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Abstract. Let q1,...,q, be some variables and consider the ring K :=
Zlgi,---.qn]/ (11— ;). We show that there exists a K -bilinear product * on
H*(F,;Z) ® K which is uniquely determined by some quantum cohomology
like properties (most importantly, a degree two relation involving the generators
and an analogue of the flatness of the Dubrovin connection). Then we prove
that x satisfies the Frobenius property with respect to the Poincaré pairing of
H*(F,;Z); this leads immediately to the orthogonality of the corresponding
Schubert type polynomials. We also note that if we pick k € {1,...,n} and we
formally replace g, by 0, the ring (H*(F,;Z) ® K,*) becomes isomorphic to
the usual small quantum cohomology ring of F),, by an isomorphism which is
described precisely.
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1. Introduction

We consider the complex flag manifold
F,={icV,c...CV,.; CC"|Vis a k-dimensional linear subspace of C"}.

In the following, the coefficient ring for cohomology will be always Z, unless
otherwise specified. For every k € {1,...,n — 1} we consider the tautological
vector bundle V;, over F,, and the cohomology class y, = —c;(det V) € H*(F,).
It is known that the cohomology classes y1,...,y,_1 generate the ring H*(F,).
To describe the ideal of relations, it is convenient to consider the classes x; :=
Yk — Yk—1, 1 < k < n (where we assign yo =y, :=0). If Y7,...,Y,_; are some
variables, we set
X =Y — Y1,

where Yy = Y, := 0. We denote by S(Xi,...,X,) the ideal of Z[X1,...,X,]
generated by the symmetric polynomials with zero constant term. By a theorem
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of Borel, there is a ring isomorphism
H*(F,) ~Z[Y1,...,Ya 1]/S(Xq, ..., X,). (1)

Here y; is mapped to the coset of Y;, for all i € {1,...,n —1}.

The small quantum cohomology ring ¢H*(F},) is a deformation with n — 1
parameters of H*(F),). A theorem of Givental and Kim [5] describes ¢H*(F},) as
a quotient of a certain polynomial ring by the ideal generated by the integrals
of motions of the open Toda lattice. In this paper we consider the “periodic”
version of the latter (quotient) ring: that is, the ideal of relations is generated by
the integrals of motion of the periodic Toda lattice. We address the following
question: does this new ring arise in the spirit of Givental and Kim from a
deformation of H*(F,)? We construct such a deformation, give a list of properties
that characterizes it uniquely, and then study it briefly.

Let us be more precise. We consider n variables ¢, ..., ¢, and set

n

K :=7Zq,. .. ,qn]/(Hqi).

=1

The main result of this paper is as follows.

Theorem 1.1.  There exists a product * on H*(F,) ® K which is uniquely
determined by the following properties:

(i) * is K -bilinear

(ii) x preserves the grading induced by the usual grading of H*(F,) combined
with degg; =4, 1 <j<n

(111) * is a deformation of the usual product, in the sense that if we formally
replace all q; by 0, we obtain the usual (cup-)product on H*(F,)

(iv) x is commutative
(v) * is associative

(vi) we have the relation

Z xi*ajj—i—qu:O
1

1<i<j<n =
(vii) the coefficients (y; x a)qg € H*(F,) of ¢* := ¢ ... q% in y; % a satisfy
(di — dn)(yj * a)a = (d;j — dn)(yi * a)a,
for any d = (dy,...,d,) >0, a € H*(F,), and 1 <i,j <n—1.
The product x is constructed in Section 3. The main input consists of the

conservation laws of the periodic quantum Toda lattice (cf. [6], [9]). From the
construction we can see that we have a ring isomorphism

(H*(F) @ K, %) ~ Z[Y1, - Yooty @1 @] /Ry R, 2)
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where Rq,..., R, are essentially the integrals of motion of the periodic Toda
lattice. They are described explicitly by equation (6) below. We note at this point
that R,, = £]]_, ¢;. This explains why the “quantum parameter” ring of our
deformation of H*(F},) is no longer a polynomial ring, like for ¢ H*(F,,), but rather
the somewhat awkward ring Z[q, . .., ¢.)/(I]1~; @) -

We will also prove some properties of the product x. The first one involves

the Poincaré pairing (, ) on H*(F},,); we actually extend it to a K -bilinear form
on H*(F,) ® K.

Theorem 1.2.  The product * satisfies the following Frobenius type property:
(axb,c) = (a,bxc)
for any a,b,c € H*(F},).

We also consider representatives of Schubert cohomology classes in H*(F},)
via the isomorphism given by (2), which are polynomialsin Y7, ..., Y, 1,¢1,...,¢s-
Theorem 1.2 will allow us to prove that these polynomials satisfy a certain orthog-
onality relation, similar to the one satisfied by the quantum Schubert polynomials
of [2] and [8] (see Proposition 4.1 below).

Finally, we consider the ring obtained from (H*(F,) ® K,*) by formally
setting a certain ¢ to zero. More precisely, we denote by (gx) the set of all
elements of H*(F,,) ® K that are multiples of ¢; and take the quotient

(H*(Fn) X K)/(Qk) = H*(Fn) ®Z[Q1, ceoy Ql—15 Q41,5 - - - 7Q7l]
= Z[‘xlw ey Ty gy - oo Qk—1, Q415 - - - 7Qn]/S<x17 o e 7xn)-

Here S(z1,...,z,) denotes the ideal of Z[z1,...,z,] which is generated by the
symmetric polynomials with zero constant term. The space (H*(F,) ® K)/(qx)
can be equipped with the product induced by . The resulting ring is isomorphic
to the actual small quantum cohomology ring ¢H*(F,): the following theorem
describes this ring isomorphism. We recall (cf. e.g. [4]) that the ring ¢H*(F),)
consists of the space

H*<Fn) X Z[Qb . '7@71—1} = Z[Xh s 7Xn7Q17 . 'aQn—l]/S(Xla s 7Xn)7

which is equipped with a certain (quantum) product.

Theorem 1.3. Fiz k€ {1,...,n}. The ring (H*(F,)®K)/(qx),*) is isomor-
phic to ¢H*(F,,). The isomorphism is the map from

Xy, X, Qe Qua]/S(X, o X))

to
Z[xlw"7xn7q1a'-'7qk—1>Qk+17'"7Qn]/s(xla---7$n)
which s given by

Xi— 21,1 <i<n, Qi qj;1<j<n-—1,

where the indices are evaluated modulo n.
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Remarks. 1. A characterization of the quantum cohomology ring ¢H*(F,),
similar in spirit to the one given by Theorem 1.1, has been obtained by the author
in [11]; see also Theorem 2.1 below.

2. The product * considered in this paper could also be relevant in the
context of the small quantum cohomology of the infinite dimensional flag manifold
F0™  The ring ¢H* (F E(")) is conjecturally defined and investigated by Guest and
Otofuji in [7] and the author of the present paper in [10]. More precisely, in the
latter paper we have considered a product o on H*(F AR R)®R|q1, ..., qs] which
satisfies certain natural properties similar to (i)-(vii) in Theorem 1.1 above; we have
also explained why a quantum product o resulting from Gromov-Witten invariants
of F¢™ should satisfy these properties. However, it is still an open question
whether such a product exists. As long as nobody gave a rigorous definition (in
terms of stable curves) of ¢H* (]—"é(")), it seems natural to attempt to construct
it by other means, for instance with the methods of this paper. In fact, the ring
we are constructing and studying here is essentially the quotient of ¢H*(F 6(”)) by
the product [}, ¢:.

3. Let G be a compact simple simply connected Lie group and 7' C G a
maximal torus. It is likely that some of the results of this paper can be extended
to the flag manifold G/T', where G is of type other than A. For instance, if ¢ :=
dim 7', we expect that an extension of H*(G/T;R) with ¢+ 1 parameters can be
constructed with the methods used in Section 3 below. More precisely, the ring of
“quantum parameters” would be in this case K = Rq, ..., qet1]/(d7™ - )" qe41) -
The numbers my, ..., m, arise from the expansion

V V Vv
0y = mioy + ...+ myoy,

where {aq,...,a,} is a simple root system of G, «q the highest root, and the
superscript V indicates the corresponding coroot. However, it should be noted
that the construction could only work for G of certain types (e.g. A, B or (),
for exactly the same reason as in [10]. We will probably explore this more general
situation elsewhere.

The paper is organized as follows: First we prove Theorem 1.3 and the
uniqueness part of Theorem 1.1. After that we prove the existence part of the
latter theorem, which uses a presentation of the ring (H*(F,) ® K,*) in terms
of generators and relations. Finally we prove the Frobenius property and the
orthogonality of the Schubert type polynomials. Such polynomials are determined
explicitly in the case n = 3.

Acknowledgements. [ would like to thank Martin Guest and Takashi Otofuji
for discussions about the topics of the paper. I am also extremely grateful to the
Referee for suggesting numerous improvements.

2. Uniqueness of the product x

The goals of this section are: show that there exists at most one product * with
the properties (i)-(vii) in Theorem 1.1; prove Theorem 1.3. The main instrument
is the following result, which is a particular case of [11, Theorem 1.1].
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Theorem 2.1.  ([11]) Let Yi,..., Y, 1,Q1,...,Qn_1 be some variables and set
X;:=Y;-Y,;4 for 1 <j<n, where Yy =Y, :=0. Denote by S(X1,...,X,) the
ideal of Z[Y1, ..., Y,_1] generated by the symmetric polynomials with zero constant
term in X4q,...,X,. There exists a product o on

(ZD/D s 7Yn—1]/S(X17 s an)) & Z[Qla s 7Qn—1]
which is uniquely determined by the following properties:
(i) o is Z|Q1, ..., Qn_1]-bilinear

(i6) deg([f] o [g]) = deglf] + deglg], for any f.g € ZIYi,...,Yao1] which are
homogeneous (the brackets | | indicate the coset modulo S(Xy,...,X,) and
the grading is given by degV; :=2, deg@; :=4)

(111) o is a deformation of the canonical product on
Z[Yr,. .., Yo 1]/S(Xy, ..., Xy)

(iv) o is commutative
(v) o is associative

(vi) we have

Z [Xi]o[Xj]—f-Z_:Qi:O
(vii) we have 5 5
Qj@([n] o[f) = Qia_Qi([Yj] o [f])

forany 1 <i,j<n-—1andany f € Z[Y1,..., Y, 1].

The product o mentioned in this theorem is induced by the small quantum
cohomology ring ¢H*(F,) via the Borel isomorphism (1).

Let now % be a product which satisfies the assumptions (i)-(vii) in Theo-
rem 1.1. The ring (H*(F,) ® K,*) is generated by vy1,...,¥n-1,G1,---,qn. Con-
sequently, as a K -algebra, it is generated by wi,...,y,_1. Let us consider the
Schubert basis {0, | w € S,} of H*(F,). Here S, is the symmetric group and
oy are cosets in Z[xy,...,x,|/S(z1,...,x,) of the Schubert polynomials (cf. e.g.
[3, Ch. 10]). We also consider the expansion

Yi * Oy = Z wo, (3)

where w}" € K. We will show that for any ¢, v, and w, the coefficient w;" is
prescribed.

To this end, we first consider the quotient

(H"(Fp) ® K)/(qn) = H*(Fy) @ Zlgs, - - -, Gn—1]
=Zr1, . T, 1y Gn1]/S (21, )
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and equip it with the product induced by *. Let us denote this new product by
*,. It is commutative, associative, and satisfies the obvious grading condition.
Moreover, for any a € H*(F,) and any d = (dy,...,d,_1,0) > 0 we have

di(y; *n @)a = d;(yi *n a)a,
for all 1 <4,5 <n — 1. This implies that

0 0
Qia_q(yj *n a) = Qja_qj(yi *n a),

)

for all i,5 € {1,...,n— 1} and all a € H*(F},). Assumption (vi) in Theorem 1.1

implies that
n—1
Z xi*n:cj—i-Zqi =0.
i=1

1<i<j<n

From Theorem 2.1 we deduce that x, = o, via the identifications
yi=Y;, ¢=0Q; 1<j<n—-L
This implies Theorem 1.3 for £ = n: we also use the fact that the map
Xim X1, 1<i<n, Qj—Quy,1<7<n~-1

is an automorphism of ¢H*(F},). Another consequence of the fact that , = o
concerns the coefficient w!" in the expansion given by equation (3): namely, the
expression w™|,, —o is prescribed.

Let us now consider the quotient

(H*(Fn) ® K)/(q1) = H*(Fn) ® Zlga, - - - , gn]
=ZY1,- - Yn-1,G2,---,qn]/S(T1, ..., Tp)

with the product induced by *. We denote it by x;. Assumption (vii) in Theorem
1.1 implies that for any a € H*(F},) and any d = (0,ds, . ..,d,) we have

dnl(y1 — yj) *1 alag = dj(y1 *1 a)a, (4)
as well as
di[(yl - yj) *1 a]d = dj[(yl - yi) *1 @]d7 (5)
for all 2 <i,5 <n—1. Let us replace

Al :Yl,yl—yn—l :Yz,y1—yn_2:Y3,m,y1—y2:Yn—1,

and
n = QhQ’n—l = Q27 - g2 = Qn—l-
As usual, we set X; :=Y; —Y,;_4, for 1 <j <n, where Yy =Y, := 0. Then we
have
Xi=To—y



MARE 335

for all 1 <7 < n, where the indices are evaluated modulo n. This implies that
H*(F,) =Z[Yy,...,Ya1]/S(X1, ..., X,).
This also implies that
n—1
Y Xk X;+) Qi=0.

1<i<j<n i=1

From equations (4) and (5) we deduce that
0

0Q;

for all 1 < 1,7 < n —1. All the hypotheses of Theorem 2.1 are verified by *;.
Consequently, we have x; = o. Thus, for any 1 <7 <n —1 and any v,w € 5,
the expression w!"|,, o is prescribed.

Qi (Vy#10) = Q- (Vim

A similar reasoning can be made when we set ¢, to zero for an arbitrary
k. It is obvious that if ¢ € {1,...,n — 1} and v,w € S,,, there exists at most one
wi* € K with all w™|s—0,.-.,w!"|4.—0 prescribed. This proves the uniqueness
part of Theorem 1.1. Theorem 1.3 follows also.

3. Construction of the product *

The construction is related to the periodic Toda lattice of type A. The following
determinant expansion arises when describing the conserved quantities of this
integrable system (see the introduction of [7] and the references therein).

[/ Y ¢ 0 0o ... 0 —z i
-1 Y5-Y q2 0o ... 0 0
0 -1 Y5-Y: ¢ '
det : ' : ' +pl, |  (6)
0 0 ce 0 —1 Yn—l — Yn_g dn—-1
In/ 0 0 O -1 Y, 1 |
= ZRiflﬂnil + Rn; — Z.
=0

We can easily see that R_; =1, Ry =0,

Ri= Z (Yi = Yie)(Y; = Y1) + Z%‘
j=1

1<i<j<n

(where Yy =Y, :=0), and
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We consider the variables tq,...,t,_1,¢, and the differential operators

N0 0

1 <2< n—1. Then we consider the ring

D" :=Clty,. .. ty1, e, € g, O}, ... hO_y, h]
= C[{tl}v {eti}a n;s {ha?h h],

where h is a formal variable. This ring is obviously non-commutative. It is graded
with respect to

degt; =0, degd? =0, degh=2, dege" =4, deggq, =4,

for 1 <i <n—1. The elements of D" should be regarded as differential operators

on the space Clty,...,t,_1,€", ... €1 g,]. In each Ry we formally replace as
follows:

o YV, by ho', 1<i<n-—1,
e ¢ by e'i for 1 <i<n—1 (g, remains unchanged).

The resulting element of D" will be denoted by D!. By considering the expansion
of the determinant given by equation (6) we can see that each D} is a linear com-
bination of differential operators which are represented by monomials of the form
(h0/oty)™ ... (hD)Ot, 1)1 (hq,0/Oq, ) ()b ... (etn=1)bn=1gbn  wwhere apby, = 0
for all 1 < k < n. This means that D} can be obtained by simply making the
replacements indicated above in the determinant given by (6) and then expanding
the determinant without any concern about the lack of commutativity of the ring
Dh.
We also consider the quotient ring
M".=D"/(D ... DI | eft...etnig), (7)

n—1»

where the brackets ( ) denote the left ideal. We mention that
or(e--efm1g,) =0, Vie{l,...,n—1},

thus et ---eln—1¢q, is a central element of D".

We will need the following theorem, which is a straightforward consequence
of [6, Lemma 3.5].

Theorem 3.1.  ([6]) The ring

Cle™,...,e" " gn, hOy, ..., hO"

n—17

h]/<D?’ s 7DZ—1>

regarded as a left C[{e'}, q,, h]-module has dimension n!. More precisely, any
Z-linear basis {[fw] | w € S,} of H*(F,), with f, € Z[Y1,...,Y,_1], induces
the basis of the previously mentioned module which consists of the cosets of the
polynomial expressions f,(hdy, ..., hdp_1), w € S, .
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Let us fix a Z-linear basis {[f,] | w € S,} of H*(F,) as in the previous
theorem. We may assume that f, .., =Y, forall 1 <i <n—1, where 7,4
is the transposition of i and i+ 1 in S,, (for instance, we can take the Schubert
basis). We choose an ordering of S,, (i.e. of the elements of the basis) such that
if I(v) < I(w) then v comes before w. In this way, the basis {[f,] | w € S,}
of H*(F,) consists of so = 1 elements of degree 0, followed by s; elements of
degree 2, ..., followed by s,, = 1 elements of degree 2m := dim F;,,. Linear
endomorphisms of H*(F,,) ® C can be identified with matrices of size n! x n!
whose entries are in C. Any such matrix appears as a block matrix of the type
A = (Aup)i<ap<m- We say that a block matrix A = (Ang)i<a,p<m is r-triangular
if Ays =0 for all o, 3 with 3 —a < r. We will use the splitting of a block matrix
A = (Aap)i<a,p<m 88

A=AEm 4 AR AR A Al (8)

where each block matrix Al is r-diagonal.
We set
Py, = fu(hO}, ... hO;_,),

where w € S,,. By Theorem 3.1, there exist uniquely determined polynomials
Q1) € Cle™, ... €1 gy, h] such that

hfasz - Z(Q?)vav mOdU-lO <D§L7"'7D271>7 (9)

’l)ESn

forall 1 <i<n—1 and all w € S,. We note that each (), is a homogeneous
polynomial with respect to the grading given by

degh =2, degei=4,1<i<n-1, degq,=4.
We consider the matrices
Q? = ((Q?)vw>vﬁwesn, w; 1= Qf modulo h.

Let us also denote by C[{t;}, {e'}, g,]!) the subspace of C[{t;}, {e'}, ¢,] spanned
by the non-constant monomials of type 5 - .. i temir ... gmn-ttn-1gmn with the
property that if k& +...+k,_1 > 1 then my ---m, # 0. The following result plays
a central role in this section.

Proposition 3.2.  There ezists a matric U = (Uyy)vwes, of the form
U= (I+hVi+h*Vo+ ...+ K"V, )V, (10)
with the following properties

(a) Vi is a block matriz whose diagonal is I, such that Vo — I is 2-triangular
and all entries of Vi which are not on the diagonal are elements of the space
Clty, ... th_1, e, ... e, q,]V

(b) for any 1 < j < m — 2, the block matriz V; is (j + 2)-triangular and its

entries are elements of the space Clty, ... to_1,e, ... e, g,V
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c) each entry Uy, is a polynomial in tq,... t,_q1,€e, ... e q,, h, homoge-
Y poty q g

neous with respect to degt; = 0,degh = 2,deg el = degq, = 4, such that

deg(U,y) + deg P, = deg P,

(d) we have
QLU + haM(U) = UVy twiVh, (11)

forall1<i<n-—1.

In the following we will show how to construct the product * by using this
proposition (its proof will be done after that). For any w € S,,, set

léu::: j{: LLHU}%7

vES,

which is an element of D". Tts coset modulo (D ... DI | eft...etn-1q.) is
[Pu] =" Us[P.], (12)

’UESn

where B
Upw := Uy mod €'t - - - ein=1q, .

Due to Proposition 3.2, U,, is actually in Cle!,... et q,, h] (i.e. it is free of

t1,...,t,_1). On the other hand, equation (9) implies that in M" we have

hazn[Pw] = Z (Q?)vw [Pv]7

vES,

where we have denoted
(Q?)vw = (Q?)vw mod et - .. etnflqn.

From equation (12) we deduce

hop[Po] = ) ()wul P, (13)

vESH
where the matrix QF := ((Q")yw)vwes, is given by
QF = U1QMT + hULor (D). (14)

Here we have used the elementary fact that if f € Clty, ..., t,1,€",... et q,]

then we have the equality
O - f=0(f)+ 10
as differential operators. Now from equation (11) we deduce that

QF = Vi lw o, (15)
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where
Vi := V modulo e - - - e'n1q,,

and
@; '= w; modulo e - e'"1¢q,.

Indeed, on the one hand, (11) implies that
(" mod)(U mod) + h(0*(U)) mod = (U mod)(Vy mod) ™ (w mod)(V; mod),
where we have used the abbreviation
mod := modulo e - - - e"~1¢,;
on the other hand, we have
9(U) mod = 9"(U mod) = 91"(U).
The cosets [f,(Y1,...,Yn_1)]g, w € Sy, are a basis of
CY1,. Yo 1,q1s -, qul/(Re, ..., Ry) (16)

over K ® C. Here we have denoted by [ ], the cosets modulo (R4,...,R,).
Another basis is given by the cosets of

~

fw = Z(%)’Uwfva (17)

’UGSn

w € S, (this follows from Proposition 3.2 (a)). In (V). we have replaced
et e ... e"1 by qi,qq,..., respectively ¢,_;. The map

¢ H (F,) K®C—-CYy,....Yo1,q1,-- -, @]/ (R1,.. ., Ry)

given by [fu] — [fulq, for all w € S,, is an isomorphism of K ® C-modules. We
define a product x on H*(F,) ® K ® C by

Lfol x [fu] == (I)_l([fvfw]q)v

for all v,w € .5,.

Proposition 3.3.  (a) The ring (H*(F,) @ K @ C, %) constructed above satisfies
conditions (i)-(vii) in Theorem 1.1 with K replaced by K @ C.

(b) The assertion stated in Theorem 1.3 with K replaced by K ® C holds
true.

(c) The subspace H*(F,) ® K of H*(F,) ® K @ C is closed under . The
ring (H*(F,) ® K,x) satisfies conditions (i)-(vii) of Theorem 1.1.

(d) The map ® induces by restriction an isomorphism of K -modules

O (H(F) @K, %) — LY, Yoty @i s ]/ (R, - Ro).

This is the homomorphism of K -algebras which maps vy; to the coset of Y;, for all
1<i1<n—-1.
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Proof.  (a) Only condition (vii) remains to be checked. First we note that the
matrix of multiplication by Y; on the space described by equation (16) with respect
to the K-basis {[fu(Y1,. .., Yn_1)ls wes, i Q?’etlqu’...7etn,1:qn71 modulo ¢ - - ¢,
(this follows from equations (15), (17) and the fact that the matrix of multiplication
by Y; with respect to the K-basis {[fu,(Y1,...,Yn-1)]q | w € S} is w;). From
equation (13), the identity 070} = 970! for all 1 < 4,5 < n — 1, and the
fact that all Q? are independent of h, we deduce that each entry of the matrix
82"(@?) - 8?(@?’) is a multiple of €' - - - ef"=1¢,, thus it is equal to zero in K. This
implies condition (vii).

(b) The assertion can be proved by using the same method as in Section 2.

(¢) The assertion follows immediately from the following two claims.
Claim 1. For any i € {1,...,n— 1} and any a € H*(F},), the product y; xa is in
H*(F,) ® K.
Claim 2. Any a € H*(F,) can be written as a = f({y;x},{q;}), where f is a
polynomial in Z[{Y;},{¢;}].

To prove Claim 1, we consider again the Schubert basis {0, | w € S,} of
H*(F,). Wetake i € {1,...,n—1} and w € S,, and consider w!* € K ® C given
by

We show that w{* € K. This is an immediate consequence of the fact that for
any k € {1,...,n} we have

wa|qk=0 € Z[qla e Qk—15 k41, - - - 7qn]

To prove this, we take into account that, by point (b) above, the ring

(H*(Fp) ® K @ C)/(qx),*)
is isomorphic to the quantum cohomology ring of F;, tensored with C. Moreover,
wi"|g.=0 is a coefficient of the expansion of the quantum product of two elements
of H*(F},) (one of them of degree 2).

To prove Claim 2, we assume that a is homogeneous and we use induction
by dega. If a has degree 0 or 2, the claim is obvious. At the induction step, we
assume that the claim is true for any element of H*(F),) of degree at most d and
show that it is true for any y;a, where i € {1,...,n — 1} and a € H*(F,) with
dega < d. To this end, it is sufficient to note that y; x a — y;a is of the form
described in the claim: this follows from Claim 1, point a) (especially conditions
(i) and (iii) in Theorem 1.1), and the induction hypothesis.

(d) We use the definition of * on H*(F,,) ® K ® C and point c) above. m

Now comes the postponed proof of Proposition 3.2.
Proof of Proposition 3.2. We go along the lines of Amarzaya and Guest [1, Section
2]. Namely, for each i € {1,...,n — 1} we write

QF = w; + k0" + 120P + 4+ p2em

where the matrix w; is —1-triangular and «91@ is k+ 1-triangular, 1 < k < m —2.
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We have the following splittings (see (8)):

Vo=I+Vd + Vgl 4.+ 1™

WZV'@[HQ}—I—VJH?’]—F---‘FV}W] (1<l<m-2)

w; :wl[_l] + wl[o} + wl[l] +...+ wz[m}

oF) =W gl g <k <m—1,1<i<n—1).

The main point is that there exists a total ordering on the matrices ng, r >
¢+ 2 > 2 in such a way that equation (11) is equivalent to the system

azﬂ(vf[rl) = expression involving VZ[,T,] > Vem, Vie{l,...,n—1} (18)

for r > £+ 2 > 2. In this way we can determine all V}ZM inductively.
The system is compatible, the compatibility condition being
1
h
where 1 < 4,5 < n — 1, which in turn, follows easily from (9) and the fact
that 9707 = 070. 1t is also important to note that the right hand side of

equation (18) is a linear combination of 91@) and left or right side products of

[/j'] (

o1 () — 07 () = 7107, 9],

such matrices with one or two V, see the equation displayed before Defini-

tion 2.3 in [1]). By using this we show recursively that all Vzm have entries
in Clty,... ty_1,e", ... "1 q,]V. This follows from the general fact that if
feCty,... th1,€", ... €1 ¢,] has the property that

O(f) € Clty, ... ta_r, e, ... e g,V foralll <i<n-—1,

then f € C[ty,... th_1,€, ... e q,]). The proposition follows in an elemen-
tary way. U

4. Frobenius property and orthogonality

We first prove Theorem 1.2.
Proof of Theorem 1.2. We consider for each i € {1,...,n — 1} the K-linear
operator ); on H*(F,) ® K given by

(Vi(a),b) = (yi x b, a),

for all a,b € H*(F,).
Now let us consider again the Schubert basis {0, | w € S,} of H*(F,).
We know that it satisfies the orhogonality condition

(00, ) = {0, if v # wow (19)

1, if v = wow

where wy is the longest element of S,. (That is, wo(i) = n — i+ 1, for all
i € {l,...,n}.) We deduce easily that the matrix of }; on H*(F,) ® K with
respect to the basis {0y, | w € Sy} is the transposed of the matrix of “y;x” with
respect to the basis (04 )wes, - From this we deduce as follows:
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1. for any i,j € {1,...,n — 1}, the operators }; and ); commute with each
other,

2. if a is a homogeneous element of H*(F,,), then deg);(a) = dega + 2 and
Yi(a) modulo (g1, ...,q,) is equal to y;a.

We will use the following claim.
Claim 1. For any a € H*(F),) there exists a polynomial f € Z[{Y;}, {¢;}] with

a= f({¥i}, {g;})-1.

To prove this, we use the same method as for Claim 1 in the proof of
Proposition 3.3 (property 2 above is used here).

This allows us to define a product, denoted by e, on H*(F,)® K, as follows.
For any f,g € Z[{Y;},{q;}], we set

(Y} Ag D)D) o (9({Vi} {g;3)-1) = (Fo)({Vi} {g;}) -1,

where “.1” denotes evaluation on the element 1 of H*(F,,). This product satisfies
the hypotheses (i)-(vii) of Theorem 1.1. The first non-obvious one is (vi). This
follows from the fact that

yioy; = Vi1,
which implies that

(yioyj,a) = (ViV;.1,a) = (yi*a, V;.1) = (y; *yi *a, 1),

for all a € H*(F),,). We use that * is associative and satisfies condition (vi).

Let us now check condition (vii). Because );.1 = y;, from Claim 1 we
deduce that

y; e a = Y(a), (20)
for all i € {1,...,n — 1} and all a € H*(F,,). We use again the fact that the
matrix of ); on H*(F,) ® K with respect to the basis {0y, | w € S,} is the
transposed of the matrix of “y;x” with respect to the basis (0, )wes, . Condition
(vii) follows. From Theorem 1.1, we deduce that e is the same as x.

Claim 2. We have
Yiy * oo %Y, = Vi .- Vi, -1,
for all £ > 1 and all iy,...,4 € {1,...,n— 1}.
We prove the claim by induction on k. For k£ = 1 the statement is clear.
Assume that it is true for k. For any 4y,... i1 € {1,...,n — 1} we have

yl'l kaJrll =Y ® (lekaJrll) :yil*(yiz*"'*yik+1)7

where we have used the induction hypothesis and equation (20).
Since the ring (H*(F,)® K, *) is generated as a K -algebra by y1,...,yn_1,
Claim 2 implies immediately that

Yi(a) =y; *a
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forall i € {1,...,n—1} and all a« € H*(F,,). From the definition of }; we deduce
that

(yi*ba C) = (yi*ca b)
forall i € {1,...,n— 1} and all b,c € H*(F,). In turn, this implies

(axb,c)=(a*c,b)

for all a,b,c € H*(F,). Theorem 1.2 is now proved. O

In the second part of this section we consider again the presentation of
(H*(F,) ® K,*) in terms of generators and relations given in the previous section.
More precisely, let ® be the isomorphism described by Proposition 3.3 (d). For
each w € S,, we pick a polynomial f,, € Z[{Y;}, {¢;}] such that

®(ow) = [fulg

where [ ], denotes cosets of polynomials modulo (Ry,...,R,) (like in the previous
section). For any f € Z[{Y:},{q;}] we consider the decomposition

[fla = Z [ fulg

where a,, € K. Then we set
(([f]q)) T Qg

where wy is the longest element of S,, (see above). If f and ¢ are in Z[{Y;},{g;}],

we define
([f1a: lgla)) = ([fgla))-

We show that the polynomials f,,, w € S,, satisfy the following orthogonality
relation, similarly to the quantum Schubert polynomials (cf. [2] and [8]).

Proposition 4.1.  We have

0, if v # wow

1, if v = wow.

([folg, [fule) = {

Proof. We consider the expansion
[fvfw]q - Z au[fu]q-
ueW

Since ® is a ring isomorphism, this implies that

Oy * Oy = E Ay

We deduce that
gy = (Uv * O, 1) = (Uva Uw)>

where we have used the Frobenius property. Finally, we use the orthogonality
relation (19). n
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5. Polynomial representatives of Schubert classes: an example

Let us consider again the presentation of (H*(F,,)® K, *) given in Proposition 3.3
(d). As usual in this paper, we set

X, =Y, -Y, 1,1 <1<n, where Y, =Y, :=0.

In this way Ri,...,R,_1 defined at the beginning of Section 3 are polynomials in
Xq,...,X,; we set
RO :X1++Xn

We have the ring isomorphism
(H*(Fn) & K’ *) = Z[le ce aXn7q1a s 7qn]/(RO7R1’ s 7Rn)’ (21)

where the classes 1 (= y1, %2 '= Yo — Y1, -, Tpn_1 ‘= Yn-1 — Yn—2,Tn ‘= —Yn_1
correspond to the cosets of Xy, Xo,..., X,,_1, respectively X,,.

In this section we are concerned with the problem of finding, for an arbitrary
w € Sy, of a polynomial f, € Z[X1,..., X, q1,- .., ¢, like in the previous section:
its coset corresponds to the Schubert class o, via the isomorphism (21). In general,
this problem can be solved by using Theorem 1.3 and the knowledge of the quantum
cohomology ring of F,,. We will illustrate this idea in the special case of Fj.

The Schubert classes for Fj are as follows (cf. e.g. [2, Tables 14]):

Gz =1

Gz = 11
Gz = 71 + T2
Gog1 = T172
Ga12 = SC%

2
6321 = I1T3.

For each of the classes &, above, we need f, € Z(X1, X2, X3,q1,92,93)
which is homogeneous relative to deg X; = 2,degq; = 4, has the same degree
as the cohomology class &,,, has integer coefficients, and satisfies the condition
fw(T1%, Tox, 3%, @1, G2, q3) = S,. Forinstance, for G312, we look for
f = X%+ g(q1,q2,q3), where g is a homogeneous polynomial of degree 1. The
condition which must be satisfied is

1 x 21+ 9(q1, g2, g3) = 3. (22)

We make successively ¢ =0, for £ =1,2,3.

First we make g3 = 0. Equation (22) implies an identity in ¢H*(F3)
obtained by making the replacements prescribed by Theorem 1.3. They are as
follows:

Xy =21, Xo 1= 19, X3 = 23,01 = q1, Q2 = @o.
The identity in gH*(F3) is

Xl o Xl + g(Qh Q27 0) = X12
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On the other hand, we know that (see for instance [1, Section 3])
XioX;1=Y,0Y =Y+ Q1.
Thus, g(Q1,Q2,0) = —Q1, which gives
9(q1,42,0) = —qu. (23)
We make ¢; = 0. The replacements are as follows:
X1 =21, Xy 1= 13, X3 1= 22, Q1 := 3,2 = qa.
The identity in ¢H*(F3) is
X10X1 4 9(0,Q2,Q1) = X7,
Using the same method as above, we deduce
900,42, ¢3) = —gs. (24)
Finally, we make ¢» = 0. The replacements are
X1 =19, Xp := 11, X3 1= 23,01 = 1, Q2 = ¢3.
The identity in ¢H*(F3) is
Xa0 Xy +9(Q1,0,Q2) = X3.

This time we obtain
g(QlJ 07 Q3) = —(@1 — (gs3. (25)

From equations (23), (24), and (25) we deduce that
9(q1,G2,43) = —q1 — 3.
Thus, a polynomial representative of G35 is
X 12 — 1 —gs.

Similarly one obtains the desired polynomials for all Schubert classes. They
are as follows:

Ga13 : Xy

G2+ X1+ X

Gaz1 + X1 Xot+ ¢

G312 : X12—Q1—Q3

Gsa1 : XiXo+ @i Xy — 3. Xz
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