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Abstract. We define a Lie bialgebra cohomology as the total cohomology
of a double complex constructed from a Lie algebra and its dual, we show that
its 2—cocycles classify Lie bialgebra formal deformations and we prove the usual
cohomological condition (i. e. H? = 0) for formal rigidity. Lastly we describe
the results of explicit computations in low—dimensional cases.

1. Introduction

Lie bialgebras were first introduced by Drinfel’d in [9] as the algebraic structures
underlying quantized enveloping algebras (quantum groups). They can be de-
scribed as Lie algebras provided with a Lie bracket on the dual satisfying a suitable
compatibility condition. Already in Drinfel’d’s work many interesting examples of
Lie bialgebras based on complex semisimple Lie algebras were given. A few years
later De Smedt in [8] proved the existence of a non trivial Lie bialgebra based on
any Lie algebra. The classification of such structures was, at that time, a natural
problem to pose. The first positive result was obtained for real compact Lie al-
gebras ([14, 15]). More recently, in [7], a complete classification of Lie bialgebras
with reductive double was given (recall that the double is an orthogonal Lie alge-
bra containing both the starting Lie algebra and its dual as maximal isotropic Lie
subalgebras).

Still a classification of Lie bialgebras is out of reach, just for similar reasons
as for the Lie algebra classification. As an example, classifying the subclass of
triangular Lie bialgebras of semisimple complex Lie algebras contains the problem
of Frobenius Lie subalgebras classification as a special case. This last problem
is known to be quite hard in general (apart from the trivial sly case) as it does
not allow induction on dimension. In the nonsemisimple case only a bunch of
low—dimensional examples were thoroughly studied.

In view of these obstacles, and in analogy with the Lie algebra case, an
alternative approach is to understand the geometry of the algebraic variety of Lie
bialgebra laws on a given vector space. For Lie brackets, for example, interesting
general results, together with a quite accurate description in low dimension are
given in [6].
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In this paper we show how the usual deformation and cohomology argu-
ments can be described in this situation. More precisely we will define a Lie
bialgebra cohomology as the total cohomology of a double complex constructed
from a Lie algebra and its dual. We will show that its 2—cocycles classify Lie bial-
gebra formal deformations, the coboundaries coinciding with trivial ones. We will
then prove the usual cohomological condition (i.e. H? = 0) for formal rigidity.
Lastly we describe the results of explicit computations in low—dimensional cases.

2. The variety of Lie bialgebras

Let V' be a finite dimensional vector space over the field K.

Definition 2.1. A Lie bialgebra structure D = (V, u,0) is a pair of operations
(u,6) on V such that:

1. p: AV —V is a Lie bracket;

2. % : A°V* — V* is a Lie bracket (here ‘0 denotes the transpose map of
§:V — AV).

3. § is a 1-cocycle w.r.t. the adjoint action ad® of (V,u) on A2V, ie.:

§(1X,Y]) =adP 6(Y) —ad? 6(X), VX, Y eV (1)

Let us introduce some notations. Let D = (V, u, ) be a Lie bialgebra. We
will reserve gothic letters for Lie algebras and denote with g the Lie algebra (V, )
and with g* the Lie algebra (V*,%§). The double of a Lie bialgebra (see [11] for its
definition) is a Lie algebra structure on V @& V* and will be denoted with 9. We
will often denote a Lie bialgebra simply as the pair (u,0), the underlying vector
space being fixed. The set of all Lie bialgebras on V' can be thus identified with a
subset of the vector space (A*V* @ V) & (A*V @ V*). We will denote such subset
as D(V) (and often omit reference to V). When V is an n—dimensional vector
space we will also write D,, for D(V). Let us remark that identity (1) can be
rewritten as (see [11]):

([X1, Xo], [, a]) = (X1, [Xo - b1, o) — (Xo, [ X1 - 01, 90]) (2)
—(Xa, [¥1, X1 - o)) + (X1, [, Xo - o))

for all X; € V and for all ¢; € V* where X -1 (resp. 1- X ) denotes the coadjoint
action of g on g* (resp. of g* on g).

The Jacobi identity for p (resp. for *§) consists of a set of quadratic
equations identifying the subvariety of Lie algebras on V' (resp. on V*). The
cocycle condition (1) fixes another set of quadratic equations identifying the variety
of Lie bialgebras on the vector space V.

To be more explicit, once we fix a basis {X1,... ,X,} in V we have:

plXo X5 =) e Xe,  0(X) =) APX A Xy
k

gk
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The cocycle condition (1) expressed in the 2n3—coordinates (cfj,y,ij ) translates
then into the family of n* equations:

n n

Cpﬂkj - Z(qucpk + 7p]ck:q 7% Czok % Cljcq) (3)
k=1 k=1
for every i,5,p,q = 1,... ,n. These are the equations of the algebraic subvariety

D,, of Lie bialgebras on an n—dimensional vector space, in the variety Lie, x Lie,,.
It is easily verified that such variety is a cone with vertex in the origin. We will
denote the corresponding projective variety as P(D).

As an example consider the two—dimensional case. If g = (V,pu) is any
2-dimensional Lie algebra it is easily verified that every linear map 6 : g — A?g
defines a Lie bialgebra on V. Therefore Dy ~ K? x K2.

Definition 2.2.  Given two Lie bialgebras, (Vi, u1,d1) and (Va, pe, d2) a vector
space isomorphism f : V; — V5 is said to be a Lie bialgebra isomorphism if it is
a Lie algebra isomorphism between (Vi,u1) and (Va, uo) such that d(f(X)) =
(f ® [)o1(X).
Bialgebra isomorphisms define an action of GL(V') on the algebraic variety
D(V) given by
[ (ar,61) = (02, 62)

and such that
ar(f(X), f(Y)) = far(X,Y),  &(f(X)) = (f® fa(X).

The orbits of this action can be identified with isomorphism classes of Lie bialge-
bras on V. The space of orbits is non Hausdorff. In fact, the trivial (0,0) Lie
bialgebra has isomorphism class lying in the closure of every orbit. Even more also
in P(D) orbits are not necessarily closed. The already cited two-dimensional case
provides an easy example of an orbit space equivalent to a 5—point space with non
Hausdorff topology. More explicitly one can find the following equivalence classes:
Py = (0707070)7 P = {(a,b,0,0) | (a’b) 7é (O’O)}v Py = {(O’O7avﬁ) ‘ (O‘vﬁ) 7£
(0,0)}, Py ={(a,b,a, ) ! ac + b0 =0}, Py ={(a,b,a, B) | aa+ bi3 # 0}.

Let us note that for our definition of isomorphism the Lie bialgebras P;
and P, are not isomorphic, although one can be obtained by the other simply by
interchanging the role of g and g*. It is of course possible to give a weaker notion
of Lie bialgebra isomorphism which takes into account this duality.

We finally remark that Lie bialgebras, at present, are classified up to iso-
morphisms over real or complex numbers only in dimension < 3 ([10]).

3. Deformations

Definition 3.1. A formal deformation of a Lie bialgebra D = (u,d) on V is a
family of Lie bialgebra structures D; = (4, 0;) on V such that

e = pHtugr 4.+,
0p = 0+t +...+t"0n+ ...

where for every n € N, u, € Hom(A?*V,V) and 6, € Hom(V, A?V).
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Examples: Let p; be a formal deformation of a Lie product pg. Then
(11¢,0) is a formal deformation of the Lie bialgebra (ug,0). Let p; be a formal
deformation of a Lie product gy and let &y : V — A%V satisfy the cocycle identity
for every t € C. Then(uy,dp) is a formal deformation of (ug,dp). An explicit
three—dimensional example of this form can be found in [2].

Given a family «; = (u4,8;) on V such that p; € Hom(A?V,V) and
8; € Hom(V,A?V) let us impose that it is a Lie bialgebra deformation. Then
three conditions have to be satisfied: p; is a Lie bracket, d; is a Lie cobracket, and
d; is a py—1-cocycle with values in A2V . These conditions have to be identically
satisfied for coefficients of powers of t. In t° this simply amounts to require that
(u,9) is a Lie bialgebra. At every degree in t one gets three equations which we
will call deformation equations for Lie bialgebras. To write them explicitly let us
fix the following notation: for every X € V' the operation X -, y on a 2-vector
y € A?V is defined by linearity from X -, (Y1 AYs) = p(X, Y1) A Yo+ Y1 A p(X,Ys).
The deformation equations in degree 1 are, then, given by

> (1o(X,Y), Z) + po(p(X,Y), Z) = 0 (4)
Y161 (00w, y), 2) + G061 (), 2) = 0 (5)
01 (10(X,Y)) = X oy 61(Y) +Y g 61(X) = (6)

= —0o(u (X, Y)) + X -y 0o(Y) =Y - 0(X)

where ZO stands for the sum over cyclic permutations of arguments, for any
XY, ZeV,zyzeV*.

Definition 3.2.  Two formal deformations (p),d}) and (u?,62) are said to be
equivalent if there exists a family of vector space isomorphisms f,, € End(V') such
that if fy = Id+tfi + ... +t"f, + ... then (u?,6?) = fi - (u},0}). A trivial
deformation is a deformation equivalent to the constant one.

Let us remark that for a fixed Lie bialgebra (p, ) and for any given s € A%g
one can ask whether (u,d + ds) is again a Lie bialgebra. If it is then it is called a
twisting of (i, d). In our context one can consider the family (u, d+tds) and impose
deformation equations on it. The first and last deformation equations are then
trivially verified (respectively because the product is undeformed and a coboundary
is always a cocycle). The second deformation equation gives the infinitesimal
condition on s to define a twist. Lie bialgebras twisting were extensively used in
[10] to classify real and complex 3—dimensional Lie bialgebras.

4. Cohomology and tangent space

Let Dy = (uo,dp) be a fixed Lie bialgebra. We would like to define a cohomology
related to Lie bialgebra deformations. Let us consider

CP =Hom(A'V,AV) and C"= H o

p+g=n+1
P,q7#0

In particular C° =0, C' ~ V@ V* and C? ~ (A*’V @ V*) & (V @ A*V*). For any
&, € C™ we will denote with &, = Zp g &p,q its direct sum decomposition.
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Let us consider the following coboundary operator:
for every &,, € Hom(APV,AV), 0,, is the differential on p-cochains for the
cohomology of g with coefficients in A?g. Explicitly: )

0o () VI A+ A Y1) = S (1) Yi - (VA Y A Y )

- Ej<k(—1)j+k§p7q(uo(¥}, Yi)AYIN. Y 0 Y AY )

where the action in the first sum is the adjoint action of g on A%g (and thus
depends on ). So & = 9, : CP4 — CPT14. To define a second coboundary Js,
remark that Hom(APV, A?V) can be identified to Hom(AYV* APV*) as follows:

Epd AN ANF) XA AX) = (AN A fppdXi A AXY))  (7)

where (,) is the usual duality pairing between V and V*. Let J; be the
differential on g—cochains for the cohomology of g* with coefficients in APg*.
Explicitly:

g+1

850(510,(1)(“7(1 NN fq+1) = Z(_l)iﬂfi ’ ép,q(fl A fz A fq+1)+
i=1
+ Z(_l)j+kgp,q(t50(fja Fe) NS fieo fie A fa)
j<k

where the action in the first sum is the adjoint action of g* on APg” (and thus
depends on dy). So 9 = 95, : CP1 — CP4*1. Let us observe that

O+ Hom(APV,A7V) — Hom(AP*'V, AV), and
D5, : Hom(APV, A7V) — Hom(APV, ANTTIV).

Let us define, lastly,

d§ = Z (auogp,q + (_1)n55o§p,q)~

ptHg=n+1

Proposition 4.1. The map d is a coboundary map for the cochain complex
cr.

The proof of this statement, which can be obtained with a direct, although
involved computation, is postponed to the appendix. We will denote the cohomol-

*

ogy of this complex with H (i0.60) = H},. Let us remark that being C° = 0 we
have HY, =0, H) =ZL ={f € End(V)|0f =0'f = 0}.

Proposition 4.2.  Let D, = (u,0;) be a Lie bialgebra deformation of Dy =
(10,00) . Then its derivative in O defines a two cocycle Z%)O. If the deformation is
trivial then the cocycle is a coboundary.

Proof. Let (u4,0;) be a Lie bialgebra deformation of (xg,dp). Then the defor-
mation equation of degree one (4) says that u; should be a py Lie 2—cocycle, i.e.
Ouott = 0, the deformation equation (5) that 'd; should be a 'dy Lie 2—cocycle,
i.e. 05,0 = 0. What remains to be proven is that the equation (6), which is the
linear part of the compatibility condition (1), is equivalent to 9,61 = —0s, 41 -
This last statement follows easily from the following lemma.
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Lemma 4.3.  The differential 05 (n) coincides with the map
(X, V) = X - 00(Y) =Y - 60(X) — do(u(X,Y)).
Proof The differential is dual to the map
(0,9) = @ w1, "1(W) = 1 w15, ") =" 1000, ) -

So what we have to prove is:

<X NY, ¥ tsg lj’(q/)) - t5o ! ((,0) (t(SO((p7 ¢))>

= (X, 00(Y) =Y -, d0(X) — do(u(X,Y)), p A Y)
It is easy to see that (X A Y} (téo(go,w)» (0o (1 ( ,Y)), o A). In order to
compute the other terms, we observe a general formula:

<X N Y?QO "to \IJ) = <50(X) NY =X A 50(Y)7(10 N \Ij) - <X N Yat 50(\11) N 90>
for an arbitrary 2-form W. In a similar way one has the following:

(X ny, o Ny = (X Ay, (@) A — @ A () + (X A u(y), ¢ A)
for arbitrary 2-vector y. So the equation above becomes:
(0o(X)AY = X AN6o(Y), 0 ANu(a))
(X AY 00" u(@) A @)
—(0(X)AY = X Ado(Y), 0 Apu(e)) + (X AY So("ulp)) A)
= (X A0(Y), ‘(@) AN — o Atu(ah)) + (X A p(do(Y)), 0 A1)
—(Y N 6o(X), () ANb— o AN (@) = (Y A p(00(X)), o A )

and then:
(Go(X)ANY =X Ado(Y), o A u( ) = A ()
—(X AY 00" p(e)) A - Loo(‘u(e )) V)
= (X N oY) =Y Ndo(X),"ulp) Ao — o Au(e))

(XA p(do(Y)) =Y A p(6o(X)), 0 A1h).

It is clear that the left hand halves of both terms cancel, so the equation becomes:
—(XAY 60( (1)) A =" do (")) A )
= (X A p(0(Y)) =Y A p(do(X)), o A0).

This last identity can be easily verified from definitions. ]

This completes the first part of the proof. Let us start now from a trivial
Lie bialgebra deformation oy = « + tag + O(t?). Then, by definition, there exists
fi such that f; - a; = ap. But this means exactly that o, = (uy, ;) is such that
fi- e = po and f; - 15, = %0y are trivial Lie algebra deformations. Therefore
p1 = 0y f1 and 07 = 550f1. But this implies that «; = df;. [ ]

Corollary 4.4. The space of two-cocycles Z(u 50) coincides with the tangent
space of D(V') in the point (i, do)-

Proof. From the proof of the preceding proposition it is evident that the Lie
bialgebra 2—cocycle condition coincide with deformation equations of degree 1.
On the other deformation equations in degree 1 are the same as the linear part of

the algebraic equations of the variety, which define its tangent space(as a scheme).
[

As an example consider the case of (p, 0)—structures in D(V'), where an easy
computation shows that Z?2, , = Z*(g,9) ® Z'(g,A\?g). The first term describes
Lie algebra deformations of j, while the second term describes Lie cobrackets on
the dual. Of course the same result holds true for (0,9).
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Definition 4.5. A Lie bialgebra is said to be formally rigid if all its deforma-
tions are locally trivial.

Proposition 4.6.  If H(zuo,&)) = 0 the Lie bialgebra (jo,6o) is formally rigid.
Proof Let us consider a deformation with coboundary tangent vector oy = a +
tdf + O(t?). Let f, =1 —tf. Then one can prove that y, is equivalent, via f;,
to uy, such that g} =0, and at the same time d; is equivalent to ¢§;, with §; = 0.
In fact, the equality p; = fi - ue (resp. 6, = f; - 6;) at order 1 in ¢ says exactly
that @y = 0 & py = 9,,f (resp. that &) = 0 & &, = Js,f). This procedure
can be iterated to build at step r a Lie bialgebra endomorphism f, such that

af =a; - (1—t"f) and of =...=a’ = 0. This implies that ! =... = pu" =0
and §! = ... = 7 = 0. Then one can formally construct f = II.(1 —¢"f,) and
verify that f - a; is a constant deformation. [ |
Examples

1. Let (u0,00) be a generic complex 2—dimensional Lie bialgebra. Non empty
cochain spaces are C! ~V @ V*, C?~V e V*, C3*=C, C? =0, Vp > 4.
The 3—cocycle condition is trivial for dimension reasons and the 2-cocycle
condition turns out to be identically verified as well. The trivial Lie bialgebra
(o, 90) = (0,0) has trivial coboundaries and therefore H* = C' =V @ V*,
H?>=C*=V@V*, H®=C. Let us consider the bialgebra (u,d) = (1,0),
where 1 denotes the non trivial 2—dimensional Lie algebra [X,Y] = X.
Then the horizontal coboundary is trivial. An explicit computation shows
that dim B?(1,0) = 2 and therefore H*(1,0) ~ C?. The Lie bialgebra the
bialgebra (po,d) = (0,1) has, obviously, the same cohomology. For the
two remaining cases, again by explicit computations, one can prove that
H?(1,1) ~ H*(1,-1) ~ C.

2. Similar computations, although slightly more involved, can be performed
in the three-dimensional case as well. As an example let us first consider
the real cohomology for the real Lie bialgebras on s[(2;R), as listed in [1].
Once a basis is fixed, let’s say the usual Cartan—Weyl basis {H, E, F'}, the
cobracket can be given as

S(H) = —2aHANE+20HAF
§(E) = vHANE+23ENF
0(F) = YHAF+2aEANF.

In this basis 2—cochains can be represented as a pair of 3 x 3 matrices with
real entries. The 2—cocycle condition can then be computed and results in a
system of linear homogeneous equations in matrix coefficients. It then turns
out that dim Z2(a, 8,7) = 7, for every «, 3,7 (as in the cited reference) and
that in all cases H? = 0, except for (a, 8,7) = (0,0,0) where dim H* = 1.

3. Analogously, in the standard Heisenberg case H; ) ([5]), where Lie bialgebras
are classified by a scalar parameter A such that in the usual [X,Y] = H basis
the cobracket is

S(X)=XAY =XHAY, 4§(Y)=0, SH)=HAY (8)
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similar computations allow to show that dim Z?(\) = 10, and H*(\) = C?
if A#0 and H%(0) = C*.

Note: In [3, 4] a different bialgebra cohomology was introduced to classify
Lie bialgebra extensions. It is an analogue of Lie bialgebra cohomology with
coefficients on the base field and it seems plausible that a suitable generalization
of Lie bialgebra cohomology with coefficients in a module should include both our
definition and Benayed’s definition as special cases.

5. Appendix

We simply want to prove that CPY is a double complex and d is the boundary
on the total complex. We then have to verify that the two differentials 9, and
05, commute. This will be done by explicit computation. First we will need the
following lemma, which can be easily verified.

Lemma 5.1. Let X; €V and ¢,0, € V*, i =0,...,p. Let ¢- (o A ---N1p)
denote the wedge adjoint action of V* on APV* and ¢- (XoA...NX,) denote the
wedge coadjoint action. Then:

<X0/\"‘/\Xp>¢'(@DO/\"‘/\@%)) :_<¢'(XO/\"'/\Xp)awO/\"'/\wp>-
Let now f : APV — A9V . Then we will consider the following maps:

PF ATV — APV Of : NP1V — ATV
O f) : NIV — APV POf t ANLVE — APV
) : NPV — ATV O(*Of) : NIV — APV
o*a(* ) f) APV — pdtlY

9,
NPV S ATV (%0
We want to prove that ‘0(*0f) — d(*0('f)) = 0. Let Xo,...,X, € V and
Yo, ... ,1e € V* and prove that:

(O(0f) = 0( (" f)) (Ko A-- A Xp)stbo A Aiby) = 0. (9)

We introduce some simplified notation suitable for long computations. If
X = XoA...ANX, then we define

X'=(=1)XoA... X;...AX, and X9 =(=1)"PX A X X;. . AKX,
so that the definition of a Lie coboundary is written as
ZX PN )X X A X
1<J

and similarly a dual notation may be introduced in order to write a shorter formula
for a dual coboundary. (As a rule of notation in what follows we will omit the
A operator and use the standard hat notation for omitted terms.) Computing
explicitly the Lh.s. of (9) we obtain

> (0N~ X)) + > (OF(X), [, ] A v (10)

i 1<J

(XA (Xn ) = D> (X X A X0 ) (@)

h h<k
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Now we want to render 0f(v; - X) and 9('f)(X}, - 1) explicit. The first
element equals

Of Wi+ (Xo-.. Zaf (W Xp) LX)

where

Of (X (¥i- Xp) ... Xpp) =

3 DX f(Xow Xty X X)) (D (0 X) - f(Xo - X X))
h#k
+ Z f XsaXt]X -Xth-..Q/Jl XkXp)
s<t,F#k
+ 3 ()F (X - X Xo o X X X))
s<k
3D (- X XX X Xy X)
s>k

Here we introduce some additional notation; we define:

77/1'kX=X0/\...(77/)~Xk)”_/\Xp

and we also define X% = — X7 for i > j, so the previous formula is written as:
Flhin X) = Y Xp- f((@hi ok X)) + (1 X)) - f(XF)
hk
+ Y FXG XA (W X))+ F (- X, X A XH)
s<t,#k s#k

Similarly, the dual formula is obtained:

O (Xn-s0) = Y - "F(Xn s ) + (X - ) - ()
J#i
+ ) (s B A (Xns ) + D ([Xn - i, ] A ™)
s<ts,t#i t#£i

Then (10) can be rewritten as:
3 T S - (1 X000 + (0 - X0) - £, )
T2 gctsun (X, Xe] A (Ui X)), P + Dot (S ([0 - X, X] A X"), W>}
+ 2 ics 2o (X - FXM), [ty ] A )
+ 2 i onan{ (X, X] A XPE) by, ] A )
+22 E{Z#KX}‘ i ((Xn 5 0)7) + (X (X - ) - F(9))
+ 2ttt X F (s ] A (X 90)%)) o 20y (XS (K- i, tha] A 1/1”)>}

- Zh<k Zi([Xha Xk] N th7 Y - tf(wz»
= Ponen 2o (X Xa] A XPEEF (i, 5] A ).
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Note that the summation on the right side of line 3 and the summation on the
right side of line 6 cancel each other. So the total summation is equal to

= 2 e el - L@k X)), 0+ D (X Xl A (W X)), )
(W Xi) - FX), ) + X ([ X X A XP),0) )
Sy Lol - XM, [ 6] A )
30 s { = P+ XY, (X ) + e LF X, [ ] A (X))
—(F(Xn - 200) - X)) + (X, X - 0] A 0) }
Sk el (X, Xi] A X)), ).

Lemma 5.2. The sum on the left side of line 1 and the sum on the left side of
line 4 cancel.

Proof 37, 57 3o (X (Wi ke X)), ) 4300, 305 32500 (F (- X), (X i 00)7)
== Zz Zk Zh;ﬁk Zj;éi<f((¢i k X)h)v (X -5 ¢)z>
+ 200 2 2 (8 ok X)), (X i 90))

and simply exchanging indices ¢ and j in the second sum one has the thesis. =

Lemma 5.3. The right side summation on line 1, plus the sum on line 3, plus
the right side summation on line 4, plus the sum on line 6, can be rewritten as:

= on i (XM, (Xn - [, 3]) A7)+ 32, 30 {F (@1 [Xn, X]) A XR), 97).
Proof — 37,37 >y oo (X, Xe] A (€5 1 X)), 07)
ey 2o Xn - F(X), (i) A )
300 200 Dscrsi{ (XP), [sthe] A (X i 9)*)
+ 2 ek il f (i ([Xn, X A X)), 407
- Zz Zk Zs<t,s,t7ék<f([XS7 X N (Wi ok X)St) W>
20 e (i [ X, Xi]) A XTF), 4
+ 200 2hek Zt;eh,k(f([Xh, X A (i X)"
= iy o {F(XM), (X - [i, 0y]) A9
= D icg 2o sy (XM, iy ] A (X5 9))
300 200 Dsctyoi{ T (XP)s [Ws, i) A (X 5 90))

Remarking that the first sum cancels with the third and the fifth with the sixth
one gets the claimed result. [ ]

V')
)0
7)

Applying the lemma, then, we obtain that the total summation is
= = 2on i (XM, (X [0, ) A7) + 32, 3 (F (s - (X, X)) A X))
— 22 2o (i Xi) - F(XF),07) = 32 200 2o (F ([ - Xy X A XP),47)
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—ZZ FUXn 1) - X7, 0 +ZZZ ), (X - i ] A 0™

=—Z§ n e [P, 5]) A YY) +§ZZ ([Xn - i, 5]) A YY)
+Zi (i - X0,) - ) —Z%j;; ]Zi-Xk,Xh]AX’“h%w
_ZZ PG ) - X, 0% + 303 (A (( : i+ [Xn, Xa]) A X"),907)
=—ZZ "), Thay A ) +Zih<k Sinw N X"™),47)

1<J it h<k

where

Thij = Xi-[Vi, 0] + (s - Xp) -y — (5 - Xin) - by — [ X - Ui, 0] — [W3, X - 5],
Sine = Ui - [ X, Xi] H(Xn - ¥5) - Xio—(Xpp - i) - Xp— [t - X, Xio] = [ X, 00 - Xie].

Now it is enough to consider that the cocycle identity implies Tj;; = 0, see (2),
and that the dual cocycle identity implies S;y, = 0, to deduce that both sums are
Zero.

Acknowledgments. The authors thank the referee for carefully checking the proofs
and suggesting some corrections.
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