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Abstract. This paper is largely of expository nature. We determine the
spherical functions of positive type on the space Voo = M (00, C) relatively to
the action of the product group K., = U(oc) x U(co). The space V, is the
inductive limit of the spaces of square complex matrices V,, = M(n,C), and
the group Ko is the inductive limit of the product groups K,, = U(n) x U(n),
where U(n) is the unitary group.
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1. Introduction

In this paper of expository nature we deal with infinite dimensional harmonic
analysis on spherical pairs. We consider the spherical pair (G, K ), which is
the inductive limit of the sequence of Gelfand pairs (G,, K,):

G,=K,xV,, K,=U(n)xU(n), V,=DM(n,C),

Goo = Koo X Vi, Koo = U(00) x U(00).

Here V, = M (00, C) is the space of infinite complex matrices having only a finite
number of non-zero entries, and U(oco) is the group of the infinite unitary matrices
(u;;) with complex coefficients such that u;; = ¢;; for i+ j large enough. Further,
let V> be the space of all square complex matrices of infinite order. The spaces
Ve and V' are in a natural duality.

Let P be the set of K -biinvariant continuous functions of positive type
on G satisfying ¢(0) = 1. We are interested in the determination of the extreme
points ¢ of this convex set which are indeed the spherical functions of postif type
relatively to the pair (G, Ks). The group G is equipped with the inductive
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limit topology. The subgroup K, is closed. The homogeneous space G /Ko iS
the vector space

Ve = [’jv

The law of the inductive limit group G = K X V,, is given by :

(U, ZE)(U, y) = ((ulvb u2v2>a 33+U1?JU§)>

where
u = (uy,uz), v=(v,v3) € Ky, and z, y € V.

A function ¢ on G, which is right invariant under K., does not depend on the
variable u € K. Therefore it is possible to see it like a function on V :

e(g) = ¢((u,z)) = po(x).

Moreover, if the function ¢ is K -biinvariant then the function ¢y which is defined
on Vy is K -invariant, or U(oo)-biinvariant. Also, the function ¢ is of positive
type on G if and only if the function g is of positive type. Let us note by D,
the subspace of diagonal matrices in V. An element of D, can be decomposed as
diag(a1, aq,...), with aj,as,--- € R and a; = 0 for j large enough. Any matrix
x € V, can be diagonalised as

x = u diag(ay, as,...) v* (u,v € U(oo)).

Consequently, any K -invariant function on V., is uniquely determined by its
restriction to the subset D .

Main Theorem The spherical functions of positive type ¢ relatively to the pair
(G, K ) are given by :

p(diag(&r, ..., 60,0,...)) =(w, &) ... (w, &),

where .
142 1
I[M(w, \) := e~ a7 _
with

w=(a,7), yE€R,, ap € R, and Zozk < 00.
k=1

The main Theorem is due to D. Pickrell (see [13], Proposition 5.14). This
result can be derived from a deep function-theoretic result due to Schoenberg
[17]. In fact, Pickrell’s method consists in the reduction of the case of rectangular
matrices to that of Hermitian matrices, and the latter case is handled with the help
of Schoenberg’s theorem on totally positive functions. For further details about
the reduction procedure we refer the reader to [14]. In this paper, we prove the
same result (see Theorem 5.6), but the method of proof which we follow is close
to the one adopted by G. Olshanski and A. Vershik in [10]. Indeed, any spherical
function of positive type on V., is a Fourier transform of an ergodic measure on
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V' and thus the starting point is a general approximation theorem for ergodic
measures (see [10] Theorem 3.2). When applied to our situation (see section 5),
it implies that any ergodic measure v on V*° is the weak limit of a sequence of
orbital measures v,,. This means that any spherical function ¢ of positive type
on V,, can be approximated uniformly on compact sets by a sequence of spherical
functions o™ of positive type on V,,. Then the main problem is to determine
the asymptotic behaviour of the sequence ¢ . This is done by rewriting the
corresponding spherical functions ¢™ as a series of Schur polynomials and then
by analyzing the asymptotics of the coefficients as n — .

It should be noted that the problem that is solved in the present paper can
be translated into the language of representation theory. Indeed, it is a particular
case of the following general problem in representation theory of inductive limit
groups: Given a (irreducible) unitary representation of an inductive limit group

G(o0) = liLnG(n),

study its approximation by (irreducible) unitary representations of the growing
subgroups G(n) as n — oo. For further asymptotic results and other possible
approaches in representation theory of inductive limit groups, see the survey paper
[11].

2. Spherical functions of positive type on (G,, K,,)

In this section, we will determine the spherical functions of positive type relatively
to the pair (G,, K,). An explicit formula of these functions was established for
the first time in [2]. It was also done in [9] by a method using the Abel transform.
It was also obtained in [1], by means of a contraction, starting from the spherical
functions on SU(n,n)/S (U(n) x U(n)). The method that we use here is close
to the one used by J. Faraut in ([6], sections X-2 and X-3) for the case of finite
dimensional Hermitian matrices. This gives a simple and new proof of the result.

We consider the space V,, of complex matrices on which the group K, acts
as follows :

T(k):x— ko =uzv" (u,v € U(n)).

Every = € V,, admits a polar decomposition = = udiag(Ay,..., A\,)v*, wu,v €
U(n), A\; € R. Hence any function f which is K,-invariant on V,, depends only
on A = diag(A,...,\y) :

f(l') = F(>\17 ey )\n),
where F is a function defined on R", invariant under &,, x {—1,1}".

Let us consider on V,, the Euclidean structure defined by (z,y) = Retr(zy*).
The laplacian associated to this structure is :

92 n 2 0?
A= Z< %e:ﬁﬂ) +8(jm$jj)2> i Z<5(9%$jk)2 +5(9%35kj)2>

- Z ( 2t 8(ijkj)2)'

meﬂc
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The laplacian is invariant under the action of K, in the following sense: if
f is a function of class €2, then Af(T(k)) = A(f(T(k))) (k € K,,). Let f be
a function of class €2 on V,, which is invariant under the action of K,,:

Fluas) = f(z) (k= (u,v) € Ky).

The function Af is also invariant under K,. This leads to the introduction of
the operator L defined by Af(z) = LF(Aq,...,\,). The operator L is called the
radial part of the laplacian.

Proposition 2.1. (i) Let f be a K, -invariant function of class €*. Then
Af(x)=LF(\i,..., ),

where

"\ /9?’F 1 0F 1 oF  oF
1 (OF  OF
' zgjm(axﬁaﬁ)’

(ii) The preceding formula can also be written as

1 /0 10

i=1

where D 1is given by

D) =7 =A%),

1<j

Proof. In order to prove the preceding proposition, we will use the following
result (see [6], Lemma IX-2.2):

Lemma : Let f be a function of class €% on an open set % of a finite
dimensional real vector space ¥ . Let o/ be an endomorphism of V', a € ¥ . Let
€ > 0 be such that, for |t| < e, expte/.a € % . We assume that, for |t| <,

flexpteZ.a) = f(a).
Then

(Df)a(%'a) =0,
(D?f)o (. a, o .a)+ (Df), (F* a) =

Let % be an open set in V,, and &/ the endomorphism of V,, defined by:
o .a=Xa+aY* where X,Y € V,,. If the matrices X,Y are skewHermitian, then
for every t € R, the matrices exptX, exptY are unitary and, for every a € %,

flexptXaexptY™) = f(a).
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We deduce from ([6], lemma IX-2.2) that
(Df), (Xa+aY™) =0,

(D*f), (Xa+aY™, Xa+aY*)+ (Df), (X?a+2XaY* +a(Y")?) = 0.

(a) Let us put X =Y = Ej, — Ey; (j # k), a = diag(ay,...,a,). We
obtain
Xa+aY™ = (ar, — a;) (Ejip + Eyj),

X2%a+2XaY* +a(Y*)’ =2(ar — a;) (Ej; — Ep)
and hence
(ax — a;)* (D), (Ej + Exjy Eji + Eig) + 2 (ax — a;) (D), (Ejj — E) =0,
where

0 f 2f 2 of ..o
e, T aGen P T @ — ) (a0~ ser @)

(b) Let us put X =i (E;, + Ejj) et Y = —X. We get
Xa+aY" = (Clj + ak) (ZE]k + ZEkg) )

X2%a+2XaY* +a(Y*) = =2 (a; + ai) (Ej; + Ew)

and hence

(aj + ak)Q (DZf)a (iEjk + iEkj, iEjk + iEkj) -2 (aj + ak) (Df)a (Ejj + Ekk) = 0,

where
0*f 0*f 2 ( af af )
——(a) + —————=(a) = a)+ ———a) ] .
8(3ma:jk)2( ) G(mekj)Q ) (CLJ' —l—ak) 8(%81’”’)( ) a(ﬂ%xkk)( )
(c) Let us put X =iEj; and Y = —X. We obtain
Xa + CLY* = ZQCLJEJJ7
X%a+2XaY* +a(Y*) = —4a,Ej;,
and hence
4a5 (D*f), (iEj;, iEj;) — 4a; (D), (Ej;) =0,
where

—an a) = N (a)
O(may)” a4y O(Rexyy)
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Finally,
2l _w = 28
O(Rewyy)” " 0N
#f . . LOF
8(’Jma:jj)2 B )\j a)\j7
0 f o0 f B 2 oF B oF
8(9% a:jk)2 (a) * 8(%8 mkj)2 (a) N ()\] — )\k) <8)\] (a) 8)\k (a)> ’
0 f 0 f B 2 oF OF
8(’3mxjk)2(a) * 8(’mekj)2(a) IOV (3)\]- (a) + Ok (a)) '

This proves (i). In order to prove (ii), we have to use the formula :
Ao(DF) = AgF + 2(VoD|VoF) + A(D),

where Ag is the laplacian and V, the gradiant on R™. The polynomial D is
harmonic and

10D _
AjON;

Jj=1

We can then conclude that

1 1 1 8(DF) 1 OF
—Ag(DF) + — — = AoF 2 D|\VyF) + —
Since
—VOD Volog |D| = Z o )\ Z 6] + ex)
i<k <k
where (ey,...,e,) is the canonical basis of R", we obtain

1 s _L_(oF_0F 1 (OF OF
D<V0 [VoF) — A — M (5’)\j 8)\k> +Z>‘j+/\k <a/\j ! a)‘k>
j<k i<k

In the preceding Euclidean polar decomposition, the measure m can be

written as : .
a(du)a(do) [T (A2 = A3)* T Aids,
j<k j=1
where « is the normalized Haar measure of the unitary group U(n). Moreover,
one has the following integration formula :

Proposition 2.2.  (see [4], Proposition X.3.4) For every integrable function f
on V,

f(x)m(dz) = cn/ f(udv) a(du)a(dv) H (A3 — )\,2)2 H AjdA;.

Va U(n)xU(n) JR? j<k
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cn 18 the following constant :
onarn’

(I 5)

Cp =

By using the preceding results, the resolution of the Cauchy problem for
the heat equation on V,, leads to the evaluation of the orbital integral . (z,y),

which is defined for x,y € V,, by
F(x,y) = / / e @) o (du)a(dv).
Un) JU(n)

One can remark that the function .#(z,y) is determined by its restriction

to the subspace of diagonal matrices because it is invariant under K

S (uxv*,y) = S (z,uyv™) = F(x,y) (u,v € U(n)).

The Cauchy problem for the heat equation

ou
=A
ot v

U(Ov :U) = f(.iE),
where f is a bounded continuous function on V,,, has a unique solution which is
1 ! 2
Ut z) = —— / eI f()m(dy) (> 0,2 € Vi),
(4nt)z Jv,
where N = 2n? is the dimension of V,,, |||.||| is the Hilbert-Schmidt norm on V,

and m is the Euclidean measure
Let us assume that the function f is invariant under the action of K
Then the solution U will be also K, -invariant. Hence we can write

f(.l‘) = fO()‘)a U(t,l’) = UO(tv )‘)

By using the Weyl integration formula (Proposition 2.2), the solution Uy(t, \) is

given by:
Up(t,\) = [ Ho(t, 1, 0)fo(0 He do;,
R?’L
with
H0<t7)\79) = / / e —azllA= ugv*”Pf(y)Oz(du)a(dv)
_ LNP+HOI?) / / ARt Oub) (o
e 4 alaujolav
(47rt)% U(n (du)a(dv)

L ke g Ly gy
(4rt) 2t

= C’I’L

vl
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Theorem 2.3.  If A =diag(\y,...,\,) and 0 = diag(6,,...,0,), then

F(A,0) = 20D [12 - x (n— 1)1]? m det((Io(Xi6)) <, <, )

where Iy is the modified Bessel function:

o)

Io(z) = Z 22k(1k!)2 22 (2 €C).

k=0

Proof.  From the formula that gives the radial part of the laplacian (Proposition
2.1) one can deduce that the function U is a solution of the equation

U, 1 /0 10
o2 D(\) ZZ:; <8>\i2 +)\_Za_)\z> (D(A)F(/\))

We put then
V(t,A) = D(N)U(t, A), g(A) = D(A) fo(A).

The function V is in consequence a solution of the Cauchy problem

0’V ”<82v 1av>

o NN

i=1

V(0,\) = g(A).

Let us assume that the function f belongs to the Schwartz space .7 (V},).
It follows, by a result similar to ([6], Lemme X-3.1), we can prove that, for every
T > 0, the function V' is bounded on [0,7] x R% . Furthermore, for n = 1, the
preceding problem is equivalent, in cylindrical coordinates, to the Cauchy problem
for the heat equation on R? with f radial. The solution of such a problem is
expressed using the modified Bessel function I, and it is given by (see [6], Chapter
IX, exercice 3) :

1 ee _r24p? TP
— I (—) dp.
2t064t9(p)02tpp

In consequence we can conclude that the solution of our problem for an
arbitrary n is given by

1 L (N2 6]12 )
) = — LN oy TT 1. (2%
Vi) (st)n/IR € g()iH1 o( =

n
+

) 618,
As the function ¢ is skewsymmetric this last relation can be written

1 ! 1 - il
174 - =z (IP+1611%) — E | | Y@\ 0. a6,
(t, \) @) / e 4 g(@)n' e(o) 11 Io( 5 ) 0; do;.

n .
+ ceS,
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Hence, for every function ¢(0) = D(0)fo(0), where fy is a symmetric function in

<y(IRn )7

Hy(t, X, 0)g Hede

R’ﬂ

1 2 Aib;
— —ar (IXIZ+1611%) L7
~onl(2t)n /n ‘ 9(0) det(<]0( 2t )>1<z]<n) HQ dbi.

=1

This proves that the kernel Hj is equal to

Hy(t 0. 0) — n!(;t)n D(A;Dw) - B UNIRHI6P) g t(( (A; )>1gmgn>'

We obtain the result by comparing, for ¢t = %, the two expressions we obtained for
HO . |

For x € V,, the orbital measure p, is defined on V,, by

F(y)a(dy) = / . / f(uav*)a(du)o(dv),

Vi

where « is the normalized Haar measure on U(n) and f is a continuous function
on V,,. The Fourier transform of p, is the following function i, :

) = / e, (dy)

— / / 'LERe tr(§uzv™®) (du) (dU)
U(n U(n)

= I(x,i).

The spherical functions of positive type for the Gelfand pair (G, K,,) are
the functions ¢, = i,, (x € R"), Fourier transforms of the orbital measures f, .

Corollary 2.4.  [If x = diag(xy,...,2,) and § = diag(&, ..., &),

nin=1)
() = 1a(§) = (9)° (D_(i))—D(g) det<(‘]0($j5’f))1§j,k§n>’

where
d=(01,09,...,0,):=(n—1,n—=2,...,0),
ol =01 x -+ x 0,

and Jy s the classical Bessel function.
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3. Multiplicativity property of spherical functions

A spherical function, for the spherical pair (G, K ), is a continuous function ¢
on (G, satisfying

lim [ o(zky)dk = o(x)e(y),

n—oo K
n

where dk is the normalized Haar measure of the product group K,, = U(n) xU(n)
(see [11], section 23). In our case, the function ¢ can be seen as a function on Vi,
and hence

lim (2 + k1yk3)an (dky)an (dks) = @(x)e(y),
=0 Ju(n)xU(n)

where «,, is the normalized Haar measure of the unitary group U(n). We will
prove in this section the so-called Multiplicativity Property for these spherical
functions (Theorem 3.4). The proof of this fact follows the method explained in
([11], Theorem 23.8).

Let us put, for m < n,
I, 0
Kom(n) = {( 0 wv )

K (00) = | Km(n) C U(o0).

UEU(n—m)}: U(n —m),

and

Also, let us put

K(m,n) = {(8 2) ‘uGU(m),vE U(n—m)}c U(n).

We introduce in addition, for n > 2m, a Cartan subgroup for the symmetric pair
(U(n), K(m,n)):

cos 0, —sin 6,

cos 0,, —sind,,
a(f) = | sin6, cos 0

sind,, cos B,
[n72m

Hence, for every k € K(n),
k= hla(ﬁ)hg,

with h = (hy,he) € K(m,n) x K(m,n) =: K*(m,n), and the Weyl integration
formula that corresponds to this last decomposition is given, for every integrable

function f on U(n) x U(n), by

[ fkandkandi) = [ G(0,0) Dy (0) D ()0,
U(n)xU(n) [0,7]™ % [0,7]™
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with

60.0= [, [ f ek g0 i),

k= [ ® [ where (3 is the normalized Haar measure of K(m,n), and

Y

Dm,n(e> = Cm,n’ H (Sln(ez + 0])) SlIl 2 H sin 26 SlIl ei)Q(n—Qm)
i=1

1<i<j<m

where ¢, , is a constant such that

/ Dy n(0)d6; ... 6,, = 1.
0.7

Lemma 3.1.  Let X be a compact topological space and p a positive measure
on X such that for every non-null open set B we have u(B) > 0. Let 0 be a
continuous positive function on X, which reaches its mazimum at a unique point
xo. Let us put

1

= [ ba)" ulaa)

Then, if f is a continuous function on X x X,

n—o0

lim 2 /X 1)) 50)" pldotdy) = fao.a0)

Proof. = We apply Lemma 5.4 in [5] to the function 6(x,y) = 0(z)d(y). n

Proposition 3.2.  Let f be a continuous function on K., which is K,,(c0) X
K, (00) -invariant. Then

lim [k, k2) o (dky)ou, (dks)

=0 JUm)xU(n)

= [ b, g2 andhn)an(dhz)on (dgn)an(dss)
K K

where
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Proof. By using the integration formula and the invariance under K,,(oco0) X
K,,(00), we obtain

/ F ks, k) vk Y (dh) = / F(8, €)Dyun(6) Dyun(C) dBdC,
U(n)xU(n) [0,]™x[0,m]™

with
F(0, ¢) = /K2 /K2 f(hla(e)hz, 91@(092) i (dhy)a (dha) i (dgr ) i (dga).

By using Lemma 3.1, for every fixed m, and for every continuous function g on

[0, 7]™ x [0, w]™,
T 7T>
55y

™
_7...,

Jim 9(0, Q) Dy (0) Din,n () dO) dC = 9(2

o0 J10,m]m x[0,7]™

As a result
lim f(kv, ka) an(dky) o, (dks)

n=%0 JU(n)xU(n)

— [ e, guwnge) (@i (dh)an(dgan(d).
Kz JKz,

Corollary 3.3.  Let ¢ be a K -invariant continuous function on V.. Then,

for
r = diag(ay, ..., am,0,...) and y = diag(by,...,bm,0,...),

lim o(x+k1yky) an(dky) o, (dks) = go(diag(al, R/ A ) ST ) SO | B ))
0 JU(n)xU(n)

Proof.  The function (ki, k2) — @(x + kiyks) is Kp(00) x K, (co)-invariant.
Hence, we can apply Proposition 3.2:

lim o(x + k1yky) o (dky) o, (dks)

=0 JU(m)xU(n)

= /2 /2 (2 + 1w hoygsw, t g7 m (dhy)c (dhs ) (dgr ) (dgs).
Km Km

Finally, we obtain the result by using the fact that

T+ hwnhoygsw, gt € U(co)diag(ar, ..., Gm, b1, ..., by )U(00). ]

Theorem 3.4.  (Multiplicativity Property) Let ¢ € PB. The function ¢ is
spherical, if and only if, there exists a continuous function ® on R, with ®(0) =1
such that

cp(diag(al, Uy, 0, )) =®(ay)...P(ay).
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Proof. Let ¢ € B. If ¢ is spherical then for

r = diag(ay,...,am,,0,...), y=diag(by,...,by,0,...),

lim (2 + k1yk3) oo (dky)on, (dks) = o(z)@(y).
=0 Jur(n)xU(n)

By Corollary 3.3,

gp(diag(al, ey, 0 )) (diag(bl, ey by, 0L )) = g&(diag(al, P O TP, Mo § KU

By applying Corollary 3.3 many times as necessary, one obtains

o(diag(ar, ..., an,0,...)) = ®(a1) ... (a,),
where
®(N) = p(diag(),0,...)).

Inversely, let us assume that there exists a continuous function ® on R such
that
o(diag(ar, ..., a,,0,...)) = ®(ar) ... 2(an).
Then, by Corollary 3.3,
lim p(x + kiyks) om (dky ) o (dk2) = (x)p(y).

=0 JU(n)xU(n)

Hence the function ¢ is spherical. [

4. Modified Pdlya functions : definition and convergence

Definition 4.1. The modified Polya function of parameter w = («,7y) with
a={a;};51 € (1(N), a; € R} and v € R, is defined on R by :

[e.e]

(w, \) = e 17 H

j=1

1
1 + iO{j)\Q ’

We consider on the set P of modified Pélya functions the topology of
uniform convergence on compact sets of R. The topological space P is metrizable
and complete. This topology can be expressed in terms of the set of parameters :

Q:{w:(@77)’@:(aj)j21704j207Zaj<007720}-

Jj=1

For a continuous function f on R, we define the function L; on € by

L) = [ 1O =21£0)+ 3 asfles) ()

).
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Let us remark that the moments of the measure o, are given by

Milo) = [ auldt) =7+ 3 o=+ ),

k=1

and for m > 1,

Mm(aw) /tmaw dt ZO‘erl - pm+1(05>7
R

where p,, is the Newton power sum function : for = (z1,29,...) € (}(N) and
m>1,

o0

k=1

We consider on €2 the initial topology associated to the functions L;. A
point w € () is seen as a point configuration, i.e. a permutation of the numbers
{ax}, v does not change w. For \ fixed, the function w — II(w, ) is injective
and continuous on 2. This can be seen by looking at the logarithmic derivative

of Tl(w, A) :

—i((:f’i; ~50+nifo ”ZZ% () (2)

Y

Lemma 4.2.  Let T be the set of positive measures p on RY such that, for all
a>0

i ([a, +00]) € N.

Then, the following properties hold :
(i) For all p € T, there exists a sequence of positive reals {oy}r such that

with N < oo. If N = 0o, then the sequence {ay} converges to 0.

(ii) Let p, be a sequence of measures in I. Assume that there exists a
measure (1 on R such that, for every function f in the set C)(R*) of bounded
continuous functzons on RY , vanishing near 0,

lim [ f(x) pn(dz) = [ f(z) pldz). (3)

n—00 * *
R R
+

Then wel.
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Proof. (i) For t > 0, let F' be the function defined on R*. by F(t) = p ([t, 00]).
We can observe that F' is integer-valued, decreasing, and left-continuous. In con-
sequence, the set D of discontinuity points of F' is countable : D = {ay, k € I}.
Furthermore, we can observe that D = { ¢t > 0 | u({t}) # 0}. We can also
remark that the jump at each discontinuity point «ay is an integer my. Hence,
if the number of discontinuity points N is finite, then the measure u is given by
D= Z]kvzl my0q, and, provided that we repeat the oy as many times as their
multiplicity my,, we get u = ngvzl oy, - Finally, if D is not finite, i.e. N = oo,
then the sequence {ay} converges necessarily to 0.

(i) Let F,, be the function defined on R* by F,(t) = u, ([t,00[), F(t) =
p([t,o0[), and D the set of discontinuity points of F'. For t € D¢ fixed, the
positive measures i, and u are bounded on [¢,00[. In addition, we have pu({t}) =
p({oo}) = 0. Furthermore, it follows by (3) that p, converges weakly to p on
[t,00[. As a result

nh—>ngo F.(t)=F(t) (te D°).

Since F,(t) is a sequence of integers, it follows that, if ¢ € D¢, then F(t) € N.
On the other hand, because D is countable, its complementary set D¢ is dense in
R* . This implies, since F' is left-continuous, that F'(¢t) € N for all ¢ > 0. Hence
weT. |

Theorem 4.3. Q is weakly closed in the set of bounded measures on R, .

Proof. Let w™ = (a( 4™) be a sequence in . Assume that there is a
bounded positive measure o on R, such that, for every bounded continuous
function f on R,

lim ~™ £(0) + Z . s f(t)o(dt). (4)

n—oo

For every a > 0, there is a finite number of a,(cn) which are greater than a. As a
result, the measure 1, on R’ given by

0 () => fa
k=1

belongs to Z. Furthermore, by (4), we can observe that p, converges weakly on
o
R% to e where & is the restriction of the measure o to R’ . By (ii) of Lemma

4.2, there exists a sequence « = {ay,}x such that, for every function f € CJ(R?),

lim f(t) pn(dt) Zf o).

n—oo R*

Since thet set C.(R%) of continuous functions with compact support in R’ is
included in Cp(R%), it follows that & is given by

0 dt) = Zakf(ozk)
k=1
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Since the measure o is bounded, ;- a; < co. Finally

o =70+ Y kba,,

k=1

with 7 = 0({0}). Hence o = 0, with w = (a,7) € Q. [

A modified Pdlya function of parameter w is the Fourier transform of a
probability measure p,,. Let g be the set of these measures :

Mo = {pMl(w, A) = po(A)}

We consider on 9o the weak topology of measures. We will prove that the
topology defined on 2 is equivalent to the weak topology of 9Mg. We will need
the following proposition (see [7], Proposition 3.11) :

Proposition 4.4.  Let v, be a sequence of C* functions on R? of positive type
with ¥,(0) = 1, and ¥ an analytic function on a neighborhood of 0. Assume that,
for every o = (avq, ..., qq),

lim 9%, (0) = 0*¢(0).

n—oo

Then v has an analytic extension to R, and 1, converges to 1 uniformly on
compact sets in R?.

Proposition 4.5. The topology of € is equivalent to the topology of Mg .

Proof. (i) Assume that w® converges to w in the topology of €. Then the

modified Pélya functions IT(w™, \) and IT(w, \) are holomorphic in D(0, R) where

1
7= sup |oz£,?)|. Therefore, for every A € D(0, R), their logarithmic derivatives

are given by
2m—1

Hl (w(n), )\) 1 (n) n) n)

For every bounded continuous function f on R

i [ F(t)om (dt) = / f(t)o(de),

n—oo R

where o is the bounded positive measure on R associated to w™ = (o™ ™).
Hence, for f = 1, the sequence 7™ 4 p;(a(™) converges. In consequence, there
exists a constant A > 0 such that, for every n,

0 <™ +pi(a™) < A
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Therefore, the sequence {aﬁff)} is bounded by A for every m and every n.
Hence,
supp(o,m) C [—A, A] and supp(o,) C [-A, A].

It follows that the sequence of measures o) converges to o, for every continuous
function on R. We can then deduce that, for every m > 2,

lim pp,(a™) = lim [ t" o, (dt)

n—oo n—oo R
= /tm_law(dt) = pm(a),
R

and
P (™) < (pr(a™))™ < A™.

Furthermore, we have

lim ”y(”) —i—pl(oa(")) =+ pi(a).

n—od

In consequence,

II'(w™, N H(w,\)

y
nooo TH(w™, \)  T(w, )’

the convergence being uniform on compact sets in D(0, R). Hence, for |A\| < R,

nh_{glo IH(w™, \) = TI(w, \),
since II(w™,0) =1 and TI(w,0) = 1.

The functions II(w™, \) and II(w, \) being of positive type, by Proposition
4.4, TH(w™, ) converges uniformly on compact sets in R to II(w, \). Finally, by
applying the Lévy-Cramer theorem, one can prove that p m) converges weakly to
L -

(ii) Assume that jm converges weakly to . This implies that IT(w(™ \)
converges uniformly on compact sets in R to II(w,\). Let A\g > 0. Since the
modified Pélya function II(w™,\) is continuous, non-zero on R and satisfies
II(w™, 0) = 1, there exists M > 0 such that, for every n, II(w™, ) > M.
In consequence

1 1., - 32 T 1 1
AN A2 ol < e N (1 +-al )A?)) <.

4 4 4 M
k=1 k=1
Therefore 4
=201 (W™, 0) = py(@™) + 4" < YHYi =: R.

It follows that the function II(w™, \) is holomorphic for |A| < R and then
also in the strip g = {z + iy | |y| < R} (see [5], Lemma 6.5). Furthermore, for
r < R, there exists a constant M (r) > 0 such that |[II(w™,\)| < M(r) for A € ,.
From the theorem of Montel, it follows that there is a subsequence IT(w(), \)
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which converges uniformly on compact sets in ¥ r. Since the sequence itself

converges to II(w, \) on R, we get that II(w™, \) converges to II(w, \) uniformly

. . . . (™
on compact sets in Xg. As a result, the logarithmic derivatives %

uniformly in a neighborhood of 0 which implies the convergence of the coefficients
of their Taylor expansions at 0 :

converge

lim ’y(”) —i—pl(a(")) =+ p(a),

n—oo

lim pp, (™) = pp(a), form > 2.

n—oo

This proves that w™ converges to w in the topology of €. ]

Let us put for every modified Pélya function of parameter w = («a, 7)),

p1(w) = pi(a) + 1,
and, for every R > 0,

Qp ={we Q| -2 (w,0) =p(w) < R}.

Corollary 4.6. Qg is a compact subset of €.

Proof.  Since the modified Pélya function is the Fourier transform of a proba-
bility measure p, we have

—II" (w, 0) —/thuw(dt).

1S

We also know that the set of probability measures such that fR tz,uw(dt) < g
relatively compact. By using Theorem 4.3 and Proposition 4.5, we can conclude
that the set g is relatively compact in 2. Moreover, the convergence of a
sequence w™ to w in  implies that p;(w™) converges to pi(w). Hence, the
map w — p;(w) is continuous. In consequence, the set Qp is closed and relatively
compact in €2, therefore compact. [ |

5. Convergence of orbital measures and spherical functions

Let (X, B) be a measurable space on which a group G acts by measurable trans-
formations. Let v be a G-invariant probability measure on X. A set E € B is
said to be G-invariant relatively to v if, for every g € G, v((¢F)AE) = 0, where
A is the symmetric difference. The measure v is said to be ergodic relatively to
the action of G if, for every E € B which is G-invariant : v(E) = 0 or 1. If
X is locally compact and K a compact group acting on X by homeomorphisms,
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then the ergodic measures are exactly the orbital ones. It is the case, if one takes
X=V,=M(n,C) and K =K, =U(n) x U(n).

Let V> be the space of infinite complex matrices. It is the dual space of
Vs . The space V> is defined as the projective limit of the sequence V,, relatively
to the orthogonal projections

P - Vo — Vi (n>m).

The space V*° can be identified to R>. The group K, acts on it in the same way
as on V. Let 9 be the set of probability measures on V> which are invariant
by K. . The Fourier transform of a measure v in 9 is the K -invariant function
of positive type ¢ defined on V., by

o) = [ _eeu(an).

The Fourier transform establishes a bijection from 9 onto P and also between
their corresponding subsets of extreme points ext(9t) and ext(PB). A function
@ € B is spherical if and only if the measure v is ergodic.

Let A(™ be a sequence of diagonal matrices

A = diag(A™, ... A0,

n

We associate to it the sequence of orbital measures v such that, for every
continuous function f on V> :

f(@2)v'™(dx) = /U( - )f(u)\(")v*)an(du)ozn(dv).

VOO
The Fourier transform ¢, of v(™ is defined on Vs, by

onl) = u(e ) = [ elyoan)

[e')

= / eifeuA ™) ap, (du)a, (dv).
U(n)xU(n)

We calculated the preceding integral in Corollary 2.4. Let us put

— (k!)?
2 2 2
E:(EhE?) aETwOa' ) :(_117_127 ’_Zn7 ’ )’

For £ = diag(&y, ..., &,0,...), we can rewrite the spherical function ¢, as
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det ( (F (AZEJ')> 1<i,j<n)

where
i<j i<j

By a result in ([5], section 2.3), we can write (5) as

peA = X () @) ©)

m1>--2mp >0

The generating function of the complete symmetric function

is given by :

Let T" be the algebra of symmetric functions on
C®) = {2, 2,...) |z € C are zero for i large enough}.

The set {s;m} where m runs over all partitions is a system of linear generators of
I'. Furthermore, the sets {h,, }m>1 and {pm }m>1 are systems of generators of I' :

I'= C[hl, hg, .. ] = (C[pl,pg, .. }
Let us consider the algebra morphism :
r—-%),g9—7, (8)

which is uniquely determined by :

w):’y+Zaj, Za (m > 2). 9)

The functions p,, are continuous on 2. This can be shown by taking in (1)
f=1form=1,or f(t)=t*""2 for m > 2.
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Proposition 5.1. It holds that

Here H(w, —’\4—2) is the image of H(., —%2) under the morphism (8) and II(w, \)

is the modified Polya function.

Proof. By (2), (9) and (7), we have

(w,)) i OH (w0, %)
M{w, ) :Zmzlpm(w) (5) %)

Since I(w,0) =1 and H(w,0) = 1, the statement follows. n

Let us consider now the map

T, :R" — Q; ()\1,)\2,---7/\11) —w = (a,7)

A\ 2
Oéj:<#) , v =0.

Theorem 5.2.  Let A\ € R" be a sequence such that the following limit exists
for the topology of Q2 :

given by

lim 7, (/\(”)) = w.

n—oo

Then, for every g € I', homogeneous of degree m,

lim % g ((/\(”))2) = g(w).

n—oo M,

Proof. It is enough to prove the result for g = p,, since the Newton power
sums generate I'. Let m = 1, then

pi(A™) ZZA?), pi(w) :7+ZO‘J‘-
7=1

J=1

By assumption, for every continuous function f on R,

lim ) el PN e YFO) + ) anf (o).
k=1 k=1
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In particular, by taking f =1 we get

n (n) 2 )
,}LI&Z(%> AP
k=1

k=1

1 ~
Jim = (A7) =)

For m > 2, by taking f(t) = t*"2, one obtains

lim L DPrm (()\(”))2> = pm(w). [

n—oo N2M

Proposition 5.3.  Forany w € Q and &, ...,& € C, it holds that

> Sm(@)sm (-% y —% = f[ln(w,gj).

m:partitions

Proof.  Recall the Cauchy formula (see [5], Proposition 2.5) :

oo k k
1
Zsm($1,$2,---)Sm(yl,--~7?/k) :HH1 = H(z,y;).
e — XY; -
m =1 j=1 7j=1
. . . L &
We apply the morphism (8) to both sides of the preceding equality with y; = 4
The result follows by Proposition 5.1. [
Theorem 5.4. As in Theorem 5.2, we assume that
lim T, (/\(”)) = w. [ ]

Then, for a fized diagonal matriz £ = diag(&,...,&,0,...), the sequence
©on (&, X)) converges uniformly on compact sets in RF

k

lim ¢, (,A™) =[] 1(w,&).

i=1

Proof.  Consider first £ = 1. This case corresponds to a single variable & =
(£,0,...) and the unique non-zero terms in the Schur function expansion are those
for which m = (m,0,...,0). Hence by (6) we have

e =32 () o) (-6)

m=0

Since
(n—1)! 1
— L~ — asn — o0
(m4+n—-1)! nm ’
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by Theorem 5.2
i\ o) ) = hmlw).

Now by applying Proposition 4.4 about the convergence of C*-functions of positive
type on R, we obtain

[e§) 2\ M
lim (€ A®) =3 () (-5 )
lim_ g, (6, A™) m;] (w)< 4>
Finally, by Proposition 5.1,
> i (w) (‘Z) = TI(w, ).
m=0

Now, let us consider the multivariable case £ = (&,...,&,0,...) for which k£ > 1.
If myyq >0, then spy,(&1,...,&,0,...) = 0. In consequence

4! 2 2 $ &
(n)y — (n) _>1 _ 2>k
on(§,AM) Z <(m+5)!) 3m<)\ )sm( TR 4,0,...).
> >my, >0
But, for m fixed, n — oo,

J! 1
(m+ o) il

lm| =my +mo+....

Hence by Theorem 5.2

tiy () oo (¥07) =

Similarly, by Proposition 4.4,

- (n) ~ & &
Jiralogon(ﬁ,)\n): Z Sm(W)Sm (—Z,...,—Z,O,...).

m:partitions

Finally, by Proposition 5.3,

_ g g T
Z Sm(W)Sm —Z,...,—Z,O,... —HH(w,fj). [ |

m:partitions j=1

The preceding theorem shows that the limit of a spherical function of
positive type on V,, is a spherical function of positive type on V., which is given
as a finite product of modified Pdélya functions. In order to prove that all spherical
functions of positive type on V., are obtained in the same way, we need to prove
the converse of Theorem 5.4. This will be done in Theorem 5.6 using the following
lemma :
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Lemma 5.5.  For every n > 1, let w™ be the point in Q associated to an
orbital measure v\ that weakly converges to an ergodic measure v on V. If

sup (pl(a("))) = R < o0, (10)

n

then the sequence of parameters w™ converges in Q.

Proof. By condition (10), the sequence w™ belongs to the compact set Qg
(see Corollary 4.6). We can then extract a subsequence (w("k))k which converges

in Q to w = (a, 7). Hence, by Theorem 5.4, the Fourier transform (™) of ()
uniformally converges on compact sets :

lim ™) (diag (€,0,...)) = (w, §).

k—o00

Therefore, the Fourier transform ¢ of v is identically equal to II(w, .).

If another sub-sequence such that w™ ) converges in Q to w', then ¢ =
H(w’, .). By uniqueness, we get w = w', and w™ do have in consequence a unique
accumulation point. Therefore, it necessarily converges to w. [ |

Theorem 5.6. The spherical functions of positive type on V. (i.e. the extreme
points of B ) are the functions ¢, defined, for every k > 1, by :

Du (diag(fl, S N | A )) =I(w, &) ... M(w, &),

where M(w,.) is the modified Pdlya function associated to w € Q.

Proof. (a) The function ¢,, which is of positive type, is spherical since it is
multiplicative (Theorem 3.4). Therefore, it is an extreme point in B.

(b) Let ¢ € ext(*P). It is the Fourier transform of an ergodic measure v on
V' relatively to the action of K.,. By using ([10], Theorem 3.2), the measure v
is the weak limit of (™, where v is a sequence of orbital measures relatively to
K,,. Hence ¢ is the uniform limit on compact sets of the sequence ¢, , where ¢,
is the Fourier transform of ™. In particular we have

lim o, (diag (£,0,...),A™) = ¢ (diag (€,0,...).

We will prove that w™ = T, (A™) converges in €2, which gives the converse of
Theorem 5.4. Let us suppose now that the condition (10) is not satisfied :

()~

There exists a positive sequence €, such that

NN
lim ¢, =0 and lim p; | €, ( ) = 1.
n—oo n—oo n
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(n)

A
One can remark that multiplying (—)? by ¢, is the same as multiplying £ by
n
€. Hence, by Lemma 5.5, there exists w € {2 such that :

ILm on (diag (€,£,0,...), )\(")) II(w, §).

The modified Pélya function II(w,.) is not identically equal to 1, because
w # 0. Therefore, in a neighborhood D(0,R) of 0, the function II(w,.) is
not identically equal to 1. But this leads to a contradiction, because, by our
assumption,

lim ¢, (diag (cn€,0,...) , A™)

S ) (5 ()

and then II(w,.) = 1. Hence, there exists w € § such that : ¢(&) = ¢, (). n

Remark 5.7. A measurable space is said to be standard if it is isomorphic to a
Borel subset in a polish space which is equipped with the o-algebra induced by the
Borel one. One can prove that the correspondence € < ext(P) is an isomorphism
between two standard spaces. This enables us to prove a parameterized version
of the generalized Bochner theorem ([15], Theorem 7) : let ¢ be a K -invariant
continuous function of positive type on V., with ¢(e) = 1. Then, there exists a
unique probability measure p defined on €2 such that, for every g € V.,

©(g) = /Q Pu(g) pldw).
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