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1. Introduction

Let us consider the integral functional

I(u) =

∫

Ω

f(Du(x))dx (1)

where Ω is a bounded open subset of IRn and u : Ω → IRN , N ≥ 1, is a function in the
Sobolev class W 1,p(Ω, IRN), p > 1.

The regularity of local minimizers of I(u) has been widely investigated in case the inte-
grand f ∈ C2 is assumed to be convex or quasiconvex and to behave like |ξ|p. In 1977, K.
Uhlenbeck (see [20]), proved everywhere C1,α regularity for local minimizers of the model
case f(ξ) = |ξ|p, with p ≥ 2. This result was generalized first allowing dependence of the
integrand on (x, u) (see [12], [13]), and next considering the case 1 < p < 2 (see [1], [6],
[15]).

Recently, many papers have been devoted to the study of the regularity of minimizers of
non convex integrands satisfying suitable asymptotic growth assumptions. Remark that
in the vectorial case it is known that minimizers may have singularities, and, as recently
proved by Sverak and Yan [19], can be even unbounded. Anyway, prescribing a more
regular behavior at infinity allows to have more regular minimizers. As far as we know,
Lipschitz regularity results are available when f behaves asymptotically, in a C2 sense,
like |ξ|p (see [5] for the case p = 2, [13] for p ≥ 2 and [17] for 1 < p < 2).
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Moreover higher integrability results are available in case f behaves asymptotically in a
C1 or C0 sense for every 1 < p < ∞ ([7], [16]).

The aim of this paper is to establish the local boundedness of the gradient of local mini-
mizers of variational integrals of the type

I(u) =

∫

Ω

f(Du) + g(x, u)dx, (2)

where the integrand f is asymptotically, in a C2 sense, subquadratic at infinity, thus
extending a previous result by the authors ([17]) to the case in which the functional
depends also on (x, u) (see Theorem 2.1). The proof of our result is achieved comparing
the minimizer of I(u) with the minimizers of two more regular integrals and then using a
standard iteration procedure.

We want to point out that, in case p ≥ 2, Lipschitz regularity of local minimizers of (2)
has been proved in [18].

With respect to [18], in order to obtain the same growth condition on the lower order
terms, we have to face new difficulties due to subquadratic growth . Namely, the imple-
mentation of the result in the case 1 < p < 2 requires subtle subquadratic estimates and
a delicate technical effort. Here, we have to prove first that the gradient of a minimizer
of (2) belongs to a suitable Morrey space (see Section 3). Then, we use this information
to improve the regularity of Du via a comparison argument. We remark that in the
scalar case our result allows the lower order term g(x, u) to grow as any power |u|r with
0 < r < p∗.

2. Statement and Technical Lemmas

Let Ω be a bounded open set of IRn. Consider the integral

I(u) =

∫

Ω

f(Du) + g(x, u)dx, (3)

where the functions f : IRnN → IR, g : Ω× IRN → IR, n ≥ 2, N ≥ 1, satisfy the following
assumptions, for 1 < p < 2 and µ > 0:

f ∈ C2(IRnN) (4)

|D2f(ξ)| ≤ L(µ2 + |ξ|2)
p−2
2 , for all ξ ∈ IRnN (5)

lim
|ξ|→∞

|D2f(ξ)−D2H(ξ)|(µ2 + |ξ|2)
2−p
2 = 0, (6)

where

H(ξ) := (µ2 + |ξ|2)
p
2 (7)

g(x, η) ≥ c0 + c1|η|
q+1, (8)

|Dηg(x, η)| ≤ c2(|η|
q + 1) (9)

|g(x, η)− g(x, η′)| ≤ c2(|η|
2 + |η′|2 + 1)

q
2 |η − η′| (10)
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with c0, c1, c2 > 0, and

0 < q + 1 <
p∗

p
if N > 1

0 < q + 1 < p∗ if N = 1. (11)

A function u ∈ W 1,p(Ω, IRN) is a local minimizer of I(u) if the following inequality

I(u) ≤ I(u+ ϕ),

holds for every test function ϕ ∈ W
1,p
0 (Ω, IRN) with compact support in Ω.

Our main result is the following theorem.

Theorem 2.1. Let f : IRnN → IR satisfy assumptions (4), (5) and (6). Moreover let

g : Ω × IRN → IR be a Carathéodory function satisfying the assumptions (8), (9), (10)
and (11). If u ∈ W 1,p(Ω, IRN) is a local minimizer of

I(u) =

∫

Ω

f(Du) + g(x, u)dx,

then Du is locally bounded in Ω. Moreover, for almost every x0 ∈ Ω, we have

|Du(x0)| ≤ C

(

1 +
(

∫

BR0
(x0)

|Du|pdx
)

1
p

)

, (12)

where R0 = dist(x0, ∂Ω) and C depends on n,N, L, p, µ.

In what follows we will denote by BR(x0) the ball {x ∈ IRn : |x− x0| < R}. To simplify
the notation, the letter c will denote any positive constant, which may vary throughout
the paper. If u ∈ Lp, for any BR(x0) we set

ux0,R =
1

|BR|

∫

BR(x0)

u(x)dx =

∫

BR(x0)

u(x)dx. (13)

For ξ ∈ IRk, we define the following function

V (ξ) = (µ2 + |ξ|2)
p−2
4 ξ. (14)

We begin by giving the following basic inequality .

Lemma 2.2. For every γ ∈ (−1
2
, 0), there exist two positive constants c0(γ) and c1(γ)

such that, for every k ∈ IN ,

c0(γ) ≤

∫ 1

0
(µ2 + |η + t(ξ − η)|2)γdt

(µ2 + |η|2 + |ξ|2)γ
≤ c1(γ), (15)

for all ξ, η ∈ IRk and µ > 0.

For the proof see Lemma 2.1 in [1] .

Next Lemma contains some useful properties of the function V (see [3]).
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Lemma 2.3. Let 1 < p < 2 and V be the function defined in (14), then for every

ξ, η ∈ IRk, t > 0

(1 + µ2)
p−2
4 min{|ξ|, |ξ|

p
2} ≤ |V (ξ)| ≤ |ξ|

p
2

|V (tξ)| ≤ max{t, t
p
2}|V (ξ)|

|V (ξ + η)| ≤ c(p)
[

|V (ξ)|+ |V (η)|
]

p

2
|ξ − η| ≤ |V (ξ)−V (η)|

(

µ2+|ξ|2+|η|2
)

p−2
4

≤ c(k, p)|ξ − η|

|V (ξ)− V (η)| ≤ c(k, p)|V (ξ − η)|.

(16)

The next regularity theorem can be found in [1], see Proposition 2.8.

Proposition 2.4. Let x0 ∈ Ω, BR(x0) ⊂ Ω, and let w ∈ W 1,p(Ω, IRN). If w is a mini-

mizer of the functional
∫

BR(x0)

H(Dw)dx

such that

w − u ∈ W
1,p
0 (BR(x0), IR

N)

then w ∈ C1,α(BR(x0); IR
N) for some 0 < α < 1. Moreover, there exists a constant c > 0

such that

sup
BR

2
(x0)

|Dw|p ≤ c

∫

BR(x0)

|Dw|pdx (17)

and

∫

Bρ(x0)

|V (Dw)− V (Dw)x0,ρ|
2dx

≤ c
( ρ

R

)n+2α
∫

BR(x0)

|V (Dw)− V (Dw)x0,R|
2dx

(18)

for every ρ < R.

The following Lemma has been proved in [17]. We reproduce the proof here for the sake
of completeness.

Lemma 2.5. Let 1 < p < 2 and let f, h : IRnN → IR be two functions such that, for

some µ > 0,

f, h ∈ C2(IRnN) (19)

|D2f(ξ)| , |D2h(ξ)| ≤ L(µ2 + |ξ|2)
p−2
2 , for all ξ ∈ IRnN (20)

lim
|ξ|→∞

|D2f(ξ)−D2h(ξ)|(µ2 + |ξ|2)
2−p
2 = 0. (21)
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Then for every ε > 0 there exist δ(ε) > 0, ω(ε) > 0 with limε→0 ω(ε) = 0, and c depending

only on L and p, such that

∣

∣

∣

∣

〈

∫ 1

0

(1− t)[D2f(tξ + (1− t)ξ0)−D2h(tξ + (1− t)ξ0)]dt(ξ − ξ0), (ξ − ξ0)〉

∣

∣

∣

∣

≤ c ω(ε)(|ξ − ξ0|
2 + λ2)(µ2 + |ξ|2 + |ξ0|

2)
p−2
2

(22)

holds for all ξ, ξ0 ∈ IRnN and λ ≥ 0 satisfying |ξ0|
2 + λ2 > δ2(ε).

Proof. Assumption (21) implies that for every ε > 0 there exists Λ(ε) > 0 such that if
|ξ| > Λ(ε) then

|D2f(ξ)−D2h(ξ)| ≤ ε(µ2 + |ξ|2)
p−2
2 (23)

Now, for ξ0 ∈ IRnN , consider the set I = {t ∈ [0, 1] : |tξ + (1 − t)ξ0| ≤ Λ(ε)} and split
the integral in the left hand side of (22) into the sum of the integrals on I and (0, 1) \ I,
respectively. Thus, thanks to Lemma 2.2 and inequality (23),

∣

∣

∣
〈

∫

(0,1)\I

(1− t)[D2f(tξ + (1− t)ξ0)−D2h(tξ + (1− t)ξ0)]dt(ξ − ξ0), (ξ − ξ0)〉
∣

∣

∣

≤ c1(p)ε|ξ − ξ0|
2(µ2 + |ξ|2 + |ξ0|

2)
p−2
2 .

(24)

Assumption (20), Hölder’s inequality and again Lemma 2.2 yield

∣

∣

∣

∣

〈

∫

I

(1− t)[D2f(tξ + (1− t)ξ0)−D2h(tξ + (1− t)ξ0)]dt(ξ − ξ0), (ξ − ξ0)〉

∣

∣

∣

∣

≤ 2L

∫

I

(µ2 + |tξ + (1− t)ξ0|
2)

p−2
2 dt|ξ − ξ0|

2

≤ 2L|I|
1
α

(
∫ 1

0

(µ2 + |tξ + (1− t)ξ0|
2)

p−2
2

α′

dt

)

1
α′

|ξ − ξ0|
2

≤ 2Lc(p, α)|I|
1
α |ξ − ξ0|

2(µ2 + |ξ|2 + |ξ0|
2)

p−2
2

(25)

where 1
α
+ 1

α′
= 1 and α′ is choosen strictly less than 1

2−p
in order to apply Lemma 2.2

with γ = p−2
2
α′.

Let us now estimate |I|. If S denotes the segment with end points ξ, ξ0, we have

|I| =
|S ∩ {ξ ∈ IRnN : |ξ| ≤ Λ(ε)}|

|ξ − ξ0|
≤

2Λ(ε)

|ξ − ξ0|
.

Let us choose

δ2(ε) =

(

1 +
4L

ε

)2

Λ2(ε) +

(

4L

ε

)2

Λ2(ε),

and note that if

|ξ − ξ0| >
4L

ε
Λ(ε)
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then

|I| ≤
ε

2L
.

On the other hand if

|ξ − ξ0| ≤
4L

ε
Λ(ε),

let λ2 + |ξ0|
2 > δ2(ε); then

λ2 >

(

4L

ε
Λ(ε)

)2

or |ξ0|
2 >

(

1 +
4L

ε

)2

Λ2(ε).

In the first case we have

|I|
1
α |ξ − ξ0|

2 ≤ 24−
1
αL2− 1

αΛ
1
α (ε)

(

Λ(ε)

ε

)2− 1
α

≤ (2L)−
1
αλ2ε

1
α .

In the second case one can easily see that |I| = 0. We conclude the proof combining
previous estimate with (25).

Next Lemma has been proved in [18] in case p ≥ 2, but it holds also in case 1 < p < 2,
with a slight modification.

Lemma 2.6. Let H be the function defined at (7) and V the one defined at (14). Then

there exist two positive constants c1 and c2 such that, for every ξ, η ∈ IRnN , we have

c1|V (ξ)− V (η)|2 ≤ H(ξ)−H(η)−DH(η)(ξ − η) ≤ c2|V (ξ)− V (η)|2 (26)

We shall need also the following

Lemma 2.7. Let H be the function defined at (7) and let f satisfy assumptions (4), (5)
and (6). For every ε > 0, there exists cε > 0 such that, for every ξ ∈ IRnN , we have

|f(ξ)−H(ξ)| ≤ εH(ξ) + cε (27)

Proof. For every ξ we have

|f(ξ)−H(ξ)|

≤ |f(0)−H(0)|+ |Df(0)−DH(0)||ξ|+

∫ 1

0

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt

≤ c+ ε|ξ|p + cε|Df(0)−DH(0)|
p

p−1 +

∫ 1

0

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt

≤ cε + εH(ξ) +

∫ 1

0

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt.

(28)

Thanks to the growth assumption (5) and since by the assumption (6) for every ε > 0

there exists c′ε such that if |η| > c′ε =⇒ |D2f(η) − D2H(η)| ≤ ε(µ2 + |η|2)
p−2
2 , we easily
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get that

∫ 1

0

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt

=

∫

{t|ξ|≤c′ε}

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt

+

∫

{t|ξ|>c′ε}

(1− t)|D2f(tξ)−D2H(tξ)||ξ|2dt (29)

≤

∫

{t|ξ|≤c′ε}

c(1− t)(µ2 + t2|ξ|2)
p−2
2 |ξ|2dt+

∫

{t|ξ|>c′ε}

c(1− t)ε(µ2 + t2|ξ|2)
p−2
2 |ξ|2dt

≤ c

∫

{t|ξ|≤c′ε}

tp−2|ξ|pdt+ c

∫ 1

0

εtp−2|ξ|pdt ≤ c′′ε |ξ|+ ε|ξ|p.

Now inserting (29) in (28) and using again Young’s inequality, we get (27).

Let us remark that, by the growth assumptions on f , in the scalar case, if g grows less
than p∗, u is locally Hölder continuous and thus locally bounded (see [14]).

Having this Lemma at our disposal, we can prove the following maximum principle in the
scalar case.

Theorem 2.8. Let w : BR(x0) → IR be the solution of the problem

min
w∈u+W

1,p
0 (BR(x0))

∫

BR(x0)

H(Dw)dx (30)

where u : Ω ⊂ IRn → IR is a minimizer of I(u) and BR(x0) ⊂⊂ Ω. Then w is bounded in

BR(x0) and

‖w‖L∞(BR(x0)) ≤ ‖u‖L∞(BR(x0)).

Proof. Fix BR(x0) ⊂⊂ Ω and set ‖u‖L∞(BR(x0)) = k. Consider

w̃ = max{min{w(x), k},−k}.

Notice that, since |u(x)| ≤ k on ∂BR(x0) and w = u on ∂BR(x0), also w̃ ∈ w +
W

1,p
0 (BR(x0)). Moreover

Dw̃ =

{

Dw if − k ≤ w ≤ k

0 otherwise.

By the minimality of w

∫

BR(x0)

H(Dw(x))dx ≤

∫

BR(x0)

H(Dw̃(x))dx

hence
∫

BR(x0)∩{|w|>k}

H(Dw(x))dx ≤ µp|BR(x0)|.
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Since w is continuous, this implies that |{x ∈ BR(x0) : |w(x)| > k}| = 0, hence the result
follows.

We conclude this section with a standard decay Lemma (see [14]).

Lemma 2.9. Let ϕ(t) a non negative and non decreasing function. Suppose that the

following inequality

ϕ(ρ) ≤ A

[

( ρ

R

)α

+ ε

]

ϕ(R) +BRβ (31)

holds for every ρ ≤ R ≤ R0, for some positive constants A,α, β with α > β and for some

non negative constants B, ε. Then there exists a constant ε0 = ε0(A,α, β) such that if

ε < ε0, for every ρ ≤ R ≤ R0 we have

ϕ(ρ) ≤ c
( ρ

R

)β

[ϕ(R) +BRβ] (32)

where c = c(A,α, β).

3. Hölder regularity

This Section is devoted to the proof of our first regularity result which shows that a
minimizer of I(v) has the gradient in the Morrey space L

p,ν
loc (Ω; IR

N) for all 0 < ν < n

and as a consequence is Hölder continuous. To this aim we recall that the Morrey space
L
p,ν
loc (Ω; IR

N) is defined as the space of the functions v such that, for every ball BR ⊂ Ω,
the following quantity

sup
0<ρ<R

ρ−ν

∫

Bρ

|v|pdx

is finite.

We recall also that v is locally α-Hölder continuous if, for every ball BR ⊂ Ω,

sup
x,y∈BR

|v(x)− v(y)|

|x− y|α
< ∞.

Lemma 3.1. For every local minimizers u of I(v) we have

Du ∈ L
p,ν
loc (Ω; IR

N) ∀ 0 < ν < n (33)

and

u ∈ C
0,α
loc (Ω; IR

N) ∀ 0 < α < 1 (34)

Proof. Let x0 ∈ Ω , R < R0 = min
{

1
2
dist(x0, ∂Ω), 1} and fix 0 < ρ < R. Our aim is to

prove that
∫

B̺

H(Du)dx ≤ c
(( ρ

R

)n

+ ǫ
)

∫

BR

H(Du)dx+ cRn.

Such inequality is obviously satisfied if

∫

B̺

H(Du)dx ≤ Rn
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then, in what follows, we will assume that

∫

B̺

H(Du)dx > Rn (35)

Let w be the minimizer of the problem

∫

BR(x0)

H(Dw)dx

such that
w − u ∈ W

1,p
0 (BR(x0), IR

N)

and observe that, from the first estimate of Proposition 2.4, we get

∫

Bρ

H(Dw)dx ≤ c
( ρ

R

)n
∫

BR

H(Dw)dx ≤ c
( ρ

R

)n
∫

BR

H(Du)dx. (36)

By the definition of H(ξ), we easily get that

∫

Bρ

H(Du) dx ≤ c

∫

Bρ

H(Dw) dx+ c̄

∫

Bρ

|Du−Dw|p dx (37)

Now, observe that

‖Du−Dw‖p
Lp(Bρ)

≤ c

∫

Bρ

|V (Du)− V (Dw)|p(|Du|2 + |Dw|2 + µ2)
(2−p)p

4 dx

≤ c
(

∫

BR

|V (Du)− V (Dw)|2dx
)

p
2
(

∫

Bρ

|Du|p + |Dw|pdx
)

2−p
2

+ c
(

∫

BR

|V (Du)− V (Dw)|2dx
)

p
2
R

n(2−p)
2

≤ c
(

∫

BR

H(Du)−H(Dw)dx
)

p
2
(

∫

Bρ

|Du|p + |Dw|pdx
)

2−p
2

≤ c

∫

BR

H(Du)−H(Dw)dx+
1

2c̄

∫

Bρ

|Du|pdx+ c

∫

Bρ

|Dw|pdx

(38)

where we used Lemmas 2.3 and 2.6 together with (35), the minimality of w and Young’s
inequality. Then inserting (38) in (37) and using (36) we get

∫

Bρ

H(Du) dx

≤ c

∫

Bρ

H(Dw) dx+ c

∫

BR

H(Du)−H(Dw)dx+
1

2

∫

Bρ

|Du|pdx+ c

∫

Bρ

|Dw|pdx

≤ c
( ρ

R

)n
∫

BR

H(Du) dx+ c

∫

BR

H(Du)−H(Dw) dx+
1

2

∫

Bρ

H(Du) dx

(39)
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and then
∫

Bρ

H(Du) dx ≤ c
( ρ

R

)n
∫

BR

H(Du) dx+ c

∫

BR

H(Du)−H(Dw) dx (40)

Let us remark that, by the minimality of w, we have
∫

BR

DH(Dw)(Du−Dw)dx = 0.

By Lemma 2.7 and (10), using the minimality of u, we have
∫

BR

[H(Du)−H(Dw)] dx

=

∫

BR

[H(Du)− f(Du) + f(Du) + g(x, u)− (f(Dw) + g(x,w))− g(x, u)

+ f(Dw)−H(Dw) + g(x,w)] dx

≤ cǫR
n + 2ǫ

∫

BR

H(Du)dx+

∫

BR

(|u|2 + |w|2 + 1)
q
2 |u− w|dx.

(41)

In the scalar case, using Theorem 2.8, since q + 1 < p∗, we immediately get that
∫

BR

[H(Du)−H(Dw)] dx ≤ cǫR
n + 2ǫ

∫

BR

H(Du)dx+ c(‖u‖L∞(BR(x0)))R
n. (42)

In the vectorial case, we use Hölder and Sobolev’s inequalities and the assumption q+1 <
p∗

p
, to get:

∫

BR

(|u|2 + |w|2 + 1)
q
2 |u− w|dx ≤ c(‖u‖qp∗ + ‖w‖qp∗)‖Du−Dw‖Lp(BR)R

n(1−p∗−1(q+1))

+c‖Du−Dw‖Lp(BR)R
n(1−p∗−1) (43)

≤ c‖Du−Dw‖Lp(BR)R
n(1−p∗−1(q+1))

By calculations similar to those in (38), we obtain

‖Du−Dw‖Lp(BR) ≤ c
(

∫

BR

H(Du)−H(Dw)dx
)

1
2
(

∫

BR

|Du|pdx
)

2−p
2p

(44)

Then inserting (43) and (44) in (41), using Young’s inequality we obtain
∫

BR

H(Du)−H(Dw)dx

≤ cǫR
n + 2ǫ

∫

BR

H(Du)dx+ c
(

∫

BR

H(Du)−H(Dw)dx
)

1
2
‖Du‖

2−p
2

Lp(BR)R
n(1− q+1

p∗
)

≤ cǫR
n + 2ǫ

∫

BR

H(Du)dx+
1

2

∫

BR

H(Du)−H(Dw)dx+ c‖Du‖2−p

Lp(BR)R
2n(1− q+1

p∗
)

≤ cǫR
n + 2ǫ

∫

BR

H(Du)dx+
1

2

∫

BR

H(Du)−H(Dw)dx

+ ε

∫

BR

H(Du) + cεR
n(1− q+1

p∗
)( p

p−1
)

(45)
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The assumption q + 1 < p∗

p
yields that n(1 − q+1

p∗
)( p

p−1
) > n, and then inequality (45)

implies
∫

BR

H(Du)−H(Dw) ≤ cǫR
n + 3ǫ

∫

BR

H(Du)dx+ cǫR
n+σ,

for some σ > 0. Therefore, by (40), we deduce
∫

B̺

H(Du)dx ≤ c
(( ρ

R

)n

+ ǫ
)

∫

BR

H(Du)dx+ cǫR
n+σ.

Using Lemma 2.9, we have, in the scalar as in the vectorial case, that
∫

B̺

H(Du)dx ≤ cσ

( ρ

R

)n
∫

BR

H(Du)dx+ cσR
n.

The regularity of Du is then proved and by standard results in Morrey-Campanato spaces
it implies also that u ∈ C0,α, for every α < 1 (see for instance [14]).

4. Proof of the main result

We are now in position to prove Theorem 2.1.

Proof of Theorem 2.1. Let x0 ∈ Ω, R ≤ dist(x0, ∂Ω). Consider the following problems







∫

BR(x0)

H(Dw)dx

w − u ∈ W
1,p
0 (BR(x0), IR

N),

(P1)







∫

BR(x0)

[H(Dv)dx+ g(x, v)]dx

v − u ∈ W
1,p
0 (BR(x0), IR

N).

(P2)

Let w be a minimizer of (P1) and let v be a minimizer of (P2).

Step 1. Comparison between v and w

Since w is a minimizers of problem (P1), w solves the corresponding Euler Lagrange
equation and then

∫

BR(x0)

DH(Dw)(Dv −Dw)dx = 0

Lemma 2.6 implies that
∫

BR(x0)

|V (Dv)− V (Dw)|2dx ≤

∫

BR(x0)

H(Dv)−H(Dw)dx

≤

∫

BR(x0)

[H(Dv)− g(x, v) + g(x, v)]dx

+

∫

BR(x0)

[−g(x,w) + g(x,w)−H(Dw)]dx

≤

∫

BR(x0)

[g(x, v)− g(x,w)]dx

(46)
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where in the last line we used the minimality of v. Then the assumption (10) and an
argument similar to the one used to derive (38) yield

∫

BR(x0)

|V (Dw)− V (Dv)|2dx ≤

∫

BR

(|u|2 + |w|2 + 1)
q
2 |u− w|dx

≤ c‖Dv −Dw‖Lp(BR)R
n(1−p∗−1(q+1))

≤ c
(

∫

BR(x0)

|V (Dw)− V (Dv)|2dx
)

1
2

·
(

∫

BR(x0)

|Dw|p + |Dv|p dx
)

2−p
2p

Rn(1−p∗−1(q+1))

≤ c
(

∫

BR(x0)

|V (Dw)− V (Dv)|2dx
)

1
2

·
(

∫

BR(x0)

H(Dw) +H(Dv) dx
)

2−p
2p

Rn(1−p∗−1(q+1))

(47)

Since v is a minimizer of (P2) we get
∫

BR(x0)

H(Dv)dx

=

∫

BR(x0)

H(Dv) + g(x, v)− g(x, v)dx ≤

∫

BR(x0)

H(Du) + g(x, u)− g(x, v)dx

≤

∫

BR(x0)

H(Du)dx+ c‖Dv −Du‖Lp(BR)R
n(1−p∗−1(q+1))

≤

∫

BR(x0)

H(Du)dx+ c
(

∫

BR(x0)

H(Du) +H(Dv)dx
)

1
p

·Rn(1−p∗−1(q+1)).

(48)

Using Young’s inequality we obtain
∫

BR(x0)

H(Dv)dx

≤ (1 + ǫ)

∫

BR(x0)

H(Du)dx+ ǫ

∫

BR(x0)

H(Dv)dx+ cǫR
n(1−p∗−1(q+1))( p

p−1
)
.

(49)

Therefore
∫

BR(x0)

H(Dv)dx ≤ c

∫

BR(x0)

H(Du)dx+ cR
n(1−p∗−1(q+1))( p

p−1
)
. (50)

Now inserting the above estimate in (47) and using the minimality of w we obtain
∫

BR(x0)

|V (Dw)− V (Dv)|2dx

≤ c
(

∫

BR(x0)

H(Du)dx+R
n(1−p∗−1(q+1))( p

p−1
)
)

2−p
p

R2n(1−p∗−1(q+1)) (51)

≤ cR
2n(1−p∗−1(q+1))+ν 2−p

p cR
n(1−p∗−1(q+1))( p

p−1)(
2−p
p )+2n(1−p∗−1(q+1))
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where we used Lemma 3.1. Let us remark that, 2n(1−p∗−1(q+1))+ν 2−p

p
> n. In fact this

inequality is equivalent to 2(n−p)(q+1)−np

2−p
< ν, which is satisfied for some ν < n, since the

assumption q + 1 < p∗

p
implies that 2(n−p)(q+1)−np

2−p
< n. The same assumption q + 1 < p∗

p

implies also that n(1− p∗−1(q + 1))
(

p

p−1

)(

2−p

p

)

+ 2n(1− p∗−1(q + 1)) is strictly greater

than n. Then we choose 2(n−p)(q+1)−np

2−p
< ν < n in order to have that the exponent of the

radius R in the last line is strictly greater than n. Then, inequality (51) can be written
as follows

∫

BR(x0)

|V (Dw)− V (Dv)|2dx ≤ cRn+σ (52)

for some σ > 0.

Step 2. The comparison between v and u

Since v is a minimizer of problem (P2), v solves the corresponding Euler Lagrange equation
and then

∫

BR(x0)

DH(Dv)(Du−Dv) +Dg(x, v)(u− v)dx = 0

Lemma 2.6 and the minimality of u imply that
∫

BR(x0)

|V (Du)− V (Dv)|2dx

≤

∫

BR(x0)

[H(Du)−H(Dv)−DH(Dv)(Du−Dv)]dx

≤

∫

BR(x0)

[H(Du)−H(Dv) +Dg(x, v)(u− v)]dx

≤

∫

BR(x0)

[H(Du)− f(Du) + f(Dv)−H(Dv)]dx

+

∫

BR(x0)

[g(x, v)− g(x, u)]dx+

∫

BR(x0)

Dg(x, v)(u− v)]dx

≤

∫

BR(x0)

[g(x, v)− g(x, u)]dx+

∫

BR(x0)

Dg(x, v)(u− v)]dx

+

∫

BR(x0)

∫ 1

0

(1− t)D2H((1− t)ξ0 + tDu)−D2f((1− t)ξ0 + tDu)

· (ξ0 −Du)(ξ0 −Du)

+

∫

BR(x0)

∫ 1

0

(1− t)D2H((1− t)ξ0 + tDv)−D2f((1− t)ξ0 + tDv)

· (ξ0 −Dv)(ξ0 −Dv),

(53)

where in the last inequality we have used the fact that v = u on ∂BR(x0). Let us choose
ξ0,R such that V (ξ0,R) = (V (Du))x0,R and set

λ2 = (µ2 + |ξ0,R|
2)

2−p
2

∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx. (54)
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Since

∫

BR(x0)

|V (Du)−(V (Du))x0,R|
2dx =

∫

BR(x0)

|V (Du)|2dx−|V (ξ0,R)|
2, it follows that,

for every ε > 0, if

(µ2 + |ξ0,R|
2)

2−p
2

∫

BR(x0)

|V (Du)|2 dx > δ2(ε), (55)

then

|ξ0,R|
2 + λ2 > δ2(ε).

Thus, thanks to Lemma 2.5, (53) implies

∫

BR(x0)

|V (Du)− V (Dv)|2dx

≤ c ω(ε)
{

∫

BR(x0)

|Du− ξ0,R|
2(µ2 + |Du|2 + |ξ0,R|

2)
p−2
2 dx

+λ2

∫

BR(x0)

(µ2 + |Du|2 + |ξ0,R|
2)

p−2
2 dx

+

∫

BR(x0)

|Dv − ξ0,R|
2(µ2 + |Dv|2 + |ξ0,R|

2)
p−2
2 dx

+λ2

∫

BR(x0)

(µ2 + |Dv|2 + |ξ0,R|
2)

p−2
2 dx

}

+ cRn+σ.

where to estimate the integrals involving g we argued as in (47),. . . ,(52). Since (µ2 +

|Du|2 + |ξ0,R|
2)

p−2
2 , (µ2 + |Dv|2 + |ξ0,R|

2)
p−2
2 ≤ (µ2 + |ξ0,R|

2)
p−2
2 , we have by the definition

of λ2 at (54)

λ2

∫

BR(x0)

(µ2 + |Du|2 + |ξ0,R|
2)

p−2
2 dx ≤

∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx,

λ2

∫

BR(x0)

(µ2 + |Dv|2 + |ξ0,R|
2)

p−2
2 dx ≤

∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx.

Then, by (16)(iv) we have

∫

BR(x0)

|V (Du)− V (Dv)|2dx

≤ c ω(ε)
{

∫

BR(x0)

|V (Du)− V (ξ0,R)|
2dx+

∫

BR(x0)

|V (Du)− V (Dv)|2dx
}

+ cRn+σ

Hence, since ω(ε) → 0 as ε → 0, there exists ε0 such that for every ε < ε0, we get

∫

BR(x0)

|V (Du)− V (Dv)|2dx ≤ c ω(ε)

∫

BR(x0)

|V (Du)− V (ξ0,R)|
2dx+ cεR

n+σ. (56)
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Now observe that

∫

Bρ(x0)

|V (Du)− V (Du)x0,ρ|
2dx

≤

∫

Bρ(x0)

|V (Du)− V (Dv)|2dx+

∫

Bρ(x0)

|V (Dv)− V (Dw)|2dx

+

∫

Bρ(x0)

|V (Dw)− V (Dw)x0,ρ|
2dx+

∫

Bρ(x0)

|V (Dw)x0,ρ − V (Du)x0,ρ|
2dx

≤ c

∫

BR(x0)

|V (Du)− V (Dv)|2dx+ c

∫

BR(x0)

|V (Dv)− V (Dw)|2dx

+ c

∫

Bρ(x0)

|V (Dw)− V (Dw)x0,ρ|
2dx

(57)

for every ρ < R. Then inserting (52) and (56) in (57) and using the second estimate in
Proposition 2.4 we get

∫

Bρ(x0)

|V (Du)− (V (Du))x0,ρ|
2dx

≤ c0ω(ε)

∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx+ c0R

n+σ (58)

+
( ρ

R

)n+2α
∫

BR(x0)

|V (Dw)− V (Dw)x0,R|
2dx

for every 0 < ρ < R and for a constant c0 = c0(L, p, n,N, µ) > 1. On the other hand we
also have

∫

BR(x0)

|V (Dw)− (V (Dw))x0,R|
2dx

≤ c

∫

BR(x0)

|V (Dw)− V (Dv)|2dx+ c

∫

BR(x0)

|V (Dv)− V (Du)|2dx (59)

+c

∫

BR(x0)

|V (Du)− V (Du)x0,R|
2dx

which allows us to conclude that

∫

Bρ(x0)

|V (Du)− (V (Du))x0,ρ|
2dx

≤ c0

(

( ρ

R

)n+2α

+ ω(ε)

)
∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx+ c0R

n+σ

(60)

for every 0 < ρ < R and for a constant c0 = c0(L, p, n,N, µ) > 1.

Step 3. Conclusion

We conclude as in [18], using a standard iteration argument.
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Choose 0 < τ < 1, ε1 < ε0 and σ < γ < α such that

2cτn+α = τn+γ, ω(ε1) < τn+α.

Recall that the choice of ε1 is possible since the function ω(ε) tends to 0 as ε goes to 0.
Then for every R < R0 = dist(x0, ∂Ω) we have

(µ2 + |ξ0,R|
2)

2−p
2

∫

BR(x0)

|V (Du)|2 dx ≤ δ2(ε1) (61)

or
Φ(τR) ≤ τn+γΦ(R) + cRn+σ (62)

where we set

Φ(R) =

∫

BR(x0)

|V (Du)− (V (Du))x0,R|
2dx

Fix x0 such that

lim
r→0

∫

Br(x0)

|V (Du)− (V (Du))(x0)|
2 dx = 0,

and set
0 ≤ R1 = inf{0 < R ≤ R0 : (61) holds for R or R = R0}.

If R1 = 0, then (61) holds for a sequence Rj → 0, from which we deduce that

|V (Du)(x0)| ≤ δ(ε1)µ
p−2
2 . (63)

If 0 < R1 ≤ R0 let, for k ∈ IN ,
rk = τ kR1,

which is less than or equal to R1. From (62), iterating, we get
∫

Brk+1
(x0)

|V (Du)− (V (Du))x0,rk |
2dx

≤ τ kγ
∫

BR1
(x0)

|V (Du)− (V (Du))x0,R1|
2dx+ c0kτ

kσ−nRσ
1

≤ τ kγ
∫

BR1
(x0)

|V (Du)|2dx+ c0kτ
kσ−nRσ

1 .

Since

|(V (Du))x0,rk+1
− (V (Du))x0,rk | ≤ c(τ)

(

∫

Brk
(x0)

|V (Du)− (V (Du))x0,rk |
2dx

)
1
2

,

we get

|V (Du)(x0)| ≤
∞
∑

k=2

|(V (Du))x0,rk+1
− (V (Du))x0,rk |+ |(V (Du))x0,R1|

≤ c

(

∫

BR1
(x0)

|V (Du)|2dx

)
1
2

+ c.
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If R1 < R0 one obtains by (61)

(

∫

BR1
(x0)

|V (Du)|2dx

)
1
2

≤ µ
p−2
2 δ(ε1). (64)

It is worth pointing out that this positive constant depends also on Λ(ε),i. e. the speed
of convergence in the limit (21), through the constant δ2(ε1). If R1 = R0

|V (Du)(x0)| ≤ c
(

∫

BR0
(x0)

|Du|pdx
)

1
p

+ c,

with c = c(n,N, L, p). In conclusion, we proved that

|Du(x0)| ≤ c

(

1 +
(

∫

BR0
(x0)

|Du|pdx
)

1
p

)

,

where c depends on p, L, n,N, µ and on Λ(ε1).
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