4A5Ag are concurrent.

This can be seen by using similarity in three pairs 0f2triangles. For instance AAA; Ay ~

. A1 As AA AAq A As AA AsA AA:

AAAgAL gives Lo = = A4, EA6A1;2 - AAz ALQ =04 =
AAy (Asdo)? _ Ady o AsAs _ Ads _ Adg sives (AsAc)® _ Ads- AAs
AA; (AsAz)? — AAs A A, AA, | AA, (AsA3)? — AA, - AA,
(A142)? (A3A4)? (A546)
(AgA1)? (A4A1)° (AxA3)?

¢2) also holds true in the more general case when the circle is replaced by an ellipse. This
follows easily from the circle case since the plane transformation which projects an ellipse
onto its associated great circle preserves lines. In fact, the elliptic ¢3) case can be viewed as a
variant of Brianchon’s Theorem [5]. We let the reader sort out the details with the help of
Figure 6.

which implies . Similarly,

Therefore,

gives

= 1, which proves the validity of ¢3).

d) Referring to Figure 7, by the Sine-Concurrency Theorem we have to establish the validity
of Equation (1) for the choices of angles indicated. The Law of Sines applied to AA; A5 A

Figure 6: The concurrency point of the main diagonals in the Brianchon hexagon
B1B;B3B,BsBg is the same as that in the elliptic ¢y) case
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As
A 4
y y 4,
B,
B ﬂ
5
B 4
B, o
o B B
o
—
A; A

Figure 7: The main diagonals in the convex hexagon A;A; A3A4A5Ag are always
concurrent, while those in the cyclic hexagon BB, B3B4B5Bg may not be

. sina” _ AxAj ..
gives — 5T A4, Similarly, we have
sin 7 A4As siny”  AgAy
S T AgA, and dnat T AAg (21)

Combining now three applications of the Law of Sines respectively to AAgA;Bg, AAyB1Bg

; +
and AA;A,B; we have sinfa +a¥) _ AgBs AsB1 Ag Ay and similarly,

sin(B+8-)  AgAr A2Bs AyBy

Ay

Figure 8: Pascal’s Theorem for the cyclic hexagon By By B3B,Bs5Bg is an example of a
Sine-Collinearity Theorem applied to the non-convex hexagonal path A; A3A;A;AgA,
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Sin(ﬁ + ﬁ+) _ AsBs A4B3 A5A6 an Sin(’y + ’7+) _ AyBy AgBs A1As (22)
sin(y +v~)  AyA3 AyBy AgBs sinfa +a~)  A4As A¢By A3Bs5’
Multiplying together Equations (21) and (22) and simplifying yields now
sin(a + a™) sin(8 4 A7) sin(y + 1) sina™ sin 87 siny~
sin(aw + o) sin(8 + f7) sin(y + 7~ ) sina™ sin S+ siny* (23)

. AGBg, . AGB(5 AgBl . A2B2 A4Bg . A4B4
~ A¢By - AgB3 AsBg - AsBs AyBs - AyB;

However, each one of the three ratios contained on the right hand side of Equation (23) equals
1, due to the well-known invariance of the power of a point exterior to a circle.

A similar approach proves also the concurrency of the main diagonals in the convex
hexagon 010,030,050, with vertices the circumcenters of the triangles erected, e.g., O; the
circumcenter of AAgB;By, etc. This is a result of DAO [7].

Referring now to Figure 8 we know by the above that the main diagonals in the convex
hexagon A; Ay A3 A4 A5Ag are concurrent. Thus, so are the main diagonals of the hexagonal path
A1 A3As AyAAs. As a result, Equation (1) holds for this hexagonal path and the nine oriented
angles associated to AA;AsAg, and so the Sine-Collinearity Theorem applies. However, this
yields exactly Pascal’s Hexagon Theorem Jl()] for the cyclic hexagon By By B3 B Bs B, since
(Figure 8), AjA3 = BsBi, AsA; = BoBs, AsAy = ByBs, AyAg = ByBi, AgAy = B;Bg, and
AyAy = BiB;. Of course we could have shortened the argument by applying Desargues’
Theorem a). O
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