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1. Introduction

Contractions of representations of Lie algebras have been intensively studied
since the pioneering work of Inénii and Wigner [26], see for instance [14] and
its references. Contractions of unitary representations of Lie groups have been
not investigated as methodically. Some notable exceptions are the works of
Mickelsson and Niederle [30] and of Dooley and Rice [17], [20], [21].

In the paper [30], a proper definition of the contraction of unitary rep-
resentations of Lie groups was given for the first time. The non-zero mass rep-
resentations of the Euclidean group R™*! x SO(n + 1) and the positive mass-
squared representations of the Poincaré group R™*! x SOg(n, 1) were obtained
by contraction (i.e. as limits in the sense defined in [30]) of the principal series
representations of SOy(n+1,1). More generally, in [21], Dooley and Rice estab-
lished a contraction of the principal series representations of a semi-simple Lie
group to some unitary irreducible representations of its Cartan motion group.

A contraction of Lie group representations provides a link between the
Harmonic Analysis on two different Lie groups. In particular, contractions
allow to recover some classical formulas of the theory of special functions [20],
[33]. Contractions also permit to transfer results on LP-multipliers from unitary
groups to Heisenberg groups [19], [34].

In [17], Dooley suggested interpreting contractions of representations in
the context of the Kirillov-Kostant method of orbits (see also the introduction of
[21]) and, in [15], Cotton and Dooley showed how to obtain contraction results
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by using a notion of adapted functional calculus which was introduced in [5] and
[6] (see also [10]). The basic idea is then to study the behavior in the contraction
process of the symbols of the representation operators which are functions on the
coadjoint orbits corresponding to the representations.

The approach of [15] is particularly efficient in the case when the co-
adjoint orbits have Kahlerian structures (see [7], [8] and [9]). In this case,
the representation spaces are reproducing kernel Hilbert spaces and the so-
called Berezin calculus generally provides an adapted functional calculus on the
corresponding coadjoint orbits (see [13]). For example, in [9], we established
contractions of the discrete series representations of SU(n, 1) and of the unitary
irreducible representations of SU(n+1) to the unitary irreducible representations
of the (2n + 1)-dimensional Heisenberg group (see also [31], [33], [18], [7] and [8§]
for earlier results on contractions of discrete series representations of unitary
groups). In order to extend the results of [9] to a more general situation,
we studied in [11] a contraction of the unitary irreducible representations of
a compact semi-simple Lie group to the unitary irreducible representations of a
Heisenberg group. However, the results of [11] were not entirely satisfying: we
have just obtained a contraction result for the coefficients of the representations,
not a contraction of representations in the stronger sense of [30]. In fact, in the
compact case, it is difficult to realize the unitary irreducible representations in
compatible ways in spaces of holomorphic functions because these spaces have
different finite dimensions. This leads us to consider the case of the holomorphic
discrete series representations which is very closed to the compact case.

So the aim of the present paper is to extent the results of [9] concerning
the contraction of the holomorphic discrete series of SU(n,1) to a more general
situation. Let G be a connected semi-simple non-compact Lie group with finite
center and K be a maximal compact subgroup of G. Assume that the center of
K has positive dimension. Suppose that 7, is a discrete series representation of
GG which is holomorphically induced from a unitary character x of K. Let Gy be
the Heisenberg group of dimension dim G—dim K+1 and p be a non-degenerated
irreducible unitary representation of GGy. The Hermitian symmetric space of the
non-compact type G/K is then diffeomorphic to a bounded symmetric domain
D which can be quantized by the general method of quantization introduced
by Berezin [3]. The representation m, is usually realized on a Hilbert space of
holomorphic functions on D. In [12], we gave an explicit formula for the Berezin
symbol of 7, (g) for g € G. Here, we use this formula in order to establish a
contraction of the sequence (mym)men (0) to p.

This paper is organized as follows. In Section 2, we describe the unitary
irreducible representations of Gy and we introduce the Berezin calculus on the
associated coadjoint orbits. In Section 3, we recall the results of [12]: we give
a realization of m, on a reproducing kernel Hilbert space H, of holomorphic
functions on D; we introduce the corresponding Berezin calculus and we give
explicit formulas for the coherent states (i.e. for the reproducing kernel of H,, )
and for the Berezin symbols of m,(g). In Section 4, we introduce a contraction
(in the generalized sense of [9]) of G to Gy. We relate the parametrizations of
the coadjoint orbits associated with 7~ and p in this contraction. In Section 5,
we relate the contraction of a sequence of operators acting on the spaces H,m to
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the simple convergence of their Berezin symbols. In Section 6, we establish our
main results. We show that the coefficients of p are limits of the coefficients of
the representations m,m and that p is a contraction of (m,m) in the sense of [30].
In particular, by using the fact that the decomposition of the action of K on the
space of polynomial functions on D is well-understood (see [35] for instance), we
obtain more simple proofs than in [9]. Finally, in Section 7, we obtain analogous
contraction results for the derived representations.

2. Berezin quantization for the Heisenberg group

In this section, we recall some well-known facts on the Bargmann-Fock realization
of the unitary irreducible representations of a (2n + 1)-dimensional Heisenberg
group and the corresponding Berezin calculus [1], [9], [23]. The material of this
section is essentially taken from [9].

Let Gy be the Heisenberg group of dimension 2n + 1 and gg its Lie
algebra. Let {X1,---,X,,Y1,...,Y,, Z} be a basis of gy in which the only non
trivial brackets are [X;, Yi] =2, k=1,2,...,n and let

{Xf,---,X;,Yl*,---,Y,;“,Z*}

be the corresponding dual basis of g .

For a = (a1,as2,...,a,) € R", b= (b1,ba,...,b,) € R" and c € R, we
denote by [a,b,c] the element expy (3 r_; ax Xy + S or_, biuYe + cZ) of Gy.

Fix a real number v > 0 and denote by O, the orbit of the element
& = ~vZ* of gy under the coadjoint action of Gy. By the Stone-von Neumann
theorem, there exists a unique (up to unitary equivalence) representation p, of
Go whose restriction to the center of Gy is the character [0,0,c] — ¢ [23]. The
representation p, is associated to the coadjoint orbit O, by the Kirillov-Kostant
method of orbits [27]. Here we introduce the Bargmann-Fock realization of p,
as follows.

Let ‘H, be the Hilbert space of holomorphic functions on C" such that

12 s= [ R die2) < o

where du.(z) = (2mvy) " exp(—|2|?/2v)dx1dy; .. .dz, dy,. Here we use the
notation z = (21, 29,...,2,) and zx = Tk +iyx, Tk, Y €ER for k=1,2,...n.
Then p, is the representation of Gy on H, defined by

1
pa[a.b.c]) F(2) = explicn + 3 (b+ai)(22 +(=b -+ ai)") f (= + (b +ai)) .
The derived representation dp. is given by

Ao (X)1(2) = 3 i+ )z (2) 49 D (o — )5+ inef () (2
k=1 k=1
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for X = 2221 arp Xk + Zzzl brYr + cZ € do -
For z € C", introduce the coherent states e)(w) = exp(wz*/2v). We
have the reproducing property

f(z) =(f,el)y (f € Hy)

where (-,-), denotes the inner product on H, .
Consider now a bounded operator A on H.. The Berezin (covariant)
symbol of A is the function defined on C™ by

- (Ael, €z>v

S’Y(A)(Z) - <€z, €z>7 (22)
and the double Berezin symbol of A is the function defined by
(A€, , €7)
Sy(A)(z,w) = W (2.3)
for z, w € C™ such that (e7,e ), # 0 (see [2], [3] and [4]). The function S, (A) is

holomorphic in the variable z and anti-holomorphic in the variable w. Moreover,
by using the reproducing property, we see that we can reconstruct the operator
A from its double symbol S, (A) (see [13]):

Af(z) = . f(w) 55(A)(z,w){eq, , el)y dpiy (w). (2.4)

From this, we deduce immediately an integral formula for (Af,g), which we
require later

Afgh = [ F@)aE S A0 D, din (i) (25)

For g € Gy, the Berezin symbol of the operator p,(g) is easily obtained
from the reproducing property:

T 1. 1.
S, (03 0) ) = exp (16 = (ol + )+ 30+ i) — Gu(b—ia)')
(2.6)
Moreover, for X =37 ap X + > 4 bipYi + ¢Z € go, we have
1 1
Sy(dp (X)) (z,w) = §(b +ia)zt + E(ia — b)w' + iyc. (2.7)
Let us introduce the parametrization 1, of the orbit O, defined by
¥y (2) = (Rez) X* 4+ (Im2) Y* +~ Z* (2.8)

with obvious notation. Then, for all z € C", X € gy, we have

Sy (dpy (X))(2,2) = i{hy (2), X). (2.9)

Hence the Berezin calculus provides an adapted functional calculus on O, in the
sense of [6] and [10].
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3. Berezin quantization for discrete series representations

In this section, we introduce the notation and we review some well-known facts
on Hermitian symmetric spaces of the non-compact type and on holomorphic
discrete series representations (see [24], Chapter VIII, [28], Chapter 6, [32],
Chapter XII and [35], Chapter II).

Let G be a connected semi-simple non-compact real Lie group with finite
center and let K be a maximal compact subgroup of G. We assume that the
center of the Lie algebra of K is non-trivial. Then the homogeneous space G/K
is a Hermitian symmetric space of the non-compact type.

Let g and ¢ be the Lie algebras of G and K, respectively. Let g¢ and €¢
be the complexifications of g and ¢ and G¢, K¢ the corresponding complex Lie
groups containing G and K , respectively. We denote by § the Killing form of g¢,
thatis, #(X,Y) = Tr(ad X adY’) for X, Y € g°. Let p be the ortho-complement
of £ in g with respect to #. Then g =t @ p is a Cartan decomposition of g.

We fix a Cartan subalgebra h of €. Then b is also a Cartan subalgebra
of g. We denote by h° the complexification of . Let H be the connected
subgroup of K with Lie algebra h. Let A be the root system of g¢ relative to
b and let g° = h° @ > A o be the root space decomposition of g¢. Then
we have the direct decompositions ¢ = h¢ & ZaeAc go and p¢ = ZaeAn o
where p¢ denotes the complexification of p and A, (resp. A, ) denotes the set
of compact (resp. non-compact) roots. We choose an ordering on A as in [24],
p. 384 and we denote by AT, AT and Al the corresponding sets of positive
roots, positive compact roots and positive non-compact roots, respectively. We
set pt = Daeat 8o and p7 =3 A+ g-o. Then we have [t°, pt] C p* and
pT and p~ are abelian subspaces [24], Proposition 7.2. We denote by P and
P~ be the analytic subgroups of G¢ with Lie algebras p* and p~, respectively.

For each p € (h°)*, we denote by H, the element of h° satisfying
B(H,H,) = p(H) for all H € h°. Note that if p is real-valued on ih then
iH, € g. For p, v e (h°)*, weset (u,v):=p(Hu H,)).

Let 6 denotes conjugation over the real form g of g¢. For X € g°,
we set X* = —0(X). We denote by g — ¢* the involutive anti-automorphism
of G¢ which is obtained by exponentiating X — X™* to G°. Recall that the
multiplication map (z,k,y) — zky is a diffeomorphism from Pt x K¢ x P~
onto an open submanifold of G¢ containing G [24], Lemma 7.9. Following [29],
we introduce the projections x : PtTK°P~ — K¢ and ( : PTK‘P~ — PT.
Then the map gK — log((g) from G/K to p* induces a diffeomorphism from
G/K onto a bounded domain D C p* [24], p. 392. The natural action of G' on
G/K corresponds to the action of G on D given by g-Z =log((gexp Z). The
G-invariant measure on D is du(Z) = xo(k(exp Z* exp Z)) dpr,(Z) where xo is
the character on K¢ defined by xo(k) = Dety+(Adk) and dur(Z) is a Lebesgue
measure on D [29]. To simplify the notation, we set k(Z) := k(exp Z* exp Z)
for Z €D.

Now we introduce the holomorphic discrete series representations of
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scalar type of G as follows. Let x be a unitary character of K. We also
denote by x the extension of x to K¢. Let us introduce the Hilbert space H,
of holomorphic functions on D such that

12 = /D F(2)Px(k(Z)) exdin(Z) < +o0

where the constant ¢, is defined by

i = [ ) (k(2) dus(2)

Note that x(k(Z)) > 0 for all Z € D. Indeed, for each Z € D there exists gz €
G such that gz-0 = Z. Writing gz = exp Zky with k € K¢ and y € P~ , we have

k(Z) = (k*)~'k~" which gives x(k(2)) = x(k) x(k) = |x(g;" exp Z)|* > 0.

Proposition 3.1.  [16], [28] Let A = dx|se and 6 = £ > o+ . Then H,
is nonzero if and only if (A + 6,a) < 0 for every non-compact positive root «.

In that case, H, contains all polynomials. Moreover, the action of G' on H,y
defined by

™ (9)f(Z) =x(k(g  expZ)) " f(g7" - 2)

s a unitary representation of G which belongs to the holomorphic discrete series
of G.

In the rest of the paper, we assume that y satisfies the condition of
Proposition 3.1. Note that H, is a reproducing kernel Hilbert space. More
precisely, for Z € D, define the coherent state ez € H,, by

ez(W) = x(k(exp Z* exp W)) 1.

Then we have the reproducing property f(Z) = (f,ez)y for each f € H, (see
[29] Chapter XII.2 for instance). Here (-,-), denotes the inner product on H, .

As in Section 2, we can define the Berezin symbol s,(A)(Z) and the
double Berezin symbol S, (A)(Z, W) of a bounded operator A on H, . We also
obtain an integral formula for (Af, g), analogous to that of Section 2:

Arah= [ HOVGZIS(ANZ ey, o)

(x-x0) (E(2)) (x-x0) (k(W))c3 dur (Z)dpr (W).

In [12], we give explicit expressions for the derived representation dr,,
for the Berezin symbols of m,(¢g) and dm,(X). In the rest of this section, we
recall some results of [12].

If L is a Lie group and X is an element of the Lie algebra of L then
we denote by X the right invariant vector field on L generated by X, that is,
X*(h) = &(exptX)h|i—o for h € L.

Let py+, pec and p,- be the projections of g¢ onto pt, € and p~
associated with the direct decomposition g¢ = p*t @ £ @ p~. The following
proposition can be easily proved by differentiating the multiplication map from
Pt x K¢x P~ onto PTK°P~.
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Lemma 3.2. [12] Let X € g° and g = zky where 2 € Pt k € K¢ and
y € P~. We have
1) dCy(XT(g)) = (Ad(2) pp+ (Ad(z71) X)) T (2).
2) drg(X*(g)) = (pec(Ad(271) X)) (k).

From Lemma 3.2 we can deduce the following proposition (see [12]; for
Point 2) see also [29], Proposition XII.2.1).

Proposition 3.3.  [12]
1) Let g € G. We have

Sy(m(g)(Z, W) = X(/ﬁ(exp W*g™ exp Z) "' k(exp W* exp Z))
2) For X € g° and f € H,, we have
dm\ (X)f(Z) = dx((pec(Ad((exp Z2) 1) X)) f(2) = (df) 2 (pp+ (e 27 X)).

3) Let X € g°. We have

Sy (dmy (X))(Z, W) = M(pee (Ad(¢(exp W exp Z) ' exp W*) X).

We can write .
S(dmy (X)) (Z,W) =iy (Z, W), X)

where )
Uy (Z, W) := Ad(exp(—W™) ((exp W* exp Z)) (—iH)).

Moreover, the map ¥y : Z — ’IIJX(Z, Z) is a diffeomorphism from D onto the
orbit O, of —iHy € g for the adjoint action of G'.

4. Contraction of groups

We retain the notation from the previous sections. In particular, we fix a real
number v > 0 as in Section 2 and a unitary character xy of K as in Section 3.
Let us consider a Chevalley basis (Ea)aeA U (Ha)aen, for g¢ (see for
instance [27], Chapter 5). Here Ay denotes the set of simple roots corresponding
to AT. In particular, we have [Fo, F_,] = H, for a € At. Note that g is
spanned by the elements E, - F_,, i(Ea + E_a) for « € AF, Eo,+F_,,
i(Eq — E_g) for a € At and iH, for @ € A,. Then we have E* = E_, for
a € A, and E; = —F_, for a € A,,. Now we introduce the basis (Ea)aeA;t for

pT defined by E, = ﬁEa (o € A}) and the corresponding Euclidean
norm defined by |Z]| = (3 ca+ |2o|?)V/? for Z = > aeat Zala.
Let ai,as,...,a, be an enumeration of Af. For k = 1,2,...,n, we

set Xj, = 5:(Bay — B-ay)s Yi = 3(Bay, + E_q,) and Z = 555iHy. Let go

be the subspace of g generated by X, Y, k= 1,2,....n and Z. Let po be
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the orthogonal projection of g on the line generated by Z with respect to the
Killing form. For r > 0, we denote by C). the linear isomorphism of g defined
by C, = r?*pg + r(Id — pg). We introduce the Lie bracket on g defined by

[X7 Y]O = }1_{% Cr_l([CT(X)7CT<Y)])'

Lemma 4.1.

1) For X and Y in g, we have [X,Y]o = po([(Id — po)(X), (Id — po)(Y)]).

2) The Lie algebra (go,[-,|o) is a Heisenberg algebra. In the basis Xy, Y,
k=1,2,....,n, Z of g, the only non trivial brackets are Xk, Yi]o = Z.

3) The Lie algebra (g,[-,]o) is isomorphic as a Lie algebra to the product of the

Heisenberg algebra (go, [, ]o) by an abelian Lie algebra of dimension dimg —
dim do -
Proof. Direct computation. [ ]

We denote also by C,. the restriction of C. to go. Then we have

C., (i ap Xy + i brYr + CZ) =r (i ar Xy + i kakz> + r2cZ

k=1 k=1 k=1 k=1

and it is immediate from Lemma 4.1 that that C). : g — g is a contraction of g
to go in the sense of [9], Section 4. The corresponding contraction of G to the
Heisenberg group Gy with Lie algebra g is the map ¢, : Gg — G defined by

¢r(expg, (X)) = expa(Cr(X)).

In the following proposition, we describe how the parametrizations of the
orbits O,m and O, (see Section 2 and Section 3) are related in the contraction
process. In the rest of the paper, we identify p™ to C™ by means of the linear
isomorphism (z1,22,...,2n) = Z =Y 1_; 2k Eq, -

Proposition 4.2.  Let r(m) be a sequence of 10,1] satisfying

lim  mr(m)? = 2v.

m——4oo

Then, for each X € go and each Z € p*, we have

tim 5 (4 (Z/v/29m), Comy(X) ) = (6(2), X),

m— 400

or, equivalently, for each Z € p* we have

lim Cl,, <wx Z/\/W >

m—-+400

Proof.  Assume that X = X3 or X =Y. Then C,(,)(X) = r(m)X. By
Part 3) of Proposition 3.3, we have

<¢x (Z/\/2ym), Crmy ( > = —imr(m)
x (¢ (exp(Z*/v/29m) exp(Z//2ym) ) Hy, Ad (exp(Z*//2ym)) X).

(4.1)
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In order to study the behavior of this expression as m — +o00, we need a first-
order Taylor formula for the function

F(t) = 8 (((exp(tZ") exp(tZ) Hy, Ad(exp(tZ"))X)

at t = 0. We have F(0) = 0 and by using Lemma 3.2 we find that F’(0) =
B(Hx, [Z* — Z, X]). We then obtain

F(t) = B(Hy [2* — Z,X]) t + o(t). (4.2)

If X =X, then B(Hy,[Z* — Z,X]) = —5 (2 + Z&) and (4.2) implies

lim ﬁ (¢X Z/\/Z’y r(m) ) = %(Zk +Zk) = Rezk.

m— 400

Similarly, if X =Y} then B(H),[Z2* — Z, X]) = 5(2x — Zx) and

1
2
hm B (@[Jmk Z [\ 29m), Cr(m)( ) = —%(Zk —Zk) = Imzy.

If X = Z then we immediately obtain

lim 3 (ma(2/v/29m), Coimy (X)) =17

m——+00

Comparing with (2.8), we get the desired result. [

Note that the condition lim,, .. (mr(m)?) = 2v is equivalent to the
condition limy, 4 C’j(m)( imHy) = &, in g§ in the notation of Section 2
and Section 3. Then Proposition 4.2 says that the deformed orbits C7,\(Oym)
"converge to’ the orbit O., that is, each point £ in O, is the limit of a sequence
&m € CF (m)(O m) (also see [17], Section 2). It is quite remarkable that, once
the condition lim,, 1 (mr(m)?) = 2v is fixed, all the rest follows, that is, we
can establish convergence of Berezin symbols and contractions of representations
(see the next sections).

5. Contraction of operators

In this section, we keep the notation of Section 3 and Section 4. We first establish
an estimate for the function ¢, (Z) = x 1 (k(Z)) on D. Recall that we have set
k(Z) :=k(expZ*exp Z).

Let us denote by || an arbitrary norm on g°. Given a function ¢ from a
subspace of g° to g° and p € N, we write ¢¥(X) = O(|X|P) if there exist M >0
and £ > 0 such that [¢(X)| < M |X|P whenever |X| < €.
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Lemma 5.1.

1) For X in a sufficiently small neighborhood of 0 in g°, write exp X =
expYexpUexpV with Y € p™, U €€ and V € p~. Then we have

1

U = pec(X) = 5pec ([pp (), pp- (X)) + O(1XP)

2) For Z and W in a sufficiently small neighborhood of 0 in p™, write
expZrexpW =expYexpUexpV
with Y € p™, U €€ and V € p~. Then we have

U = pee([Z*, W]) + O(max(| Z], [W])?).

Proof. 1) We first show that Y, U,V = O(]X]). Set U = u(X) :=
log k(exp X). By Part 2) of Lemma 3.2, we have du(0)(X) = pe(X) for each
X € g¢. Then, by writing the first-order Taylor formula for u at 0, we obtain
uw(X) = O(|X|). Similarly, we find Y,V = O(|X]).

Now, by the Baker-Campbell-Hausdorff formula [36], we have

1 1 1
X =Y +U+V+ YU+ Y. V]+ 5 [U.V]+ Omax(|Y], U], V)?)

for X in a sufficiently small neighborhood of 0 in g¢. Since [Y,U] € p* and
[U,V] € p~, this gives

pee(X) = U+ gpe([¥, V]) + O(1XP) (51)
Ppr(X) =Y + %[Y, U] +%pp+([Y, V])+O(|X|3) (5.2)
P (X) =V 4 5[0, V] + gy (V,V]) + O(XP?). (53)

Equalities (5.2) and (5.3) implies
[P+ (X), pp- (X)] = [V, V] + O(IX]?). (5.4)

Replacing (5.4) in (5.1) we then obtain the desired equality.
2) Using the Baker-Campbell-Hausdorff formula again, this is an immediate
consequence of 1) . n

Lemma 5.2.

1) For Z € p* close to 0, we have o, (Z) =1+ |Z|* + O(|Z]?).

2) There exist a constant C > 0 and a constant D > 0 such that for each Z € D
we have

Z2)>14+0C1Z)P > ———ms.
QOX( )— + | ‘ _1—D‘Z|2
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Proof. 1) By applying Part 2) of Lemma 5.1, we have

1

o2H,, Z13).
O el Ha +0(ZP)

U :=logh(Z) = pe (2, Z)) + O(1Z) = = Y

aEAI

for Z =3 ca+ zala. Then dx(U) = AU) = —|Z|?> + O(]Z|?). Hence
ox(2)=e D =142 +0(Z]).
2) Note that the restriction of m, to H is given by

T (M) f(Z) = x(h) f(Ad(h™)Z)

for h € H and Z € D. For Z = Y ,_, 2zE, € D, we set fo(Z) =1 and
fu(Z) =z, for 1 <k <n. Then we see immediately that fy is a weight vector
for the weight A of m, and, for each k = 1,2,...,n, fi is a weight vector for
the weight A — aj . Since the weight spaces for distinct weights are orthogonal,
we have (fy, fi)y =0 for 0 <k #1[1<n.

On the other hand, it is well-known that for any orthonormal basis
(gr) for Hy we have el (W) = 37,5, 9r(W)gx(Z). Taking (g,) so that g =
Ifrllx" fr (0 <k < n), we see that there exists a constant C' > 0 such that
o (Z) > 14 C|Z|* for each Z € D. Moreover, to obtain the second inequality,
we have just to take the constant D > 0 such that D' > 1/C +sup,cp |Z]* ®

In order to simplify notation, in the rest of the paper, we write, mpy,,
Hm, <‘,'>m, 67Zn, Cm Sm instead of 7TXm, me7 <'7'>Xm7 eé s me, Sxm,
respectively. Moreover, we fix the Lebesgue measure duy(Z) on D as follows.
Writing Z = Y} _, zxEq, and, for k =1,2,....n, 2z, = 2% + iyk, Tk, Y € R,
we take durp(Z) = dxidy; ... dx,dy, .

Lemma 5.3.
1) For Z € p™, we have

lim  x™(k(Z/+/2ym)) = e 121 /27,

m— 400

2) For Z, W € p™, we have

m— 400

3) We have

lim ¢, (2ym)" :/ e 121/ dur(Z) = (2my)™.
p

m——+400 4
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Proof. 1) Fix Z € p*. By Part 1) of Lemma 5.2, we have
log X" (k(Z/v/2ym)) = — mlog x ' (k(Z/v/2ym))
= —mlogpr(Z//2ym)
=~ m (12)/vZym) "+ 001/ vim)
—(1/29) |2 + 0(1/Vm).

2) See the proof of Proposition 6.1.
3) Recall that

ol = /D (0" x0) (K(Z)) dyii (Z).

Changing variables Z — Z/+/2ym in this integral, we get
/ (X" x0)(k(Z/\/2ym)) dpr(Z
\V2ymD

By 1), the integrand I1,,,(Z) := (x™.x0)(k(Z/+/2ym)) satisfies

lim 1,,(2)= e 121 /2,

m— 400

et (2ym)" =

In order to obtain 3), it suffices to verify that the Lebesgue dominated conver-
gence theorem can be applied. But by Part 2) of Lemma 5.2 we have

2]

m(Z) < (1-DE) < P/NZP
i) < (1D <

for Z € \/2ymD. This ends the proof. [

In the rest of the paper, we denote by P the space of all complex
polynomials on pT.

Proposition 5.4.  For each integer m > 1 let A,, be an operator of H,,. Let
A be a bounded operator of H. . Assume that

(i) The sequence ||Ap|op is bounded;

(ii) we have limp, . oo Sm(Am)(Z/v/2ym, W/\/2ym) = 9, (A)(Z, W).

Then, for any complex polynomials P and @), we have

m——+4oo

Proof. First, note that we can assume that P and ) are homogeneous. By

using Formula (3.1), we express (A, P(v/2ym-),Q(v/2ym-)),, as an integral.
Changing variables (Z, W) — (Z//2ym, W//2ym) in this integral, we get

(Am P(y/2ym-),Q(v/29m:))m

— & (2ym)2" / L (Z.W) duy (Z) dpu (W)
(VZTmD)?
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where the integrand I,,(Z, W) is given by
Ln(Z,W) = P(W)Q(Z) S (Am)(Z/+/2ym, W/W
(€ )z €51yt m (X X0) (K(Z//27m)) (X x0) (K(W//2ym)).
By Lemma 5.3, we have lim,, . ¢, (2ym)~2" = (2777)_2” and

lim I, (Z,W) = P(W)Q(Z)S5,(A)(Z, W){ey, e}) e~ 217121 ¢ IW /23

m— 400

Now, as in the proof of Part 3) of Lemma 5.3, we aim to apply the Lebesgue dom-
inated convergence theorem. We write by using the Cauchy-Schwartz inequality

[(Am 6717[//\/277m7 @?/\/m>m| < [l Amllop ||€?/¢m||m ||€nvé/¢m||m-
This implies that
1 (Z. W] < [PW)Q(Z)| | Amlop X (K(Z/\/2ym))xX ™ ? (R(W [ /2ym)).

Hence we conclude as in the proof of Part 3) of Lemma 5.3. |

Corollary 5.5. Let P and ) two homogeneous complex polynomials different
to 0. Then, with the notation as in Proposition 5.4, we have

L (A (P15 P), QIR @) = (AUIPIS P, QIS Q)

Proof. Since P and @) are homogeneous, one has
(An (1Pl P), 1Rl Q)m
= [ P(vV2ym )15 1Q(V2ym)I5! (Am P(y/2yme), Qv/2ym-))

But applying Proposition 5.4 to the particular case A,, = Id, A = Id, we get
Sm (P(y2yme), Q(v2yme))m = (P Q)

and then lim, o || P(v/2ym:)||m = || P]|y. The desired result then follows from
Proposition 5.4. [

Recall that P is a K-module for the action o defined by o(k)P(Z) =
P(Ad(k~1)Z). By [22], [35] we have the Peter-Weyl decomposition

P=p P

SEN:

where N, = {s = (s1,52,...,8,) € N" : 51 > 859 > ... > 5. > 0} and, for
each s € N’ , P is an irreducible K -module with highest weight — >~} | siv.
Here ~1,72,...,7. denote the Harish-Chandra strongly orthogonal roots. The
elements of Py are homogeneous polynomials of degree s; + so + -+ + s,..
Moreover, for each s € N} and each integer m > 1, there exists a constant
¢m,s > 0 such that

(P, Q)m = i (P, Q)
for each P,Q € Ps. The constant ¢, s can be expressed in terms of the
Pochhammer symbol [35].
Now, for each s € N, we fix a basis (fsj)1<]<d1m7> for Py which is
orthonormal with respect to (-,-),. Then (f],) is an orthonormal basis for H,
and = /Cm,sfs ; 1s an orthonormal ba31s for ‘H,,. We denote by B,, the

umtary operator from H, onto H,, defined by B fg’ ;=T
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Proposition 5.6.  Let (A,,) and A as in Proposition 5.4.
1) For s,s e N | 1 <j<dimPs and 1 < j < dimPs we have

im (A, £ [ i)m = (ALl Fo i)

m——+00
2) If moreover the operators A,, (m >1) and A are unitary then we have

lim ||B,'AnBm P—AP|, =0

m——4oo

for each P € P.

Proof. 1) Since the polynomials fg ; are homogeneous, the result follows from
Corollary 5.5.

2) By density and linearity we can assume that P = fg ;- Since B, is unitary,
for each (s',5'), we have

<B;LlAmBmf;:]7 ;,") < fsg’ s’ ]) <Af’yj7f;/]>

as m — +o0o. This implies that (B,,'AmBm f];)m converges weakly to A f;
in H,. Since || B;,' A B f] ;Ily = 1= [|A f];]l,, we conclude that the sequence
(Byy A By, f;)m converges strongly to A f] ;. n

6. Contraction of representations

In this section, we use the results of Section 5 in order to establish our main results
about the contraction of the sequence 7, to the representation p, of Go. As in
Section 5, we consider a sequence 7(m) such that lim,, .« mr(m)? = 2.

Proposition 6.1. For gy € Gy and Z, W € p*, we have

Hm Sy (Tm (¢r(m) (90)))(Z/ v/ 29m s W//2ym) = S, (p+(90))(Z, W).

m——+oo

Proof. Let Z, W €p™ and gy = exp(zzzl X+ >y Y + cZ) € Gy.
Denoting by U,, the expression

log Iﬁ(eXp(W*/\ /2ym) exp(—r(m) (i: ap Xk + z”: kak> - r(m)QcZ)
X exp(Z/\/Qﬂym)>,

we have to study the behavior of the sequence u,, := x~"(exp U,,) as m — +00.
From Lemma 5.1, we deduce that

e (077, 31) - e 15, 2+ H

pee (W7, Z])

1

= 5t ([P (2),pp- (D)) + O(r(m)?)
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where
= ;(%Xk + kak) = ;(%(ak +ibg) By, + 2%(—@,C + ibk)E—ak)
Since we have
pee([W*,3]) = — Y %m(ak + iby,) L H,,
=1 - (A, o)
pee([E, Z]) = — 3 i-zk(ak — iby) . Hq,
il (A, ax)
pee (W, Z]) = — S W2k ! H,,
= A

mod. Y ca. Ba, we find

"1
lim logum = lim (—mA(Un)) =ive+ Y 5 O (iak — br)

m——+00 m— 00
k=1
n 1 ‘ 1 n - /7 n
+ Z §zk(zak + b)) + > Z Wezk = o Z(ai + b7).
k=1 k=1 k=1
The result then follows from Equality (2.6). u

Now we can apply the results of Section 5 to the operators A, = T (cr(m))(g0)
and A = py(go) for go € Go. Then we obtain immediately the following
proposition.

Proposition 6.2.
1) For P, Q € P and go € Gy, we have

lim (mm (¢r(m))(90) (v 2ym-), Q(v/29m:))m = (p(90) P, Q)~-

m——4oo

2) For go € Gg, s,8' €N, 1 <j<dimPs and 1 < j" < dimP, we have

lim <7Tm(cr(m))(90) f?]? s?j’)m = (p(90) fgj g fZ/,j/H-

m——+o0

3) For gy € Go and P € P, we have

Ram 185, T (r(my ) (90) B P = p+(90) Plly = 0.
In particular, we have 1imyy, — 1o (B, T (¢ (m) ) (90) Bm) P(Z) = py(90) P(Z) for
each Z € D.
Example. [29] Here we take G = SU(p,q) and K = S(U(p) x U(q)). Let h be
the abelian subalgebra of £ consisting of the matrices

wal, 0O _
( 0 z'qu) a, beR pa + bg = 0.
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Then we have
D~{ZeMyC):1,-2ZZ" >0} ={Z € Mps(C) : || Z||op <1}

where * denotes conjugate-transposition. The action of G on D is given by

g-Z=(AZ+B)(CZ+D)", g= <é g).

We fix an integer m and we consider the unitary character y,, of K

defined by
A 0 m

The condition of Proposition 3.1 is then equivalent to m +p+ ¢ < 0. The norm
of the Hilbert space H,,, is given by

IF12 = / 1£(2)? (Det(l, — Z*Z)) P9 ™¢,, dur(Z)
where the constant
ol = [ (Dertt, = 2°2)) 7" duu(2)

can be expressed in terms of the Gamma function [25], Theorem 2.2.1. The
coherent states for H,, are given by

X (W) = X ((exp Z* exp W) 1) = (Det(L, — 2" W)™,

the representation m, = is given by

(Txn (9)£)(Z) = (Det(CZ+D)™ f((AZ+B)(CZ+D)™"), g_lz<é g)

and the Berezin symbol of 7y, (g) is

—m

S Ty (9))(W, Z) = (Det(CW + D — Z*(AW + B)))" (Det(I, — Z*W))

We can apply Proposition 6.2 in order to obtain a contraction of the
sequence m,, to the unitary irreducible representation p., of the Heisenberg
group of dimension 2pg + 1. In [9], the particular case p = 1 was considered.

Let us mention that, in [31], a similar contraction of SU(p, p) to M,(C) x
S(U(p) xU(p)) was considered and extended to the infinite-dimensional versions
of these groups. The calculations of [31] were based on the expansion of
(Det(I, — Z*W))™ as a power series in the variables Z* and W.
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7. Contraction of derived representations

In this section, we establish contraction results for the derived representations
dmy,, and dp, analogous to those of Section 6.

Proposition 7.1. For X € gg and Z, W € p™, we have

Hm  Sp (A7 (Cr(m) (X)))N(Z//2ym, W/y/2ym) = S, (dp (X)) (Z, W).

m——4o0

Proof. Taking Equality (2.9) and Part 3) of Proposition 3.3 into account, the
result follows from Proposition 4.2. [ |

Proposition 7.2.
1) For P, Q € P and X € go, we have

lim  (dmp (Crm) (X)) P(/29me), Q(v/ 2ym))m = (dp(X) P, Q).

m——4o0

2) For s,s' e N, 1 <j<dimPs, 1 <j <dimP,s and X € go, we have

m  (d, (Crim) (X)) £, o jodm = {doy(X) £ 3 5004

m——+oo

3) For P € P and X € go, we have

lim HB;leﬂ'm(Cr(m) (X))Bm P — p,(X) P||, = 0.

m——+o0o

Proof. 1) We can assume that P is a homogeneous polynomial of degree p.
Then we have

<d7Tm(Cr(m) (X)) P( V 2’)/771'), Q( V 2’7m')>m
- /D (VI (@ (Cortoy (X)) P) (2) Q21 Z) € (o x0) ((2) iz (2)

[ R (@ Coim () P) (2)VEm)Q(E)
V2ymD
(Xm-x0)(k(Z/+/2ym)) dpr(Z

by the change of variables Z — Z/\/2ym.

Now, by using the expression for dm,, given in Proposition 3.3 (see also
[12], Proposition 3.3 or, equivalently, [29], Proposition XII 2.1), we can easily
verify that

lim (\/ 2ym)P (dﬂ—m(cr(m) (X))P) (z/ \% 2ym) = dp’Y(X)P(Z)

m——+oo

=Cm (Q’Ym) B
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and that there exists a polynomial P independent of m such that

|(v/2ym)? (A (Crm) (X)) P) (Z//2ym)| < P(|Z])

for each m > 1 and each Z € /2ymD. Then the result follows from the
dominated convergence theorem in the same way as in the proof of 3) of Lemma
5.3.

2) From 1) we deduce that

im (dmn (Comy (X)) (1Pl P) 1@l Q)om
= (dp,(X)(IPII7" P). 1IQI5 Q)4

for each homogeneous polynomials P and ). The result then follows as in the
proof of Part 1) of Proposition 5.6.

3) By density and linearity we can assume that P = fg ;- We see easily that

1B At (Crony (X)) B £ = po(X) 75115
= D |dmn(Crm)) (X)) J25 s 8 50)m = (dpy (X) f15 f3 01

(s",3")

Taking into account the expressions for dm,, and dp. given above (see Equality
(2.1) and Part 2) of Proposition 3.3), we see that this sum is finite and the
number of its nonzero terms does not depend on m. The results then follows
from 1). u
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