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Abstract. Let Gy = K X p be the Cartan motion group associated with a
noncompact semisimple Riemannian symmetric pair (G, K). Let a be a max-
imal abelian subspace of p and let p = a + g be the corresponding orthogonal
decomposition. A flat horocycle in p is a Gg-translate of q. A conical distri-
bution on the space = of flat horocycles is an eigendistribution of the algebra
D(Zg) of Go-invariant differential operators on =y which is invariant under the
left action of the isotropy subgroup of Gy fixing q. We prove that the space
of conical distributions belonging to each generic eigenspace of D(Zg) is one-
dimensional, and we classify the set of all conical distributions on Z; when
G/K has rank one. We also consider the question of the irreducibility of the
natural representation of G on the eigenspaces of D(Z).
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1. Introduction and Preliminaries

In this paper we study the flat analogues of conical distributions on the space of
horocycles associated with noncompact symmetric spaces. Let G be a connected
noncompact real semisimple Lie group with finite center, let g be its Lie algebra,
and let K be a maximal compact subgroup of G. Let 6 be the corresponding
Cartan involution of G, and we also let 6 denote its differential on g. Let £ be
the Lie algebra of K and p its orthogonal complement relative to the Killing form
B on g, so that g has Cartan decomposition g = £+ p. We will generally use the
notation in Helgason’s books [10], [11], and [12]. In particular, we let a denote a
maximal abelian subspace of p, > the set of restricted roots of g relative to a,
W the Weyl group of ¥, g, the restricted root space corresponding to o € ¥ and
me its dimension. In addition, let at denote a fixed Weyl chamber in a, Xt the
corresponding positive system of restricted roots, and p = 1/2 > o maa. We
put n = s 8q, and let N and A be the analytic subgroups of G' with Lie
algebras n and a, respectively. Then G has Iwasawa decomposition G = NAK .
Finally, we let M and M’ denote the centralizer and normalizer of A in K,
respectively. Then W = M'/M. We let w be the order of W.
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We identify p with p* (respectively a with a*) via the restriction of the
Killing form B to p (respectively a). In this way, elements of the (complexified)
symmetric algebra S(p) can be viewed as polynomial functions on p, and also as
constant coefficient differential operators on p. If p € S(p), we let d(p) be the
corresponding differential operator on p.

A horocycle in the symmetric space G/K is an orbit of a conjugate of N
in G/K. The following basic facts about horocycles may be found in Chapter
I1, §1-3 of [12]. The group G acts transitively on the space = of all horocycles,
and the isotropy subgroup of G fixing the identity horocycle {;, = N -0 is M N,
so that = = G/MN. The mapping (kM,a) — ka - &y is a diffcomorphism of
K/M x A onto =, and the left G-invariant measure d¢ on = (which is unique up
to a constant multiple) is given by

/: o(€) de = /K . / (kM a) 2059 da diyy, (p € CUE/M)) (1)

where dk); denotes the normalized K -invariant measure on K/M and da denotes
the Lebesgue measure on the Euclidean space A.

The algebra D(Z) of G-invariant differential operators on = is isomorphic
to S(a), the symmetric algebra of a, via

Dy p(kexp H - &) = 0(p)u p(k exp H - &), (p € S(a)) (2)

Let D'(Z) denote the space of all distributions on =. If D € D(Z) and ¥ € D'(Z),
the distribution DV on = is given by

DV (p) = ¥ (D"p), (¢ € D(Z))

where D* € D(Z) is the adjoint of D under the invariant measure d¢. If p € S(a),
it follows from (1) that
(Dp)* = De_QpOp*OeQ/’) (3)

where p* € S(a) is given by 9(p*) = d(p)*, the formal adoint of the differential
operator d(p) in a.

If a’ is the complexified dual space of a, then the set of all joint eigendis-
tributions of D(Z) is parametrized by a’ x D'(K/M). More precisely, if we fix
A € af, then the relation (3) above implies that the joint eigenspace D) (Z) =
{V € DE)|D,¥ = p(ir — p) VU for all p € S(a)} consists precisely of those
distributions in = of the form

U(y) = /K . /A S(kM, ) €P0080) qo aS(kM) (€ DE)) (4

for some S € D'(K/M). (See Proposition 4.4, Chapter II in [12].)

A conical distribution in = is an M N -invariant joint eigendistributon of
D(Z). If A is regular and simple, it turns out that the vector space of conical
distributions in D}(Z) is w-dimensional, and an explicit basis {U,} can be
found in [7], each of which is supported in the closure of a Bruhat orbit in =.
For exceptional A, the problem of classification of the conical distributions turns
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out to be more difficult, although for rank one it is completely solved. (See [7] and
Hu’s thesis [13]; the results in these papers are explained in §5-6 of [12].)

In this paper we consider the analogue of conical distributions on the space
of flat horocycles in p. The flat horocycles are the translates, under the Cartan
motion group, of the tangent space at the origin o0 in G/K to the identity horocycle
=N -o.

To be more precise, let us consider the Cartan motion group Gy = K X p.
Gy has group law (k, X) (', X') = (kk/, X + k- X'), for k, k' € K and X, X' € p,
where we have put k- X’ = Ad k(X’). The mapping

(T,X)—~T+ X (Tet, X €p) (5)

identifies the Lie algebra gy of Gy with g as vector spaces. Under this identifica-
tion, the adjoint representation Ady of Gy on gq is given by

Adg (B, X) (T + X') =k -T' + k- X' — [k-T', X] (6)
and the Lie bracket [ |, ]o on go is given by
T+ X,T+X')o=[TT)+[T,X'] - [T, X] (7)

with T, T € ¢, X, X’ € p, where the Lie brackets on the right are taken in g. In
effect, the Lie bracket on gq is the same as that on g, except that the subspace p
has been made abelian.

Now Gy acts transitively on p by (k,X)-Y =X +k-Y, with £ € K and
X, Y e€p. Let g be the orthogonal complement of a in p. If we identify p with
the tangent space T, X, we have q = T,(N -0). A flat horocycle is a translate of q
by an element of Gy. Let =y be the set of all flat horocycles. Then of course =,
is a homogenous space of Gy, and according to Lemma 5.1, Chapter IV of [12], its
isotropy subgroup at q is Hy = M’ x q.

The flat horocycle Radon transform of f € C.(p) is the function on =
defined by

RF(€) = /5 FX)dm(X) (€ € Z) (3)

where dm(X) is the Euclidean measure on . One may view this as the flat
analogue of the horocycle Radon transform on a noncompact symmetric space
G/K . Properties of this transform, such as an inversion formula, and range and
support theorems, have been studied in papers by Helgason and Orloff (][9], [18],
[19]). (For a summary, see [12] Chapter IV, §5.) For a brief introduction to
harmonic analysis on p, see [12], Chapter III, §7, which replicates much of the
material in [8]. For a sample of the numerous papers dealing with analysis related
to Cartan motion groups, see [1], [2], [3], [4], [14].

Let D(Zy) denote the algebra of all differential operators on =, invariant
under the left action of Gy. By analogy with = = G/M N, a conical distribution
on = is a joint eigendistribution of D(Z,) invariant under the left action of the
isotropy subgroup H, of G, fixing q. Our aim in this paper is to classify such
conical distributions.
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In Section 2, we prove that D(Zy) is isomorphic to the algebra I(a) of
W -invariant elements in the symmetric algebra S(a). This is the analogue for
=o of Theorem 2.2 in [5], which states that D(Z) is isomorphic to S(a). (See
equation (2) above.) It follows that the spaces of joint eigendistributions of D(Z,)
are parametrized by the set ai/WW of W orbits in a’. In Section 3, we obtain a
general characterization of the joint eigendistributions in = similar to that given
by the expression (4) above for =. In Section 4, we prove our main result (Theorem
4.3 below), which states that in each “generic” joint eigenspace (corresponding to
regular A € a}), the space of conical distributions is one-dimensional, where we
also provide an explicit basis vector.

In Section 5 we show that, by contrast, the space of conical distributions
in each joint eigenspace corresponding to non-regular A is infinite-dimensional.
The problem of classifying the conical distributions for such A\ appears to be
difficult, although for G/K of rank one (so that A = 0), we obtain a complete
characterization in Theorem 5.2.

Finally, in Section 6, we consider the natural representation of Gy on the
spaces of joint eigendistributions of D(Z), relate these to conical distributions,
and study the question of irreducibility.

The author would like to express his gratitude to Prof. S. Helgason for
his valuable assistance in the preparation of this paper and in particular in the
proof of Lemma 5.1. The author would also like to thank the referee, whose many
thoughtful suggestions have contributed to a substantial improvement of the paper.

—

2. Invariant Differential Operators on E¢ and Eo

>~

Just as with = = K/M x A, it will be convenient to characterize Z, as a
vector bundle. For each s € W, we choose a representative my, € M’'. Then
the map 7 : K/M x a — Z given by m(kM,H) = k- (H + q) is w to one,
with 7(kM, H) = n(km;'M,sH). We can thus identify =, with the associated
bundle K/M xyw a over K/M', where K/M can be viewed as a principal bundle
over K/M' with discrete structure group W = M’/M . For convenience, we put
kM, H] = n(kM,H). It will be clear from the context that this will not be
confused with the Lie bracket.
Using the above notation, the action of Gg on Z is given by

(k,X) - [koM,Ho) = X + k- (ko - (Ho+q))
= kko - (Ho + ((kko) ™" - X)a+q)
= [kkoM, Hy + ((kko)™" - X)4] (9)
Here X, is the orthogonal projection (under the Killing form) of X € p onto a.

It will also be convenient to note that G also acts transitively on the
product manifold Zg = K/M x a via

(k, X) - (koM, Ho) = (kkoM, Ho + ((kko) ™" - X)a). (10)

(That this is a group action is straighforward to verify.) Note that éo, rather than
Zp, is in a certain sense the limit of the space G/MN = K/M x A of horocycles
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in G/K . The isotropy subgroup of Gy at the origin 50 = (eM,0) € = is M x q.
From (9) and (10), it is immediate that the projection map 7 : =y — Zp commutes
with the action of Go. It will frequently be useful to do calculations on Zy by
lifting them up to Z,. All groups being unimodular, there are unique (up to
constant multiple) Gp-invariant measures on =, and on éo, which we can take in
both cases to be dkys dH .

In this section, our objective is to determine the algebras ID(Z,) and D(Z)
of Gy-invariant differential operators on =, and Eo, respectively.

All algebras here are over C. Let I(p) and I(a) be the subalgebras of Ad K -
invariant elements of S(p) and of W -invariant elements of S(a), respectively. It is
clear that the algebra D(p) of Gy-invariant differential operators on p is I(p). It is
also a well-known fact that the restriction mapping p — p = p|, is an isomorphism
of I(p) onto I(a).

Now let P € S(a). Then from (10) the differential operator Dp on =
given by

Dp®(kM,H) = 0(P)y ®(kM,H)  (® € £(5)) (11)

is easily seen to belong to ]D)(éo). If P € I(a), we abuse notation and also use Dp
to denote the (well-defined) differential operator on =y given by

Dp kM, H] = 0(P)y plkM, H]  (p € £(Z0)) (12)

Then it follows from (9) that Dp € D(Z,). For ¢ € £(Z), put © = p onw. Then
clearly

(Dpy) = Dpp (13)
For P € S(a), we let P* be its formal adjoint in a. Then the adjoint of
the differential operator Dp on Z, (with respect to the Gy-invariant measure

dkyrdH) is Dp«. The same holds for the operator Dp on Z, if P € I(a),
where the Gg-invariant measure d¢ on Z; is fixed so as to satisfy on p(&)d¢ =

J=, B(kM, H) dky dH.

Theorem 2.1. 1. The map P — Dp is an algebra isomorphism of S(a)
onto D(Zy).

2. The map P — Dp is an algebra isomorphism of I(a) onto D(Z,).

This theorem is the flat analogue of Theorem 2.2 in [5], which characterizes
the algebra D(Z) of left G-invariant differential operators on the horocycle space
=. (See also Theorem 2.2, Chapter II in [12].) Our proof below is an adaptation
of the proof of that theorem.

Let H) = M x q, so that = = Go/H. We let m denote the Lie algebra
of M, and let I denote the orthogonal complement of m in € with respect to —B.
Then go has the orthogonal decomposition (relative to B or the inner product
By = —B(-,0(-)) on g) given by

g=g=mdq)(Da (14)
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Let p: gy — gng be the coset map from Gy onto =0, and let 7(9g) : gOHg —
g990H{ be left translation by g € Go on =,. Then 7(k, X) is given by (10) and
from that we have p(k, X) = (KM, (k7' - X),). Now if ¢y = (e,0) is the identity
element of Gy, then (14) shows that dp., is a linear bijection of [ & a onto the
tangent space Tgoég. Let o be the projection of g onto [ & a according to the
decomposition (14). It is straightforward to show that

dpe, 0 0 0 Adg (h) = dr(h) o dpe, 0 0 (15)

for all h € Hy. Thus the restriction of dp,, to [@a intertwines the representations
o00Adg (h) and dr(h) of Hy on [ & a and on TgOEm respectively.
While the pair (Go, H, g ) is not reductive, it is nonetheless possible to deter-

mine I(Z,) from the elements of the (complexified) symmetric algebra S(I & a)
which are invariant under o o Ad (Hy).

Lemma 2.2.  S(a) is precisely the algebra of elements in the symmetric algebra
S(I® a) which are invariant under o o Ady (HY).

Proof.  Let (m,X) € H_. Then according to (6), we have Adg (m, X) (H) = H
for any H € a. This shows that a, and hence S(a), is invariant under Ady (Hy)
and thus also under o o Adg (HY).

For the converse, let ady denote the adjoint representation on the Lie
algebra go. Then ooady is the representation of the Lie subalgebra m & q (of go)
on [ & a corresponding to the representation o o Adg of H, 3 on the same space.
For convenience, for each T+ X € m @ q, we let d(T'+ X) denote the restriction
of o0 oady(T + X) to [ @ a. We then extend d(T + X) to a derivation of the
symmetric algebra S([ & a).

We will prove that if @ € S([ & a) such that

dY)Q =0 forallY €q (16)

then @ € S(a). This will then imply that the elements of S([@® a) invariant under
o0 Ady (q) belong to S(a), which will prove the lemma.

For each a € ¥, let X{,--- , X bean orthonormal basis of the restricted
root space g, with respect to the inner product By on g. Then the vectors
EY = X+ 60(X?) form an orthogonal basis (with respect to —B) of the subspace

o ={T €tlad (H)*T = a(H)*T for all H € a}.

of £. Likewise, the vectors Y* = X — 0(X{) form an orthogonal basis (with
respect to B) of

Go ={X €plad (H)*X = a(H)* X for all H € a}.

Finally, we have [ = Goex+la and q = Bpes+a-
If o # (3, it is easy to check that [Y*, Ef]o =Y, EJB] € q and therefore

AYS)E) =0  (1<i<ma, 1<) <mp)
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On the other hand, for 1 <i,5 < m,,

Y, Eflo = [V, EY]
= ([X7", X7 = 01X, X71) + (X7, 0(X7)] = 01X, 0(X7)])

The first quantity on the right above belongs to q. If i # j, then [X{, 0(X$)] €
m, so the second expression on the right above vanishes. If ¢ = j, then the
second quantity on the right equals 24, , where A, is the vector in a such that
B(A,, H) = «a(H) for all H € a.

We conclude that

AV () =

2A, ifa=pFandi=j
j { (17)

0 otherwise

Suppose now that @) € S(I® a) such that d(Y)Q =0 for all Y € q. Fix
any basis Hy,...,H; of a. Then ) can be written uniquely as a polynomial in
the EJB with coefficients in S(a):

Q=S "{Px(ty,....H) T] (B V.. (55 yroma) (18)
N pext

where the sum ranges over multiindices N = (n(5,7)) (1 < j < mg, € 7).
For convenience, let us put E(3)N®) = (BB .. (ES yBms) and Py =

mg
PN(H17"’7HZ)'
Since d(Y,*) H =0 for all H € a, (17) implies that
d(Y;") Q =
240 ) nla,i) Py ([T BONO (B - (B0t By, )rem=))
n(a,i)#0 BFa

(19)

Since the right hand side equals 0, the coefficient of A, above must equal 0. This
coefficient is therefore an empty sum. Since (19) holds for all Y,*, we conclude
that there is only one summand in (18), the one corresponding to N = 0. This
shows that Q) € S(a). |

Let us recall that, by definition, Hy = M’ x q.

Corollary 2.3.  The algebra of elements of S(I®a) invariant under oo Ady(H,)
is I(a).

Proof.  This is clear from Lemma 2.2 and (6). [

The rest of the proof of the first assertion in Theorem 2.1 proceeds exactly as
in Helgason’s book ([12], Theorem 2.2, Chapter II). For completeness, we include
it. It will be convenient here to denote the basis {E*} of [ by Hyy1,..., Hip.
Then for some 6 > 0, the inverse of the map

(t1, .. i) = exp(tiHy 4 - - -+t Hygy) Hy (Z t; < 6°)
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is a chart on a neighborhood of the identity coset eHy = 50 in EO. Suppose that
D € D(Zp). Then there is a unique polynomial P in [ + r variables such that

- o o -
De(&) = P (8_t1’ e %) plexp(d_ tiH;) - &)

for all ¢ € S(EO). Now for each h € Hy, there is a diffecomeorphism (¢4,...,¢4,) —
(s1,...,54,) on neighborhoods of 0 € R™*" such that

h) exp (Z t,-Hi> Hy = exp (Z stj> H,

For convenience, let us put (exp(3t;:H;) Ho) = @(t1, .. ., tir). Since D(p)(&) =
D(¢™™)(&). we have

d 0
P <a_t17 ey atl+r> (go(tly .. ,tl+r) - 90(81, e 781_,'_7,))

(20)

)=(0)

(21)

(£)=(0)
Assume that P is of order N, let Py denote the sum of the highest order terms

in P, and write
a jl+r
atl-i—r

If we fix a multiindex J of order N and let @(ty,... t;,) =t/ =" .. t{ff near
the origin, then (21) shows that

ay = Z Rjrap (22)

o J1
PN:ZCLJ<8_t1) (@]

|JI=N

where (R;) is the matrix of the linear operator on the vector space of homogeneous
degree N polynomial functions on R™" extending the operator on R"™*"™ whose
matrix is the Jacobian matrix (ds;/0t;) at (t) = (0). But this Jacobian matrix is
also the matrix of coAdy (h) with respect to the basis {H;} of [@a. Equation (22)
thus shows that >°, ;_\ a;H 7 is invariant under o o Adg (h). Hence by Lemma
2.2, we conclude that Py = Py(0/0ty,...,0/0t;). Since D is Gp-invariant, we
see that

0 0
De(go - &) = <8t at) #(go exp ZtH &)

so that D — Dp, is an element of ]D)(EO) whose order is less than the order of D.
A simple induction on the order then completes the proof of the first assertion of
Theorem 2.1.

For the second assertion, suppose that D € ID(Zj). Then there exists a
polynomial P such that (20) holds for all functions ¢ € £(Z,), with & replacing
EO. With this substitution, the rest of the proof above carries over, with h € Hg
replaced by h € Hy = M’ xq, and with Py(Hy,..., H;) M’-invariant by Corollary
2.3.

4 lower order terms

(0)
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3. The Space of Joint Eigendistributions

Suppose that U € D'(Z) is an eigendistribution of D(Zy). Then according to
Lemma 3.11, Chapter III of [11], there exists a A € a’ (unique up to W-orbit)
such that
Dpl = P(i\) U (23)

for all P € I(a). We let D) (Zy) denote the vector space consisting of all ¥ €
D'(=Zp) satisfying (23).

Any eigendistribution ¥ € D'(Zp) of D(Z,) likewise corresponds to a unique
A € af satisfying (23) for all P € S(a). For a given A, we denote the vector space
of all such distributions by D} (Z).

The following can be proved in a manner analogous to the proof of Propo-
sition 4.4, Chapter II in [12].

Proposition 3.1.  Let ¥ € D’A(Eo). Then there is a unique S € D'(K /M) such
that

U(p) = /K " / o(kM, H) ™ dH dS(kM). (24)

Conversely, if S € D'(K/M), then the distribution ¥ on = defined above belongs
to D;\(Eo) .

If F € &(5), we define F, € E(Z,) by

1
FelkM,H] = = 3" F(km;'M,sH)
w
seWw

Then the pullback ® of a distribution ® € D'(Z) is defined by
O(F) = ®(Fy) (F € D(Z0)) (25)
Note that

for all ® € D'(Z), ¢ € D(Zy). Let P € I(a) and ® € D'(Z;). Then it is easy
to see from (11) and (12) and the fact that Dp(Fy) = (DpF),, that, in analogy
with (13), we have

(Dp®) = Dpd. (26)

Since D(Z) is smaller than D(Z), it is not true that & belongs to
D} (Zy) whenever ® € D} (Z,). (It is easy to construct smooth counterexamples.)
Nonetheless, as we shall see below, we can obtain a result for D} (=) similar to
Proposition 3.1.

Suppose that ® € D}(Z,). Then by (26) & satisfies

Dp(®) = P(i)) ® (P e I(a)) (27)

Now for functions o € D(a) and 3 € E(K/M), let f® a be the function

B(kM)a(H) on Zg = K/M x a. The linear span of such functions is dense in
D(Zo).
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If we fix g € E(K/M), the map
Ts:a€Da) — (B a) (28)

is a distribution in a; in fact, we see from (27) that Tj is an eigendistribution of
the algebra I(a). Since this algebra contains elliptic elements, it follows that T
is in fact a smooth eigenfunction of I(a), with

(O(P)T5)(H) = P(iA) Ts(H) (29)

for all P € I(a). The space of such eigenfunctions is described in [11], Chapter
III, Theorem 3.13. Let W, denote the subgroup of W consisting of those elements
fixing A, let I (a) be the subalgebra of W,-invariant elements of S(a), and let
H), be the vector space of W,-harmonic polynomial functions on a.

Then for each element s\ in the orbit W\, there exists a unique polynomial
P\(B)(H) in Hgy, with coefficients depending on 3, such that

To(H)= > Pu(B)(H) e (30)

sAEW A

for all H € a. When A is regular, the Psy(/) are just constants (depending, of
course, on (3).

For fixed H € a, the map € E(K/M) — P\ (F)(H) is continuous, and
from this it is not hard to see that the coefficients of the polynomials P, (3)(H)
are distributions on K /M. More precisely, for each s\, fix a basis P, ;j(H)
(1 <j<r=|W,|) of Hg\. Then

Pa(B)(H) = Z Saxi(B) Poxi(H) (31)

Each coefficient S,y ; is a distribution on K/M uniquely determined, of course,
by the choice of the basis {P;, ;}. Hence, by (28) (30), and (31), we see that

TLCED Y /K . / Poyj (H) F(EM, H) ™) dH dS,p (kM) (32)

SAEW-X j=1

for all F' € D(éo) of the form 3 ® a. Since the § ® o span a dense subspace of
D(E,), formula (32) holds for all F € D(Z).

When A is regular, each Hzy, = C (so we can take 1 as its basis), and the
formula above reduces to

O(F) =Y /K . / F(kM, H) e qH dS,,\ (kM) (33)

for all F € D(Z,).
We now proceed to obtain a more explicit characterization of the eigendis-
tribution ® € D) (Zy). For this, we note that expression (31) shows that Psy can
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be considered as an element of D'(K/M) ® H,y, with Psy = ZTzl Ssxj @ Psx i, 80
that (32) becomes

O(F) = / /K . F(kM, H) e qp, (kM) (H) dH (34)

SAEW X

We observe that by (31), each P;y is uniquely determined by ®.

Now the Weyl group W acts (freely) on both K/M and on Zg = K/M x a
by s-kM =km;'M and s- (kM,H) = (km;'M,sH). Thus for each t € W,

B(F) = ' (F)
= / / F(km*M,t- H) e dp, (kM) (H) dH
SAEW A K/M
= / / F(kM,t- H) e dpt (kM) (H) dH (35)
SAEW A K/M

where we have put P}, = 3", 5S¢, ;® Py ;. The right hand side of (35) then equals

/ / F(EM, H) )™ ¢ . qpPt (kM) (H) dH (36)
shew-av @ v K/M

where now t- Pl = 37,50, ; ® (- Psy ), an element of D'(K/M) ® Hisy. By the
uniqueness of the Piy, 1t follows that

for all s,t € W. In particular,
PS,\IS'Pf (SEW)

Hence, for any ¢ € D(Z,), we have

() = B(P)
= ) / / G(kM, H) e s . dPs(kM)(H) dH
sxew-a” o/ K/M
= / / S(kmI*M, s - H) e qpy(kM)(H) dH
SAEW A K/M

=W -\ / /K /Mg“p“(kM,H)eNH) dP\(kM)(H)dH
= [W - ) / /K /Mgo[kM,H] A dpy (kM) (H) dH (37)

If we put @\ = |WW - A| Py, this leads us to the following result.
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Theorem 3.2.  Suppose that X € a’ and that ® € D\ (Zy). Then there ezists a
unique element Q) € D'(K/M) ® H), such that

= / / plkM, H] ™) dQ, (kM) (H) dH (38)
K/M

for all ¢ € D(Zy). Conversely, given any element Q) € D'(K/M) ® H,, the
expression (38) defines a distribution ® € D)\ (Z,).

Remarks:

1. Fix a basis Py,...,P. of Hy. (We may choose this basis to have real
coefficients.) If & € D)(Zy), Theorem 3.2 says that there exist unique
distributions 7; on K/M such that

/ / o[kM, H] ) aH dT;(kM) (39)
K/M

for all ¢ € D(Z;). Conversely, for any distributions 7; on K/M, the right
hand side of (39) defines a distribution ® € D} (Z)).

2. Equation (39) can also be written as
Z / “[kM, N dT;(kM), (40)
K/M

where ¢* is the (well-defined) Fourier-Laplace transform of ¢:

O kM, \] = / olkM, H| e D dig  ([kM, )\ € K/M xy af)
a

Proof. Equation (38) follows from (37) by putting Qy = |W - A| Py. The
uniqueness of () is a consequence of the uniqueness of the P;y, and in particular,
of Pj.

Conversely, suppose that Qy € D'(K/M)® H,. If we fix a basis Py, ..., P,
of Hy, we can, as in Remark (1) above, write Q) = Zj S; @ P;. The distribution
® in (38) is then given by (39), and thus we need to prove that the right hand side
of (39) defines a distribution ® € D}(Z;). Now the product P(H)e*H) belongs
to the joint eigenspace &(a) = {a € E(a)|d(P)a = P(iX)«a forall P € I(a)}.
Hence for any @ € I(a), we have

(Do(® / / Q") [kM, H] P;(H) ™) dH dT; (kM)
K/M

Sy / / Pl H) Py(H) ™) dH dTy (kM)
j=1 K/M Ja
— QN D(y),

for all ¢ € D(Z)), proving the theorem. [
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Corollary 3.3.  Suppose that X\ is regular. Then there is a linear bijection from
D'(K/M) onto D\(Zo) given by

T— o

() = /K . / olkM, H] e dH dT (kM)

/ Sl M, \] dT (kM) (41)
K/M

4. Conical Distributions

By definition, a conical distribution on =, is an Hy-invariant eigendistribution of
D(Zy), where, as we recall, H, is the isotropy subgroup of G, fixing q: Hy =
M' % q.

Suppose that @ is a conical distribution on =y belonging to D} (Zg). (A is
of course determined up to W-orbit.) First, for simplicity, let us assume that A is
regular. Then we see that ® satisfies (41), for unique 7' € D'(K/M).

In order to determine this distribution 7" more explicitly, we first prove
that the collection of functions on K/M given by {@*[kM, ]| ¢ € D(Z0)} equals
E(K/M).

For this, we first consider the following easy lemma.

Lemma 4.1. For f € D(a) and v € E(a), put (f,y) = [ f(H)y(H)dH.
Suppose that v1,...,vm are linearly independent elements of E(a). Then there
exist functions fi,..., fm in D(a) such that the m x m matriz ((f;,~;)) is any
prescribed m X m matrizx.

Proof.  Let V be the linear span of 71,...,7,,. For each f € D(a), let A\; be
the linear functional on V' given by Af(vy) = (f,7). It suffices for us to prove that
the linear map f — Ay maps D(a) onto V*. But if f — A; were not onto, then
there would be a nonzero subspace W of V such that (W) = {0} for all f.
But given any nonzero v € W, there is clearly an f € D(a) such that (f,v) #0,
a contradiction. [ |

For every h € D(a), let h* denote its Fourier-Laplace transform

h*(\) = / h(H) e dH (X e a’)

a

Lemma 4.2. Let A € a be reqular. Let R be the linear map from D(Zy) to
E(K/M) given by Rp(kM) = ¢*[kM,\]. Then R is onto.

Proof. The proof requires some care since =, is not the product manifold
K/M x a but a quotient of it. Note first that Lemma 4.1 implies that for any
distinct elements Ay, ..., A, € af, and any functions 3y, ..., 5, € E(K/M), there
exists a function F € D(Z,) such that F*(kM,\;) = 8;(kM) for all k € K and
all j. In fact since the functions e, ... e are linearly independent elements
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of £(a), the lemma implies that there are functions hy,--- , hy, in D(a) such that
hi(A;) = d6i; for all i, j. Then put F(kM,H)=>_,3;(kM)h;(H).

Now fix f € E(K/M). We will prove that there exists a ¢ € D(Zy) such
that @*[kM, N = B(kM) for all kM € K/M .

From the above we know that there exists a function F' € 'D(EO) such that
F*(kM,s\) = B(kmsM) for all kM € K/M and all s € W. (Here ms, € M’
is any coset representative of s.) Put ¢ = Fy, so that ¢ € D(Zp). Then
O kM, p) = (1/w) - 3 e F*(kmyt M, sp) for all kM € K/M and all p € af. In
particular,

kM, N = Z F*(km;'M, s)\)
seW

= (kM)
for all kM € K/M. ]

Resuming our investigation of conical distributions, let us assume, as before,
that @ is a conical distribution in D) (Z,), where A is a fixed regular element in
a’. Let T be the unique element of D'(K /M) given by (41).

The M’ invariance of ® implies that
/ S kM, N dT (kM) = / kM, N dT (kM) (42)
K/M K/M

for all m" € M’. By Lemma 4.2, the functions ¢*[kM, A] run through E(K/M) as
¢ runs through D(Z,). Thus (42) shows that T is a left M’-invariant distribution
on K/M.

The g-invariance of ® then shows that

/ O kM, N dT (kM) = / O*[kM, N e METXa) (kM)
K/M K/M
= / O [kM, \] e BEANX) a1 (kM) (43)
K/M

By Lemma 4.2, this implies that
T = e—iB(k"A)\,X) T (44)

for all k € K and all X € q.

We will now prove that the property (44) implies that 7" has support in
the discrete subset M’/M of K/M . For this, consider any ko € K \ M'. Since
A is regular, ko - Ay ¢ af. It is easy to see that there exists X € q such that
B(ko - Ay, X) ¢ 2nZ. (This is done by scaling X if necessary.) Fixing this X,
there exists a neighborhood U of kgyM in K/M such that B(k- Ay, X) ¢ 27Z for
all kM € U. Hence the function kM +— eB#AxX) _ 1 is never 0 on U, whereas
by (44) the distribution (e2*4xX) —1)T on K/M equals 0. This implies that
T =0 on U. Since kM € K/M is an arbitrary point in the complement of
M’ /M, this proves that T has support in the discrete set M'/M .
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In particular, 7" has the form

T=> Dibmu (45)

seW

where Dy is a linear differential operator on K /M. We will now prove that in fact

T'=c Z Oy M (46)

seWw

for some constant c¢. For this, it suffices to prove that near the identity coset eM
of K/M, T is a multiple of the delta function at eM . That is to say, it suffices to
prove that for all smooth functions 3 on K/M supported on a small neighborhood
of eM, then T(8) = ¢fB(eM). The M’-invariance of T' then proves (46).

To this end, we introduce local coordinates on K /M near eM. Let
Ti,..., T, be an orthonormal basis (with respect to —B) of [,. (We could
use TP = 2712 B from the proof of Lemma 2.2.) The collection {7} }1<j<m, acs+
is then an orthonormal basis of [. We list these basis elements as T7,...,7T, and
assume that T} belongs to the generalized eigenspace ¢,;. Then the map

exp(t1 Ty + -+t To)M — (ty,...,t,) (47)

defines a chart on a neightborhood U of eM in K/M. We assume that

UNM /M ={eM}.
For each j let us put X; = —i(B(ay,\))2ad(A\)T;. Since X is regular, X is
well defined, and it is easy to see that X7, ..., X, is a basis of the complexification
g. of g, orthogonal with respect to the Killing form on p..

Now suppose that  is a smooth function on K/M with support in U.
Then by (45), we have

T(8) =Y c;D’B(0) (48)

where the sum runs through a finite collection of multiindices J = (ji, ..., j.), the
c; are constants, and D7 = @t Hir [orlh .. ot

In the sum (48), we claim that ¢; = 0 when |J| > 0. Then of course
T(B) = coB(0), and this will prove (46). To prove this, let us assume, to the
contrary, that c¢; # 0 for some J # 0. Let N = max{|J||c; # 0}. Now by (44)
we have

> e, D7B(0) = ey DY (emiBlEenti Tttt TAX) gy () (49)

J J

for all X € q and all smooth functions 3 supported in U. In (49) choose a 3
which is identically 1 on a small neighborhood of 0. Then the left hand side of
(49) is ¢o. On the other hand, if we write X = 21 X; +---+ 2, X, , where z; € C,
then the right hand side is

ZCJDJ (e—iB(GXP(tlTl+‘“+trTT)'A>nX)) (0)7
J
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a polynomial of degree N in zq,...,z.. Its homogeneous component of degree N
equals

S e

|J|=N
where we have put 27 = 2J'---2/» when J = (jy,...,,). This yields a contradic-

tion, and we obtain the following result.

Theorem 4.3.  Suppose that A\ € a’ is reqular. Then the space of conical
distributions in D\ (Zo) is one-dimensional, with basis given by ®, where

Pr(p) = D ¢"[msM, A (¢ € D(Z0)) (50)

Proof.  If ® is a conical distribution in D} (=) then we have shown that & is
a multiple of ®,.

For the converse, we first observe that Lemma 4.2 implies that there is a
@ € D(=Zp) such that p*[kM,\| =1 for all kM € K/M. This shows that the
distribution ®, is not zero. Moreover, (41) shows that ®, belongs to D} (=), with
T =3 ccw Omonr; clearly T' satisfies (44) and is M'-invariant, so ®, is conical. =

The product manifold éo = K/M x a, rather than =, is in some sense the
limiting case of the horocycle space = = K /M x A. Thus it makes sense to define a
conical distribution on Zy to be a joint eigendistribution of D(éo) invariant under
the left action of the isotropy subgroup Hg = M x q of EO = (eM,0). Assume that
A € a’ is regular. Then using Proposition 3.1, one can use an argument similar
to that used to prove Theorem 4.3 above to conclude that the space of conical
distributions in D} (Z) is w-dimensional. (We omit the details.)

Theorem 4.4. If A € a} is reqular, then the space of conical distributions in
D\ (Z0) has dimension w. Any such conical distribution is given by

(1)) = /K » / W(kM, H) e dH dS(kM) (1 € D(Zy))

with S = ZSEW Cs Ot 5 for arbitrary scalars cs.

The theorem above is thus a more precise analogue of Theorem 4.9 in [7],
which states that, for generic A € af, the space of conical distributions in D) (Z)
is w-dimensional.

5. Conical Distributions When A\ is Non-regular

Just as in the symmetric space case, the problem of characterizing the space of
conical distributions in D) (Z¢) appears to be rather difficult, in general, when \ €
a; is not regular. One can, however, show that the space of conical distributions
corresponding to any non-regular A is infinite-dimensional. To see this, let K, =
Zk(AN) ={ke K|k- A=A} andlet K\ ={ke€ K|k-Xe€a’}. Forany k € K|,
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there exists an element m’ € M’ such that k- X =m'-X. Thus (m/)" 'k € K,
and so we see that K} = M'K) = UsewmsK) = Ugew Ksams.

Let X7 = {a € X% |B(a,\) = 0}, and as before let W, be the subgroup
of W fixing A. Then W) is the subroup of W generated by the reflections along
the root hyperplanes in X1, and M’ N Ky = Ugew, msM .

The Lie algebra of K is €y =m+ ) [,, where the sum is taken over all
« in 37 . If X is not regular, then X7 is nonempty, and therefore the orbit K, /M
is a submanifold of K/M of positive dimension. The set M'K,/M is a disjoint
union of |W|/|W,| translates of K,/M, given by mgs K,/M , where s ranges over
a set of coset representatives in W/W,.

Let f be any continuous function on the orbit K, /M , invariant under left
translation by elements of m M, for all s € W,. Such f can be obtained by
averaging any continuous function on the orbit by M and then further averaging
by the m,. The vector space of such f is infinite-dimensional, since close to the
identity coset eM , the space of M-orbits in K, /M is parametrized by the space
of M-orbits on a ball centered at 0 in ZaEE;\L [

If s € W, we can extend f in a well-defined way to the translated orbit
msK,/M by setting f(mskM) = f(kM), for all k € K. In this way, f becomes
an M'-invariant function defined on the union of the translated orbits mgK, /M ,
for all s € W.

Now let us define the distribution 77 on K/M by

LR kM) Pnko M) dlin)ae, (F (K1) 1)

where the sum is taken over a set of representatives s of W/W,. It is clear from
the construction of f that 7 is independent of the choice of the m; appearing
on the right hand side above. T} is then an M’-invariant distribution on K /M.

Now, in accordance with Theorem 3.2, let us define the distribution ®; in
D) (Zo) by

Ds(p) = /K " / G(kM, H) e qH Ty (kM) (52)

Since Ty is M'-invariant, so is ®. To show that ®; is g-invariant, we use
the expression (51) defining T7:

Dr(p) = Z/I{A/M/ag’p?(msk,\M, H) e qH f(mgkaM) d(ky)

Let X € q. Then by (9) we have
O (™M) =

=> / / P(mgh\M, H) e N BOnIAX) G £ ey M) d(k) ar
s K)\/M a

But mgky - A € af, and thus B(mk, - A, X) = 0, which shows that the right hand
side above equals ®f(yp).
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Since, as remarked above, the space of all continuous functions f on K, /M
invariant under the left action of m, M, for all s € W), is infinite-dimensional, it
follows that the space of conical distributions in D (Zy) has infinite dimension.

In the case when the symmetric space X = G/K has rank one; i.e., when
dima = 1, it is possible to obtain a complete classification of the space of all
conical distributions in Dj(Zp). In this case, ¥ has one or two elements; let «
be the indivisible element. Choose H € a such that a(H) = 1, and identify R
with a by ¢t — tH.

Since we are assuming that A = 0, then W), = W = {41}, and so the space
H of Wy-harmonic polynomials on a has basis {1, t}. Suppose that ® € D}(=Z)
is a conical distribution. Then from (39), there exist uniquely determined M’-
invariant distributions 7y and 7} on K /M such that

D(p) = /K Y /_ T G(kM, LH) dt dTy(kM) + /K » /_ " G(RM, tH) tdt dT, (kM)

(53)
Since ¢ is also invariant under left translation by any X € q, we have

() = /K . /_ h Q(kM,tH + (k- X)) dt dTp(kM)
T M, tH + (k- X)a) tdt dT4 (kM
o B 0 T )
- / / B(kM, tH) dt dTy(kM) + / / G(kM,tH) tdtdT, (kM)
K/M J—c0 K/M J-oc0
_ / / GUkM.tH) B(k - Ay, X)dt dTy (kM)
K/M J—oc0
:q>(¢)—/ /OO G(kM,tH)dt B(k - Ay, X)dT; (kM)
K/M J—oc0

Hence

/ / " GM, LH) dt B(k - Ao, X) dTy(kM) = 0 (54)
K/M J—co

for all ¢ € D(Z).

If Ty and T7 are M’-invariant distributions on K /M it is clear that the
condition (54) is also sufficient for the distribution ® in (53) to be conical in
D;y(Zp). In particular, T can be arbitrary.

Now it is easy to see that the map ¢ — [*° @(kM,tH) dt maps D(=) onto
the vector space Eyp(K/M) of C* functions F' on K/M satistying F(kM) =
F(km*M) for all k € K, where mx is any element in M’ \ M. Thus (54) implies
that @ is conical if and only if the AM’-invariant distribution T satisfies the
condition

/ F(kM) B(k - Ay, X) dTy (kM) = 0 (55)
K/M

for any X € q and all F' € &y (K/M). As we shall show below, it turns out that
all M'-invariant distributions on K /M satisfy the condition above.
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In the present case the set Xt consists of «, and possibly 2«, with mul-
tiplicities m, and mao,, respectively. Let H; be the unit vector in a such that
a(Hy) > 0, and let o denote the identity coset {M} in K/M. Then we can en-
dow K/M with the K-invariant Riemannian structure induced from the Ad M-
invariant inner product on [ = T,(K/M) given by

<T04 + T2a7 To/z + T2/a> = —OZ(H1)2 B(TCH T(;) - 406(H1)2 B(TQCH T2/a)

for T,,7! € 1, and Ts,,T5, € l,. One can easily show that the mapping
kM — k- Hy is an isometry from K/M onto the unit sphere S (with respect
to B) in p. Whenever it is convenient, we will identify K/M with S in this
manner.

Lemma 5.1.  Assume that dima = 1. Fiz m* € M'. Then for every kM €
K/M, there exists an m € M such that m*k(m*)™'M = mkM .

Proof. If m* € M, then the result is trivial, so let us assume that m* is not in
M. Tt is easy to see that the map kM — m*k(m*)~1 M is a well-defined isometry
of K/M. By Theorem 13.2 in [17], the map T+ (expT) M maps [ onto K/M,
and clearly m*(expT)(m*)'M = exp(Ad(m*)T)M. Thus it suffices to prove
that for each T" € [, there exists m € M such that Ad(m*)T = Ad(m)T.

This assertion can be proved by considering the possible cases for m, and
Moo . For convenience, let us now provide [ with the inner product given by —B,
which we note that Ad (m*) leaves invariant. Suppose first that mo, > 1. Write
T elas T =T,+ Ty, with T, € [, To, € lp,. For any r,s > 0, AdM is
transitive on the product of spheres {T" + T" € [, + Lo || T']| = 7, |T"|| = s}
([15]). Since Ad(m*) is an isometry on [, and on ly,, there exists m € M such
that Ad(m)T, = Ad(m*)T,, and Ad(m)T, = Ad(m*)T%,.

Suppose next that msy, =0 and m, > 1. Then [ = [,, and since AdM is
transitive on spheres in [,, our assertion easily holds in this case.

The remaining cases are ma, = 1 (so my > 1) and m, =1 (so ma, = 0).
Suppose that mgy, = 1. We claim that Adm* is the identity map on [5,. For
this, we use the decomposition g = g 94, + g« + M+ a + go + g2o. Choose
any nonzero elements X, € g, and Xs, € ga,. Then X,, 0(X,), X2, and
0(Xs,) generate a Lie subalgebra g* of g isomorphic to su(2,1). Let G* be the
analytic subgroup of G with this algebra. Then G* has Iwasawa decomposition
G* = K*AN*, where K* = G*N K, N* = G*NN. If M* and (M’')* denote
the centralizer and normalizer of a in K*, we also have M* = G* N M and
(M')* = G*N M'. Choose any element mj € (M")*\ M*. Then m; € M'\ M
so there exists an m; € M such that mj = m*m;. Now from [10], Chapter
IX, 83, Ad(m}) Xoo = 0(X2a), Ad(m})0(X2n) = Xoa, and thus Adm] fixes
Xoa + 0(X2s). But this latter vector spans ly,. Since Ad M is the identity map
on lig, ([12], Chapter III, Lemma 3.8) it follows that Adm* = Ad (mim;?') is
the identity map on [y, as well. Now since Ad M is transitive on spheres in [,
we conclude that for any T € [, and T" € l,,, there exists an m € M such that
Ad(m*)T =Ad(m)T and Ad(m*)T" =Ad(m)T" =T".

Finally, suppose that m, = 1. Choose any nonzero X, € g,. Then X, and
0(X,) generate a subalgebra g* of g isomorphic to su(1,1). Let G* be the analytic
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subgroup of G with Lie algebra g*, and let (m’)* € G* N (M'\ M). There exists
an m; € M such that (m')* = m*m,. If K* = G*N K, then K* is abelian, so
Ad(m’)* is the identity map on [,. On the other hand, by [12], Chapter III, Lemma
3.8, Ad (M) is also the identity map on [,. Thus Ad (m*)T = Ad(m)T =T for
allme M and T € 1,.

This covers all the cases and finishes the proof of the lemma. |

We are now in a position to classify the conical distributions in Dj(Z)
when dima = 1.

Theorem 5.2. Assume that dima = 1. Then the conical distributions in
D (Zo) are precisely those distributions ® given by

:/ /OO @(kM,tH)dtho(kM)Jr/ /Oo Q(kM,tH)tdtdT\ (kM)
K/M J—oc0 K/M J—o0 (56)

where Ty and Ty are M’ -invariant distributions on K/M .

Proof.  Asremarked in (53), any conical distribution ® in D{(Z,) must be of
the form (56), with 7y and 77 M’-invariant.

Conversely, suppose that & € D'(Z) is defined by (56) with T, and T3
M'-invariant. By Theorem 3.2, ® belongs to Dj(=Zp), and it is clear that & is
M'-invariant. To prove that ® is conical, it is sufficient to verify that 7; satisfies
(55) for all F' € E(K/M) such that F(kM) = F(k:m*M)

To this end, let us put EF7# (kM) f A m'kM)dm' for any function
F € E(K/M), where dm’ is the normahzed Haar measure on the compact group
M'. Note that since Ty is M’-invariant, T} (F) = Ty (F#) for all F € E(K/M).

Lemma 5.1 shows that for any kM € K/M , there exists m; € M such that
m*k - Hy = —m*k(m*)™' - H = —myk - Hy. If a : w — —w denotes the antipodal
map on the sphere S, then a(k - H;) = k(m*)™' - Hy, so a corresponds to the
isometry kM — k(m*)™*M of K/M.

Noting that F*(kM) = F(k(m*)"*M), we see from the definition of F#
that that (F#)* = (F%)#. On the other hand, for any kM € K/M, we put
k- H; =w. Applying Lemma 5.1, we have

(F)#(w) :/ F(m'k(m*) ' M) dm/
—/ F(m'm*k(m*)"* M) dm’
M/
= / F(m'mykM) dm/ (for some my € M)
= [ (w).
In particular, if F* € E(K/M) corresponds to an odd function on S, we have
F# =0.

Now suppose that F € E(K/M) satisfies F(km*M) = F(kM) for all
k € K. Then F' corresponds to an even function on S, and for each fixed X € q,
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the function G(kM) = F(kM) B(k - An, X) is an odd function on S. It follows
that G¥ = 0 and thus

/ F(kM) B(k - Ay, X) dT, (kM) = T1(G)
K/M

= Ty (G*)
=0.

Thus (55) holds for all such F', and we conclude that the distribution ® in (56) is
conical. [

It is curious that the M'-invariance of any distribution in Dj(Zy) guarantees
its g-invariance.

6. Eigenspace Representations

We conclude this paper by considering the natural representation of Gy on the
eigenspaces D) (Zp). In particular, we would like to determine the conditions
under which this representation is irreducible.

Let R denote the flat horocycle Radon transform given by (8). Then R is
the Radon transform associated with the double fibration

Go/(K N H,) (57)

/ \
p:GU/K EQZGo/Hq

(See [6]; for a general introduction to integral transforms associated with group
equivariant double fibrations, see [12], Chapter I, §1-3; for details on the flat
horocycle Radon transform, see [8] or [12], Chapter IV, §5.) If f € C.(p), then
Rf is given by

Rf[kM, H] :/f(k-(H+Y))dY (58)

where dY indicates the Euclidean measure on q. Its dual transform is the map

R*: C(Zy) — C(p) given by

RolX) = [ oX+k-a)di (g eClE) (59)
where dk denotes the normalized Haar measure on the compact group K.

The transforms R and R* are Gy-equivariant in the sense that R(fol(g)) =
(Rf)ol(g) and R*(pol(g)) = (R*p)ol(g), where I(g) is the natural left action
by g € Gy on the homogeneous spaces p and =j. They are also formal adjoints
in the sense that

/_ RI(€) o(€) dé = / F(X) R plx) de (60)
=0 p

for all f € C.(p), ¢ € C(Zp), where, as in Section 2, d¢ denotes the Gp-invariant
measure on =, which pulls back to dH dky; on =.
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We equip D(p) and D(Z;) with the usual inductive limit topologies, and
their dual spaces D'(p) and D’'(Z,) by the corresponding strong topologies. Ac-
cording to Lemma 3.5, Chapter I in [12], R is a continuous linear map from D(p)
to D(Zp). Thus we can extend the relation (60) by defining the dual transform
R*® of any ® € D'(=Z) by

R*®(f) = ®(Rf) (f €D(p))

The dual transform ® — R*® is then a continuous linear map from D’(Z) to
D'(p). This map commutes with the natural left action of G on distributions on
Zo and p, respectively.

Lemma 6.1.  Let \ € a}, and suppose that ® is a distribution in D (=) given
by

oo)= [ [elmeanaren  (peD@E) (o)
K/M Ja
where T € D'(K/M). Then R*® € E(p), and is given by

R®(X) = /K . e BEANX) 4T (kM) (X €p) (62)

Proof. If f € D(p), then
(R*®) (f) = (Rf)

= / / Rf[kM, H) eMdH dT (kM)
K/M Ja

:/ //f(k-(H%—Y))dYeiB(AMH) dH, dT (kM)
K/M Ja Jq
- / / flk - X) e BAX) ax dT (kM)
K/M Jp
= / F(X) / e PEAX) g (kM) dX
p K/M

The inner integral on the right is clearly a smooth function of X € p. Since it
agrees with R*® on all test functions f on p, we obtain the lemma. ]

The right hand side of (62) is the flat analogue of the Poisson transform
on the symmetric space G/K. We therefore call it the Poisson transform of T
corresponding to the spectral parameter A\, and denote it by Py(T):

PAT)(X) = /K L E Ry (X p) (63)

The transform P, was introduced in [8] in connection with the study of eigenspace
representations on p. Note that the Poisson transform of the function Fy =1 is
the zonal spherical function on p corresponding to .
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Lemma 6.1, which relates the dual horocycle and the Poisson transforms,
is the analogue of a similar formula ([7], Proposition 4.6) for the dual horocycle
transform on G/K. If X\ is regular, then according to Corollary 3.3 above, every
¢ € D) (Zy) has the form (61). However, the analogy to G/K is not completely
precise, since when A is not regular, there are ® € D) (Z,) which are not of the
form (61), so the dual transform R*® is not necessarily a Poisson transform.

Recall that we have identified the algebra of left Gg-invariant differential
operators on p with the polynomial algebra I(p), and that the algebra homomor-
phisms « : I(p) — C are given by evaluations p — p(\) for A € a, where A is
unique up to W orbit. For A € a}, let

C

Ex(p) ={f€&W)|0(p) f=p@A) fforallpe I(p)}.

Since the function X + e'B*AxX) belongs to Ey(p) for each k € K, it is
casy to see from (63) that the Poisson transform P,\(7") belongs to the joint
eigenspace &,(X) for all T € D'(K/M). The joint eigenspace Ex(p) is Go-
invariant, and according to [8], Theorem 6.6, the natural representation of G
on E(p) is irreducible if and only if A is regular.

We say that A\ € a’ is simple if the Poisson transform P, is injective. An
easy convolution argument on K shows that A is simple if and only if the map
F — P\(F) is injective on E(K/M). Now according to Theorem 6.2 in [8], A is
simple if and only if it is regular. Thus, in view of Corollary 3.3, the dual transform
R* : D\ (Zp) — D'(p) is injective if and only if A is regular.

We now fix some notation. For any g € Gy and ¢ € D(Z,), let !9 =
wollg™h). If @ € D'(Z,), we let 9 be the distribution on = given by
') () = B(PH M),

The left regular representation of Gy on D(Z) is then given by 7(g)p =
©'9) for g € Gy, v € D(Z,), and the natural representation of Gy on D’'(Z) is
the contragredient representation, which is given by 7(g)® = ®49),

If XA € a}, then the joint eigenspace D} (Zy) is a closed subspace of D'(Z)
invariant under m; we let 7, denote the restriction of m to D}(Zo).

Proposition 6.2.  Suppose that A € a’ is reqular. Then the conical distribution
O, in (50) is a cyclic vector for the representation ).

Proof. We need to prove that the linear span of the translates @i(g), for
all g € Gy, is dense in Di(Zy). Suppose that L belongs to the dual space of
D (Z0). Since Dy(Zp) is a closed subspace of D'(Zy), we may extend L to a
continuous linear functional on D'(Zj); then because D(Z) is reflexive, there
exists a ¢ € D(Zg) for which L(®) = ®(p) for all & € D'(Z,).

Now suppose that L(@f\(g)) =0 for all g € Gg. Then by (50),

L(2)) = ') (p)
— qp(sol(g’l))
= > (") [myM, A (64)

seW
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Put ¢ = (k,X) for some k¥ € K, X € p. Then by (9), I(g)([koM, Hy))
= [kkoM, Hy + ((kko)™* - X)4|. Hence for each s € W,

() m, M, ] = / Sk M, H + (k)= - X)o] €MD qi

a

_ e_iB(kms'A)\:X) 90* [kmsM7 /\] (65)

Since g is arbitrary, we can let g = (k,k- H') for k € K, H € a. Then (64)
becomes
> e G km M, A = 0 (66)
seW
Since ) is regular, the functions e~** (s € W) are linearly independent, and thus
there exist vectors H, € a, for ¢t € W, such that the w x w matrix (e ) is
nonsingular. Replacing H’ in (66) by each H,, the relations

> e G ke M, A = 0 (teWw)
seW

show in particular that @*[kM,A] = 0 for all £ € K. From Corollary 3.3, we
conclude that ®(p) = 0 for all & € D}(Zy). Hence L =0 on D} (Z,), proving the
proposition. ]

For A € af, let K\(Z,) denote the vector space of all distributions ® €
D) (Zo) given by

B(p) = /K I FGAD dkyg (¢ € DIE/M)  (67)

where F' € L*(K/M). Note that according to Theorem 3.2, the map F + @
is injective from L*(K/M) to Kx(Zp). Thus we may endow Ky(Z,) with a
Hilbert space structure, the norm ||®||, of ® above being the L? norm of F
on K/M. Now a calculation similar to (65) shows that if ¢ = (&', X’), then
(PN M, N = e BERANX) ¥ (kM N] for any ¢ € D(Z). Thus if @ is
given by (67), we have

(m@)®)(0) = | RN A P (i) ey
_ / S IRM, N e BEDXD BN M) dky (68)
K/M

From this one sees that IC\(Z) is invariant under 7. Let 7} denote the
restriction of my to KCx(Zp). Equation (68) shows that we may identify 7} with
the representation of Gy on L*(K/M) given by

(K, XV F (kM) = e BEAXD) PR M) (69)

Thus 7 is the representation of Gy induced from the one-dimensional represen-
tation (m, X) + e *BANX) of the subgroup M x p C Gy. The representation 7}
is unitary if and only if A € a*. If A € a* is regular, then Mackey’s imprimitivity
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theorem applied to semidirect products says that 7 is unitary and irreducible.
(See e.g., [16], Chapter III.)

Since the dual transform ® — R*® commutes with the left action of Gj,
Lemma 6.1 shows the Poisson transform P, intertwines 7} and the left regular
representation of Gy on E,(p).

Now K,(Zg) contains a unique K -invariant element (i.e., the distribution
® in (67) with F' = 1), so the family 7} (for A € a}) is the flat analogue of the
spherical principal series for the symmetric space G/K .

Theorem 6.3.  Let A € a>. Then 7 is irreducible if and only if X is regular.

Proof.  Theorem 6.3 is the flat analogue of Proposition 5.3 in [7], and our proof
is adapted from the proof of that result.

We first make the following observation. Let Fj be the constant function
Fo(kM) =1 on K/M. If { , ) denotes the inner product on L*(K/M), then
equation (69) implies that for any F € L?(K/M),

T g F(],F = e*i (k- Ay, )F kM dl{?M
A
K/M

where g = (k,X) € Gy. Thus Fj is a cyclic vector for 7} if and only if —\ is
simple. But —\ is simple if and only if —\ is regular, so Fj is cyclic if and only
if \ is regular.

Now suppose that A is not regular. Let A denote the kernel of the Poisson
transform Py on L*(K/M). The Schwartz inequality shows that N is a closed
subspace of L*(K/M). Since P, is Gg-equivariant, N is invariant under 7.
Finally, since A is not simple, N' # {0}, and since P\(Fp)(0) = 1, we have
N # L*(K/M). This shows that 7} is not irreducible.

Conversely, suppose that A is regular. Let V be a nonzero closed -
invariant subspace of L*(K/M). Since X is simple, P\(V) # {0}, and by the Gy
equivariance, there isan h € Py(V') such that h(0) = 1. Letting h = Py(F), where
F €V, we obtain fK/M F(EM)dky = 1. Now Fy(kM) = [, F((K')'kM)dk' =
[ TA(K") F(k) dE' for all kM € K/M, so it follows that Iy € V. But since X is
regular, Fy is a cyclic vector for 7}, so we conclude that V = L?*(K/M). Hence
7} is irreducible. ]

Theorem 6.3 now allows to determine the irreducibility of the representation
7y of Gy on the eigenspace D) (Z).

Theorem 6.4. Let A € a’. Then m s irreducible if and only if \ is regular.

Proof. Suppose first that A is not regular. Then A is not simple, so by
Lemma 6.1, the dual transform R* : D} (Z,) — £(p) is not injective. By the Gg-
equivariance and continuity of R*, its kernel R is thus a nonzero closed invariant
subspace of D) (Zy). Moreover by Lemma 6.1, R # D\ (=), since P\(Fy) # 0.
This shows that ) is not irreducible.
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Next assume that A\ is regular. Now Corollary 3.3 asserts that we have a
bijective linear map P : T — & from D'(K /M) onto D)(Zy) given by

¢Wﬂ=ZQJﬁWMAMT%M) (o € D(=0))

This map is continuous since it is the adjoint of the continuous map of D(Z) onto
D(K/M) given by

Q=" -,

In particular, this implies that the inclusion map of the Hilbert space K)(Zg) into
D! (Zp) is continuous.

Now suppose that F is a closed subspace of D) (=) invariant under .
Then E N Ky(Zy) is a closed 7 invariant subspace of Ky(Zg). Since 7} is
irreducible, we must have E N ICy\(Zq) = Kx(Zg) or ENKA(Zy) = {0}.

Let us first consider the case £ NIK\(Zp) = Ka(Ep). Then E D K\ (=),
the closure of K\(Zy) in Di(Zg). But since P is continuous and surjective,
and since L*(K/M) is dense in D'(K/M), Kx(Zo) = P(L*(K/M)) is dense in
Di(Z0) = P(D'(K/M)). It follows that E = D) (Z,).

Next we treat the case E N K\(Zy) = {0}. We wish to conclude that
E = {0}. For this, we consider the natural representation = of Gy on D'(Z).
Now D'(Z,) is a Montel space, hence is barelled and complete. Thus for any
f € D(K), we obtain a well-defined continuous linear operator m(f) on D'(Z)
given by

MﬂzLﬂ@ﬂM%

Now D) (Zp) is a closed subspace of D’(Z) invariant under 7, so if we approximate
f by step functions, we see that w(f)® € Di(Z) whenever & € D)(Z,). For
the same reason, since E is closed in D)(Zy) (and hence in D'(Z)), we have
7(f)® € E whenever ® € E.

Let 7 denote the natural (left) representation of K on D'(K/M). Suppose
that & € D\(Zp), so that & = P(T) for some T € D'(K/M). Since P is
continuous and linear, and commutes with the left action of K, we have

ﬂﬁ®=AjWWWP@Mk

_ P(/K (k) T(k)Tdk)

If f e D(K), then [ f(k)7(k)Tdk € D(K/M), so n(f)® € Ki(Zo). Thus
if ® € F, we must have w(f)® = 0. Since P is injective, this implies that
Ji [(k)T(k)T dk = 0. But because f is arbitrary, we obtain 7' = 0, and therefore
® = P(T)=0. Hence E = {0}.

This completes the two cases and shows that m, is irreducible when A is
regular. [ |
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