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Abstract. Let u € End(C™) be nilpotent. The variety of u-stable complete
flags is called the Springer fiber over w. Its irreducible components are parame-
terized by a set of standard Young tableaux. The Richardson (respextively, Bala-
Carter) components of Springer fibers correspond to the Richardson (resp. Bala-
Carter) elements of the symmetric group, through Robinson-Schensted corre-
spondence. Every Richardson component is isomorphic to a product of standard
flag varieties. By contrast, the Bala-Carter components are very susceptible to
be singular. First, we characterize the singular Bala-Carter components in terms
of two minimal forbidden configurations. Next, we introduce two new families of
components, wider than the families of Bala-Carter components and Richardson
components, and both in duality via the tableau transposition. The components
in the first family are characterized by the fact that they have a dense orbit of
special type under the action of the stabilizer of u, whereas all components in
the second family are iterated fiber bundles over projective spaces.
Mathematics Subject Classification 2000: 14M15 (primary), 05E10, 20G05.
Key Words and Phrases: Springer fibers, Richardson and Bala-Carter compo-
nents, singularity criteria, iterated bundles.

1. Introduction

Let V be an n-dimensional C-vector space and let v : V' — V be a nilpotent
endomorphism. We denote by B the set of complete flags, that is, chains of vector
subspaces F'= (Vb cVy C ... C V, = V) with dimV; =i for all i. Then, B is
an algebraic projective variety. We define

B,={F=W,....,V,) € B:u(V;) CV, for all i},

the subset of wu-stable flags. Then B, is a closed subvariety of B (in general
non-irreducible). The variety B, identifies with the fiber over u of the Springer
resolution (cf. [14], [15]), it is called Springer fiber. Springer fibers arise in geo-
metric representation theory, in relation with Springer Weyl group representations.
The study of their geometry sets quite challenging problems. Among those, we
study in this article the question of the singularity of their irreducible components.
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The singularity of the components of B, has been studied by only few
authors. First it was proved that, in some simple cases depending on the Jordan
form of w, every component of B, is smooth. J.A. Vargas [17] proved this for
u having only one non-trivial Jordan block (this is the so-called hook case).
F. Fung [7] established the property for v having two blocks (the so-called two-row
case), proving in addition that in this case every component is an iterated fiber
bundle of base (P',...,P'). N. Spaltenstein [12] and J.A. Vargas [17] provided
the first example of a singular component, in B,, for u having four blocks of
lengths (2,2,1,1). G. Pagnon and N. Ressayre [10] constructed a family of smooth
components, adjacent to Richardson components.

The present article comes as a continuation of two recent joint works with
A. Melnikov. In [4], we complete the picture started by F. Fung and J.A. Vargas:
we prove that every component of B, is smooth in exactly four cases depending
on the Jordan form of u: 1) the hook case; 2) the two-row case; 3) if u has three
Jordan blocks, two of arbitrary length and one which is trivial; 4) if u has three
blocks of length 2.

In [5], we provide several characterizations of the singular components of a
given Springer fiber B,, in the special case u?> = 0 (called two-column case). We
show in particular that the singular components do not satisfy the Poincaré duality,
and thus they are rationally singular. The study of the singularity of components
of Springer fibers is the most fruitful in the two-column case. N. Perrin and
E. Smirnov [11] proved that, in that case, the components are normal and have
rational singularities.

In the present article, we study the singularity of the components of B,
for u general, but while concentrating on some particular families of components.
This article contains two main results.

1) The so-called Bala-Carter components are in duality towards the Richard-
son components. Whereas Richardson components are always smooth (they are
parabolic orbits), Bala-Carter components are in many cases singular. As a first
result, we give a necessary and sufficient condition for a Bala-Carter component to
be singular. It will follow from the criterion that, among components of Springer
fibers, Bala-Carter components are the most susceptible to be singular, in the sense
that whenever B, has a singular component, it admits one of Bala-Carter type.

2) We introduce a new family of components generalizing the Bala-Carter
components, which is in duality towards a family of components generalizing the
Richardson components. The generalized Bala-Carter components are those con-
taining a dense orbit of a special type under the action of the stabilizer of w.
Then we prove that every generalized Richardson component is an iterated fiber
bundle over projective spaces. In the two-column case, every component is gener-
alized Bala-Carter, whereas in the two-row case, every component is generalized
Richardson. Then we retrieve in particular the result due to F. Fung.

2. Background and statement of main results

Before stating our results, which will be done in the subsections 2.2 and 2.3, we
need to set up the basic background.
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2.1. Components of Springer fibers

The variety B, is an algebraic projective variety, which is connected but,
in general, reducible. Following R. Steinberg [16] and N. Spaltenstein [13], B,
is equidimensional and its irreducible components are parameterized by a set of
standard tableaux. In this subsection, first, we present Spaltenstein’s construction.
Then, we recall the definition of two special families of components of B,: the
Richardson and Bala-Carter components.

2.1.1. The Jordan form A(u) and the Young diagram Y (u)

Let AMu) = (A > Ay > ... > \,) be the sizes of the Jordan blocks of .
We have Ay + A2 + ...+ A\, = n, that is, the sequence A\(u) is a partition of n.
Let Y(u) be the Young diagram of rows of lengths (A,...,\,), that is, Y(u) is
an array of r left-adjusted rows with the i-th row containing \; empty boxes.

Example: A(u) = (3,2,2,1) = Y(u) =

The diagram Y (u) is a datum equivalent to the sequence A(u), and to the Jordan
form of w. Also, the particular Jordan forms invoked in section 1 may be inter-
preted in terms of the diagram Y (u). In a transparent way, in the hook case (i.e.,
u has only one non-trivial Jordan block) the diagram has only one row of length
> 2, in the two-row case (i.e., u has two blocks) the diagram has two rows, and
respectively, in the two-column case (i.e., u> = 0) the diagram has two columns.

Let A*(u) = (A} > ... > A¥) be the partition of n conjugate of A(u), that
is, AI,..., Af are the sizes of the columns of the diagram Y (u). The dimension of
B, has the following expression in terms of A*(u) (see [13, §I1.5]):

SN -1
dimzs’u:z%. (1)

j=1

2.1.2. The irreducible components KXK' C B,

Recall that a standard Young tableau (in short, standard tableau) is a
numbering of Y (u) with the entries 1,...,n, such that the entries increase from
left to right along the rows and respectively from top to bottom along the columns.
For instance, here is a standard tableau of shape Y (u), where Y (u) comes from
the previous example:

3]8]
5
6

T —

‘\Iﬂkww

A standard tableau T is in fact equivalent to the datum of the maximal chain
of subdiagrams Y" C Y}/ € ... C Y,/ = Y(u), where Y;" is the shape of the
subtableau of T' formed by the entries 1,...,17.

Spaltenstein’s construction of the components of B, relies on a partition of
B, into subsets BL associated to the T"’s standard. For F' = (Vy, V4,...,V,) € By,
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each V; is u-stable and the restriction ujy, € End(V;) is nilpotent. Its Jordan form
is represented by a Young subdiagram Y (ujy;) C Y(u). This defines a maximal
chain of subdiagrams Y (up,) C Y (up,) C ... C Y(up,) =Y (u). Then we set

Bl ={FeB,:Y(uy)=Y"Vi=1,...,n}.

The variety B, is indeed the disjoint union of the subsets BI. Due to [13, §I1.5],
each subset B! is locally closed in B,, irreducible and smooth, and dim B! =
dim B,. Therefore, the irreducible components of B, are the closures KI := BT
in the Zariski topology, they are parameterized by the standard tableaux of shape
Y (u), and we have dim KX = dim B, for every T.

Note that, up to isomorphism, KX depends only on the tableau 7. That
is why we will drop the index from the notation and write K7 = KZ.

2.1.3. Bala-Carter and Richardson components

A Bala-Carter component of B, is associated to a permutation of A(u),
that is, a sequence m = (my,...,m) which coincides with A(u) = (A1,..., \)
up to ordering. A Richardson component is associated to a permutation of the
conjugate partition \*(u). We denote by A, the set of permutations of A\(u) and
by A the set of permutations of \*(u).

Observe preliminarily that a flag F' = (Vp,...,V,) € B, induces a nilpotent
endomorphism uy, v, € End(V;/V;) for any 0 <4 < j < n. Moreover, the map
F +— rank ujy, v, is lower semi-continuous (see [3, Lemma 2.2]).

Let 7 = (my,...,m) € Ay. For j € {0,...,r},set i; =m + ... +m;. We
say that F' € B, is w-regular if u, i, is regular for all j =1,...,r. The set

UB® = {F € B, : F is m-regular}

is then an open subset of B,. Let Z, = {g € GL(V) : gug™! = u} be the
stabilizer of u. In fact, the set UE€ is irreducible, since it is a Z,-orbit of B, (see
also section 2.3.1). Hence, its closure in the Zariski topology, denoted by KBC,
is an irreducible component of B,, called a Bala-Carter component (see also [2,
§5.10]).

Let m = (m,...,ms) € AY and, for j € {0,...,s}, set iy =m + ...+ 7.
We say that F' € B, is w-trivial if UV Vi, = 0 forall j=1,...,s. The set

KR ={F € B,: F is n-trivial}

is then a closed subset of B,. In fact, there is a unique partial flag W, C Wy C
... C Wy =V with dimW; = 4; and u(W;) C W;_; for all j, hence, F' € B,
is m-trivial if and only if Vi, = W; for all j. Denoting by B(W) the variety
of complete flags of a space W and letting B™ = B(C™), we obtain a natural
isomorphism

KR = B(W1) x B(Wa/Wh) x -+« x B(Ws/We_1) 2 BN x BY) x ... x BX) (2)

(see [10, §7]). Therefore, K is irreducible and of same dimension as B,. Hence,
it is an irreducible component of B, , called a Richardson component.
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2.1.4. Duality between Bala-Carter and Richardson components

Let us describe the standard tableaux corresponding to Richardson and
Bala-Carter components. Let m = (m,...,7,.) € A,, and let T, be the tableau
obtained as follows: draw an array of r left-adjusted rows, with m; boxes in the
t-th row filled in with the numbers 7y +...+m_1+1,...,m + ...+ 7, and then
push to the top the supernumerary boxes in each row, so to obtain a standard
tableau of shape Y'(u). For example:

\)

OO [~

m=1(2,3,12) —

|||
‘ﬂ@m»—n

Then, we can see that UE€ € BI* (see also section 2.3.1), so that KB¢ = KT,

Similarly, for 7 = (my,...,m5) € AL, let T be the tableau obtained as
follows: draw an array of s top-adjusted columns, with m; boxes in the i-th
column filled in with the numbers 7 4+ ... +m_1+1,...,m + ...+ 7, and push
to the left the supernumerary boxes in each column, to obtain a standard tableau
of shape Y (u). Then, we have the inclusion Ba® € K®, and therefore, KR = K7r
(see [10, §7]).

Recall that an element w € S,, is called Richardson if it is the longest
element of a subgroup of S, generated by elementary transpositions, and an
element w’ € S,, is called Bala-Carter if it is of the form w' = ww, with w
Richardson and wy : @ — n — ¢+ 1. In fact, one can see that the tableau T7*
is obtained through the Robinson insertion algorithm from a Richardson element
w € S,,, whereas T, is obtained from a Bala-Carter element w’ € S,, (cf., [6]).

To u, we may associate a nilpotent u* € End(V) such that u, u* have
conjugate Jordan forms: A(u*) = A*(u). We consider the corresponding Springer
fiber B,-. For T a standard tableau of shape Y (u), denote by T™* its transpose
of shape Y (u*), that is, the i-th column of 7% coincides with the i-th row of
T. Thus, to each component K¥ = KI' C B,, it corresponds the component
KT = KL C B,~. From the description above, we infer the duality property:

KT is Bala-Carter < KT is Richardson.

2.2. Singularity criterion for Bala-Carter components

It follows from formula (2) that the Richardson components of B, are
smooth and pairwise isomorphic. On the contrary, the Bala-Carter components of
B, are not pairwise isomorphic in general, in addition there can be smooth and
singular ones. Our first result is a characterization of the singular Bala-Carter
components.

We recall two examples of singular components of Springer fibers. The first
example is KT C B, for u having the Jordan form A(u) = (2,2,1,1), the second
example is K® C B, for u of Jordan form A(u) = (3,2,2). These two singular
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components are associated to the tableaux

ol
NN\

5 and S =

‘@‘)-lkl\:) —

(see [4] and [17]). Notice that both components are Bala-Carter, associated to the
following permutations of the Jordan block size sequences: (1,2,2,1) and (2, 3,2).

If #=(m,...,m) and p = (p1,...,pr) are two sequences of integers, say
7 > p if there are 1 <4y < ... < i, <r such that m;, > p; for every [ € {1,... &k}
(in particular r > k). Then, our result can be stated:

Theorem 2.1. Let m € A, be a permutation of the Jordan block sizes sequence
Mu), and let KBC C B, be the corresponding Bala-Carter component. Then, KBC€
is singular if and only if m > (1,2,2,1) or m > (2,3,2).

We derive two corollaries from this characterization. First, as we know
from [4] that B, admits a singular component provided that A(u) > (2,2,1,1) or
AMu) > (3,2,2), we see that in this case, we can always find = € A, satisfying
T >(1,2,2,1) or m > (2,3,2). That is:

Corollary 2.2.  Whenever the Springer fiber B, admits a singular component,
it admits a singular component of Bala-Carter type.

Second, we easily infer from the theorem that in many cases, all the Bala-
Carter components of B, are singular:

Corollary 2.3.  If AMu) > (2,2,2,2) or AMu) > (3,3,3), then every Bala-Carter
component of B, is singular.

It is convenient to represent a sequence 7w = (my,...,m,) € A, by a graph:
each number 7; is represented by a chain of m; — 1 arcs connecting two by two
m; vertices arranged along a horizontal line, then the graph corresponding to 7
is obtained by juxtaposing the chains for m,...,m,.. For instance, (1,2,2,1) and
(2,3,2) are represented by the graphs

e % o oo and ¢ N ¢ (3)

The relation 7 > p is then translated in terms of an inclusion of graphs: the graph
of p can be obtained from the one of 7 by repeating the procedure of deleting either
a whole connected component or an extremal vertex of a connected component
(together with the corresponding arc). Then, the Bala-Carter component KE¢ C
B, is singular if and only if the graph representing 7 contains one of both graphs
of formula (3).
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2.3. Generalization of Bala-Carter and Richardson components

Let Z, = {g € GL(V) : gug™' = u} be the stabilizer of u. This is a
connected closed subgroup of GL(V'), and its natural action on flags leaves B,
and every component of B, invariant. In this subsection, we define a notion of
particular orbit of B, under the action of Z,, which we will call Jordan orbit. We
point out that a component is Bala-Carter if and only if it contains a dense Jordan
orbit of a particular type, called standard. Then we consider the components which
contain a (not necessarily standard) Jordan orbit, they provide a generalization
of Bala-Carter components. We state two results: the first one characterizes the
generalized Bala-Carter components, the second one says that, if KT is generalized
Bala-Carter, then the component K" is an iterated fiber bundle with a sequence
of projective spaces as its base.

2.3.1. Jordan orbits

Recall that A(u) = (A1,...,\,) are the sizes of the Jordan blocks of w.
We denote by II, the set of partitions of {1,...,n} into r subsets of cardinality
A1, ..., A-. Hence, an element 7 € I, can be written m = (Iy,..., I,) such that

Lu...ul,={1,...,n} and |Iz] =X\, forall k.

We will write I3,...,I. € m. A partition 7 € II, can be (and will be) identified
toamap m:{1,...,n} = {1,...,n} U {0} such that

7(i) € {0,1,...,i—1}, and 7(i)=7()#0 = i=]j.

Indeed, assuming i € I, let w(i) = (0 if ¢+ = min(J), and let (i) be the
predecessor of ¢ in [, otherwise. Alternatively, we represent m by a pattern
(also denoted by 7) consisting of n points along a horizontal line which we
label from left to right by 1,...,n, with arcs (j,7) for n(i) = j. For instance,
= ({1,2,5},{3,8},{6,7},{4}) is represented by

oo o«
12345678

For 7 € 11, a basis (ej,...,e,) of V is said to be a w-basis if it satisfies

{ u(e;) = exqy if w(i) # 0,

u(e;) =0 otherwise

(this is simply a Jordan basis, numbered according to m). We denote by Z
the set of flags which can be written F' = ({eq,...,¢€;))i—0..n for some m-basis
(e1,...,€,). Clearly, Z, C B,. Notice that the set of 7w-bases is an orbit of V"
under the action of Z,. Therefore, Z. is a Z,-orbit of B,. We call it a Jordan
orbit.

To a partition w € II,,, we associate a standard tableau T} in the following
manner. For i € {1,...,n}, let c;(i) be minimal such that 7 (i) = (). Then, let
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T, be the unique standard tableau of shape Y (u) which contains ¢ in its ¢, (i)-th
column for every i. For instance, for 7 like in the previous example, we have

1/2]5]
37
48

6]

T, =

For 7 € II,, it is easy to see that the orbit Z, lies in the set BI* (cf. section
2.1.2) and therefore, in the component K.

Remark 2.4. In general, any Z,-orbit of B, is not a Jordan orbit. Suppose for
example A(u) = (3,1). Let (e, e, e”, f) with u(e”) =€, u(e') = e, ule) =u(f) =
0 be a Jordan basis. Then the flag F = (0 C (e) C (e,e + f) C (e,e, f) C V)
does not belong to any Z,.. However, the Jordan orbits are all the Z,-orbits of
B, in the two-column case (see [5, §2]).

Now, let us characterize a Bala-Carter component in terms of Jordan orbits.

A partition © € II, is said to be standard if 7(i) € {0, — 1} for all ¢
(equivalently, m = (I,...,I,) where the I;’s are integer intervals). We denote
by TI2 C II, the subset of standard partitions. The orbit Z, associated to a
standard partition 7 is called a standard Jordan orbit. Notice that there is a
one-to-one correspondence between the set A, of permutations of the sequence
A(u) and the set TI2 of standard partitions: an element 7 = (7,...,m,.) € A,
can be seen as a standard partition (Iy,...,1[,) € 11 where for j = 1,...,7, we
set ; ={m+...+m_1+1,...,m +...4+7m}. The definition of the tableau T}
for m € A, in the subsection 2.1.4 is compatible with the previous one given for
7 € II, in this subsection.

Let 7 = (my,...,7m.) € A, and let us come back to the definition of the Bala-
Carter component KB¢ C B,. For j =0,...,r, write i; = m +...+7;. Then KB
contains as a dense subset the set UBC formed by the flags F = (Vg,...,V,) € B,
such that Uy, v, is regular for all j. For such a flag, we find z; € V;, such that

zj (), ..., u" (xy) ¢ Vi1
Due to the Jordan form of u, we have Vi, C'V;,_| +keru™ for all j, hence we may
choose z; € keru™. For i;_1 <1i <i;, put ; = u%*(z;). We necessarily have
‘/;:V;j_l +<6127:j_1 <l§2>
Altogether, ey, ..., e, form a basis of V' which satisfies
V;:<€1,...,€Z‘> ViE{O,...,n},
u(e;) =0 if i =4; 4+ 1 for some j € {0,...,r — 1},
and .

u(e;) = e;_1 otherwise.
Thus, this is a 7w-basis. Conversely, if (e1,...,e,) is a w-basis, then the flag
((e1, ..., €i))iz0.. n lies in UBC. Tt results UPC = Z,, hence KBC contains a dense
standard Jordan orbit. Using the correspondence I12 = A, we therefore obtain:

Proposition 2.5. A component KT C B, is Bala-Carter if and only if it
contains a dense standard Jordan orbit.
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2.3.2. Generalized Bala-Carter components

We consider the components which have the property to contain a dense
Jordan orbit Z, (not necessarily standard). In particular, due to the above, Bala-
Carter components satisfy this property. Our first purpose is to characterize these
components.

Let 7 = (Iy,...,1.) € II, be a partition of {1,...,n}. We say that 7 has
a crossing if there exist 4,5 € {1,...,n} with 0 < 7(j) < 7(i) < j < i (that is,
there is a crossing of two arcs in the graph representing 7). We say that I; < I
if min(f;) < min(Z;) < max([;) < max(I;). Then, we define II}, as the subset of
elements 7 € I1, with no crossings, and satisfying

Recall that TI2 is the set of partitions 7 € II, into subsets I; which are integer
intervals, hence in particular TI2 C TI1. The elements of II! are characterized by
the fact that their graph representation has no crossing, and if a chain of arcs lies
under another one, then the first chain is the longest. For example, if the graph is

AN Ao AN A

then 7 does not belong to II.. If the graph is

ZONPN

then 7 lies in TI.. Notice that these graphs generalize the notion of cup diagrams
(see [7], [9], [18]).
We characterize the components with a dense Jordan orbit as follows.

Proposition 2.6. The Jordan orbit Z, C B, has maximal dimension dim Z, =
dim B, if and only if = € 11} In particular, the mapping ™ — K*= is a one-to-one
correspondence between partitions 7 € IIL and irreducible components of B, which
contain a dense Jordan orbit.

The proof is given in section 3.

Let X, By,..., B, be algebraic varieties. We recall from [7] the notion of
iterated fiber bundle, defined in the following inductive manner. If m = 1, then
we say that X is an iterated fiber bundle of base B if there is an isomorphism
X = By. If m > 1, we say that X is an iterated fiber bundle of base (By, ..., By,)
if there is a fiber bundle X — B,, whose fiber is an iterated fiber bundle of
base (Bi,...,Bn_1). For instance B the variety of complete flags of C™, is
naturally an iterated fiber bundle of base (P',... ,P™"!). Then, it follows from
formula (2) that every Richardson component of B, is an iterated fiber bundle
of base (P!,...,PM~1 . . Pl ... P Or, in other words, if KT C B, is a
Bala-Carter component and T* denotes the transposed tableau of T', then KT~
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is an iterated fiber bundle of base (P! ..., PM=1 P! ... PM1) (cf. section
2.1.4).

More generally, we have the following result:

Theorem 2.7.  Let AMu) = (A > ... > \,) be the sizes of the Jordan blocks
of u. Let KT C B, be an irreducible component, associated to the tableau T .
Let K" C B,- be the component corresponding to the transposed tableau T*. If

KT contains a dense Jordan orbit, then KT~ is an iterated fiber bundle of base
(PL,...,PM—L O PL L PMY).

Remark 2.8.  In the two-column case, every component contains a dense Jordan
orbit (see [5, §2]). Theorem 2.7 then implies that, in the two-row case, every
component is an iterated fiber bundle of base (P',...,P!) ()\y terms). In this
manner, we retrieve a property which had been shown directly by F. Fung [7].

2.4. Outline

The remainder of the paper comprises five parts. Section 3 is devoted to
the proof of Proposition 2.6. Using counting arguments, we provide an inductive
estimation of the dimension of a Jordan orbit Z, (formula (6)). By induction, we
derive that Z, has the same dimension as B, if and only if 7 € IT.. Proposition
2.6 is obtained from this property.

The proof of Theorem 2.7 is given in section 7. It relies on the description
of the standard tableaux associated to generalized Bala-Carter components that
Proposition 2.6 provides.

Sections 46 are devoted to the proof of Theorem 2.1. In section 4, some
preliminary results are provided, which are expressed as inductive criteria of singu-
larity for Bala-Carter components (Corollaries 4.6-4.8). In section 5, we prove the
implication (<) of Theorem 2.1, and to this end we construct two families of sin-
gular Bala-Carter components and invoke the inductive arguments of the previous
section. In section 6, we prove the implication (=) of Theorem 2.1. To do this,
again applying the preliminary results provided in section 4, we reduce the problem
to check the smoothness of a single type of Bala-Carter components. The proof
that this component is indeed smooth (Proposition 6.2) is done by computing.

Notation. We set some conventional notation. We denote by S,, the group of
permutations of {1,...,n}. Let P be the projective space of dimension m (i.e.,
the variety of one-dimensional vector subspaces of C™*1). If V' is a vector space,
let End(V') be the space of endomorphisms of V' and let GL(V) be the group
of invertible endomorphisms. If A is a finite set, let |A| denote its cardinality.
Moreover, if A is composed of integers, let min A (resp. max A) be its minimal
(resp. maximal) element. If X is an algebraic variety and = € X, let T, X denote
the tangent space of X at the point z. If Y C X is a subset, we denote by Y its
closure in the Zariski topology. Other pieces of notation will be introduced in what
follows. The reader can find an index of the notation at the end of the article.
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3. Components with a dense Jordan orbit

As in section 2, we fix a nilpotent element v € End(V). We denote by A(u) =
(A1 > ... > \,) the sizes of the Jordan blocks of w, by Y (u) the Young diagram
of rows of lengths Ay,..., A, and by A (u) = (A} > ... > A!) the lengths of the
columns of Y(u). Let Z, = {g € GL(V) : gug~' = u} be the stabilizer of u. The
purpose of this section is to prove Proposition 2.6.

3.1. Maximal dimensional Jordan orbits

We consider an element 7 € II,,. Thus 7 is a partition of {1,...,n} which
can be written m = ([; U... U [,), with |[;| = A; for all j. Alternatively, 7 can
be seen as the map m: {1,...,n} — {0,1,...,n} with 7(i) = 0 if ¢ = min(J;),
and m(¢) is the predecessor of ¢ in [; if i € I;, i # min({;).

We consider the Z,-orbit Z, C B, . In this subsection, we determine under
which condition we have dim Z, = dim B,,. More precisely, our purpose is to show:

Proposition 3.1.  We have dim Z, = dim B, if and only if = € I} .

We need some preliminary computations. As a first step, we give the
dimension of the group Z,.

S

Lemma 3.2.  We have dim Z, = Y _()\;)*.
k=1

Proof. The group Z, is an open subset of the vector space

3. ={z € End(V) : zu = uz},
hence dim Z, = dim3,. Let Wi,...,W, be the Jordan blocks of u, that is
V=W&...aW,, dimW,; =\; and W; = (e;,u(ej),...,u " (e;)). An element
x € 3, is characterized by the images x(e;) for j = 1,...,r, and we necessarily
have x(e;) € keru® . Conversely, given f; € keru® for every j € {1,...,r}, there
is a unique x € 3, such that z(e;) = f; for all j. It follows:

dim 3, = Zdimkeruki = Z 1{j : \j = k}| - dim ker u*.
j=1 k=1

Note that, for k = 1,...,s, dimkeru® = X + ... + X;. In addition,
{j: \j =k} = Ap — Ai;1 (by convention A}, = 0). It results that

dim3, =) (A = M) AF + A =) (A%
k=1 k=1
This proves the lemma. U
Now, fix a w-basis (e1,...,e,) and let Fy = ({e1,...,€i))iz0,.n € Zx be

the corresponding adapted flag. Then Z is the Z,-orbit of Fy. Let Zf = {g €
Zu : g(e;) € (e1,...,e;) Yi = 1,...,n} be the subgroup of elements fixing Fj.
Then

dim Z, = dim Z,, — dim Z/©. (4)
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In the next step we determine dim Z°. Set by convention 7(()) = ) and ) < a
forall a € {1,...,n}. For j=1,...,r, let k; = max(/;). Define

A(r) ={G,5) € {1,...,n} x {1,...,r} : 7'(i) < 7 (k;) VI > 0}.
Then:

Lemma 3.3.  We have dim Z' = |A(7r)|.

Proof. The subgroup Z is an open subset of the vector space
3o =Adr e, z(e) € ley,...,ei) Vi=1,...,n},

hence dim Z!° = dim 3%°.

An element z € 3% is determined by the images w(ey,) for j =1,...,r.
In addition, we must have (e ;) € (e; : 1 <@ < al(ky)) for all j e {1,...,r},
[ > 0 (setting ey = 0). Recall that z(en(;)) = zul(e;) = u'(x(e;)) for all i €
{1,...,n}, 1 > 0. Hence we must have z(ey,) € (e; : n'(i) < 7'(k;) for all 1 > 0).
Conversely, given f; € (e; : w'(i) < w'(k;) VI > 0) for j = 1,...,r, there exists a
unique x € 35 such that z(ey,) = f; for all j. It follows

dim3[ = Y7 |{i € (L.} s 7'(0) < 7'(ky) V1 2 0} = |A()].

The lemma is proved. O

Example 3.4. We illustrate the definition of the set A(m) by the following
example. Consider the partition of {1,...,7} into the subsets I, = {1,2,3,6},
I = {4,5,7}. Thus, 7(6) = 3, 7(3) = 2, 7(2) = 1, 7(1) = 0 and 7(7) = 5,
7(5) =4, w(4) = 0. Moreover, k; = max([;) = 6 and ko = max(ly) = 7. The
elements of A(rw) take the form (i,7) with ¢ € {1,...,7} and j € {1,2}. By
definition, (4,2) lies in A(w) if ¢ < 7, w(i) <5, 7%(i) < 4, 73(i) = 0. Thus
(i,2) € A(m) for i € {1,2,3,4,5,7}, and (6,2) ¢ A(rw) since 73(6) = 1 # 0.
Similarly, we see that (i,1) € A(w) for i € {1,2,3,4,6} and (5,1),(7,1) ¢ A(n).

Next, we establish an inductive estimate of the cardinality of the set A(7).
We suppose n € I;, and we may suppose that \;, = |I;,| > |[;| for j > jo. Let
L= Ly \ {n}, and let I} = [; for j # jo. Let X, = Xj, — 1 and let \; = );
for j # jo. Consider a nilpotent element v’ € End(C"™!) of Jordan form \(u') =
(A, ...y AL). Then " = (I, ..., I]) belongs to IL,, it defines a Z,/-orbit Z C B,
and, in addition, it can be seen as a map 7 : {1,...,n —1} — {0,1,...,n — 1}
which, in fact, is the restriction of .

Let Y (') be the Young diagram associated to A\(u'), that is, the sizes of its
rows are Aj, ..., AL Let A*(v') = (AT, ..., A) be the sizes of its columns. Setting
lo = Aj,, we then have A\ = jo — 1 and A" = A] for [ # ly. Therefore, using
Lemma 3.2 and formula (1), we infer that

dimZ, =dimZ, —2jo+1 and dimB, = dimB, — jo + 1. (5)

We may consider the set A(n’) relative to 7.
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Lemma 3.5.  We have |A(7)| > |A(7")| + jo, where equality holds if and only if
there are no j > jo, i € I; and 1 > 0 such that 7'+ (i) < 7 (n) < 7l(i) < 7'(n).

Proof. For j=1,...,r, we write k; = max(/}). Notice that we possibly have
L, = (). In this case set by convention K, = (). The arguments remain valid in
this case. We always have k) = 7(n).

First, we show that A(n’) C A(w). Let (i,j) € A(x’), that is, 7"'(i) <
7w (k}) for all I > 0. We have to show that 7'(i) < 7'(k;) for all I > 0. If j # jo,
then k; = k; and, as 7’ is the restriction of m on {1,...,n — 1}, the property
holds and we infer that (i,j) € A(r). Assume j = jo. Then £} = 7(n) and we
have 7" (k) = «"*(n) < «'(n) for all [ > 0. Hence the property holds, and we
get (i,7) € A(m). Finally, we have obtained the desired inclusion A(n’) C A(r).

We have (n,jj) € A(m) \ A(n’). Since k; < n for j # jo, by definition,
there cannot be another element of the form (n,7) in A(r).

Let j € {1,...,j0 — 1}. We have 7% '(k;) > 7% (k) = 0, hence
(kj,jo) ¢ A(n’). Hence there is 4; € I; minimal such that (ij,j) ¢ A(7').
By minimality, we have «"*!(i;) < «'(kj) = «""'(n) for all I > 0, therefore,
(ij,j0) € A(m). Thus, for i € I;, we have (i,j0) € A(n') N A(w) for i < ij,
(i,J0) € A(m)\ A(7'), and necessarily (i, jo) ¢ A(m) for i > i; (because otherwise,
we would have (i;, jo) € A(7')).

At this stage, we have obtained that |A(w)| > |A(7)| + jo, with equality
if and only if there are no j > jo and ¢ € I; such that (4, jy) € A(m) \ A(x'). It
remains to show that this condition is equivalent to the condition in the statement
of the lemma. Let us show this equivalence.

(<) Suppose that there are j > jo and i € I; such that

(4,J0) € A(m) \ A(').
As (i, jo) ¢ A(x’), there is [ > 0 such that «'(i) > 7'(k] ), that is «'() > 7" (n).
As (i,jo) € A(m), we have wl(n) > 7'(i) and 7"(n) > #'*1(i). In fact,
wl(n) # 7'(i), because both are # (). Moreover, 7' (i) # () implies 7' (n) # 0, by
the definition of 7 and because |I;| < |I;,|, hence it also comes 7' (n) # 7' 1(i).
Thus, we have found j > jo, @ € I; and | > 0 such that 7'7(i) < 7'*(n) <
7l(i) < 7l(n).

(=) Suppose there are j > jo, i € I;, | > 0 with 7#/™(5) < 7Fl(n) <
7'(i) < w'(n). In particular (i,jo) ¢ A(n’). Then, there is i; € I; minimal such
that (i;,jo) ¢ A(7’). As above, the minimality implies (i}, jo) € A(7w). Thus, we
have found j > jo and i; € I; such that (i;, o) € A(m) \ A(7'). O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. We reason by induction on n > 1 with immediate
initialization for n = 1. Suppose that the property holds for n —1 > 1 and prove
it for n. Combining the relations (4) and (5) and Lemmas 3.3, 3.5, we obtain

dim B, — dim Z,; > dim B, — dim Z/ (6)
with equality if and only if there are no j > jo, ¢ € I; and | > 0 such that
7t(i) < 7tt(n) < 7l(i) < 7l(n).

Let us interpret the last relation whenever it holds for some j > jo, ¢ € I},
[ > 0. If 771(i) > (), then it implies that 7 has a crossing. If 7'*1(i) = ), then
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7'(i) = min(/;) and we have I; < I though |I;] < |I;,|. In both cases, the
relation implies 7 ¢ TI..

Suppose 7 € IIL. Then, the equality holds in relation (6). Let us show
that «' € II},. It is immediate that 7’ has no crossing. Suppose Ij < Ij with
j,l € {1,...,r} and let us show [I}| > |I}|. If jo ¢ {j,}, then this follows from
the fact that I} = I;, I} = I, and « € II. We cannot have I} < I], otherwise
there is i € I} with 7(i) < m(n) < i < n and 7 has a crossing. If I} < I},
then I; < Ij, and we derive |[}| = [[;| > [[},| > [[}|. Finally we have proved
7’ € 1I},. By induction hypothesis, we have dim Z, = dim B,,. Therefore, we get
dim Z, = dim B,,.

Conversely, suppose dim Z; = dim B,,. Then, necessarily, the equality holds
in relation (6), and we have dim Z,, = dim B,,. The latter fact implies 7' € II,
by induction hypothesis. Because n’ has no crossing, a crossing of m, if it exists,
is of the form 0 < 7(i) < m(n) <1i < n. It follows from the equality condition in
(6) that ¢ € I; with j < jo. There is { > 1 with 7"!(n) < 7(i) < 7'(n) < i. In
the case m'™1(n) # 0, we get that 7’ has a crossing. In the case 7'™l(n) = ), we
get I < I7, though we have |I} | < [[}|. In both cases, this contradicts the fact
that 7' € II.,. Thus, we obtain that 7 has no crossing. Next, we show: I; < [
= |lj| > []. In the case jo ¢ {j,!}, this follows from the fact that I} = I},
I =1, and 7" € II},. Note that we have I, £ I; for all j. Thus, it remains to
suppose [; < I, and then to show that |I;| > [I}], that is j < jo. If I £ I} |
then there is i € I; such that w(i) < m(n) < i <mn. If I} < I}, then the fact
that ' € II, implies |I§| > |I} |, hence there are i € I; and I > 1 such that
0 =7*1(i) < 7' (n) < 7'(i) = min(Z;) < 7'(n). In both cases, using the equality
condition in (6), we infer that j < jo. Finally, we have shown 7 € II.. The proof
of the proposition is then complete. 0

3.2. Proof of Proposition 2.6

The first part of Proposition 2.6 is provided by Proposition 3.1. It remains
to show the second part, that is: the mapping 7 — K*= provides a one-to-one
correspondence between elements 7 € II. and components of B, which contain a
dense Jordan orbit.

First, suppose 7 € IIL. From section 2.3.1, we know that Z, C K. Then,
by Proposition 3.1, we have that Z is indeed a dense Jordan orbit of X~ . Hence,
the mapping is well defined.

Conversely, suppose that the component KT contains a dense Jordan orbit.
Recall that dim KT = dim B,,, hence this orbit has the same dimension as B, . By
Proposition 3.1, it is of the form Z, with 7 € TI.. As Z, is dense in KT, we get
KT = K™= . Hence, the mapping is surjective.

Let m, ' € TIL and suppose that K= = KT~ . Thus, Z. = Z., which
implies Z, = Z, since two different orbits cannot have the same closure. Let
w(j) =ie{0,1,...,57—1}, and let F = (V,...,V,,) € Z,. Then i is minimal
such that w(V;) C V; +u(V;_1). Therefore, Z, = Z, implies 7 = n’. Hence, the
mapping is injective. The proof of Proposition 2.6 is then complete.
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4. Inductive properties

Let m = (Iy,...,1.) € I, and let Z, be the corresponding Jordan orbit. Following
section 2.3.1, the partition 7 can be seen as a map = : {1,...,n} — {0,1,...,n}
such that for ¢ € I; we set 7(i) = 0 if ¢ = min(I;) and 7(i) to be the predecessor
of ¢ in I; otherwise. Alternatively, 7 is represented by a graph with n vertices
labeled by 1,...,n displayed along a horizontal line, and with an arc between i, j
if 1 =m(j).

We suppose in addition = € IIl. That is: 7 has no crossing, and if
I; < Iy (ie., min(f) < min(f;) < max(I;) < max(ly)), then |I;| > |I;|. Due to
Proposition 2.6, we know that the orbit Z, is dense in the component K'=. In
this section, our purpose is to establish some inductive singularity criteria for 7= .
We consider 7" obtained from 7 either by removing an extremal vertex (1 or n)
together with the corresponding arc, or by removing a whole connected component
(from the point of view of the graph representation). In both cases we show that
the singularity of the component K+ associated to 7' implies the singularity of
K=

We start by pointing out a symmetry property: if the graph of 7 is the
mirror of the graph of 7, then both components K=, KT* are isomorphic.

4.1. Symmetry

For j =1,...,r, we write [; = {n —i-+1:i¢€ L;}. Then |I;| = |I,| for
all 7, and 7 := (I~1,...,]~r) € II, is another partition of {1,...,n}. The graph
representation of 7 is symmetric to the graph representation of 7 (that is, it is its
mirror reflection). Example:

m={1,5,6}1{2,3,4} U{8,9} {7} — 7=1{4,5,9}1{6,7,8} L{1,2} L{3}

VAV

As we suppose 7 € II}, it is clear that 7 € II.. Thus, the partition 7 defines a

component K= C B, which is the closure of the Jordan orbit Z:. We show:
Proposition 4.1.  The components K™= and K'* are isomorphic.

Proof. Let V be the vector space of linear forms ¢: V — C, and let @ : V — V,
¢ — ¢ owu be the dual map of u. Then w is nilpotent and has the same Jordan
form as u. Let Bz be the variety of @-stable flags of V. If W C V is a subspace,
we set Wt = {¢ € V:ow) =0VYw e W}. Then, W is u-stable if and only if
W+ is @-stable, and the map ® : B, — Ba, (Vo,..., V) — (V5. V5h) is an
isomorphism of algebraic varieties. In particular, ®(K) C B; is an irreducible
component.

Let Zz = {g € GL(V) : giig~* = @} be the stabilizer of . We denote by
Z- C B; the Jordan Zg-orbit associated to 7, and by KT+ ¢ B the irreducible
component associated to the tableau T, which is actually the closure of Z-. It
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is easy to see that ®(Z,) = Zz. Thus, ®(K™) = Kz so that ® restricts to an
isomorphism from KT~ to K77

We distinguish between K% ¢ B;, the component associated to the stan-
dard tableau 7% in B, and K%7, the component associated to the same tableau,
but in B,. A component only depends up to isomorphism on the standard tableau
it is associated to, hence these two components are actually isomorphic. We deduce
that K= and K are isomorphic. O

Remark 4.2.  'We can see that the tableau T} is in fact the image of the tableau
T by the classical Schiitzenberger involution.

4.2. Removing an extremal point

There is jo € {1,...,r} such that n € I;;. We may assume that \; =
[1j,| > [I;] for all j > jo. As in section 3.1, let A} = X\j; — 1 and let \; = \;
for j # jo, and consider a nilpotent element u' € End(C"!) of Jordan form
AMu') = (M, AL, Let I = I, \ {n}, and let I} = I; for j # jo, then
' :=(I],...,I) belongs to I, and it defines a Z, -orbit Z,, C B, . At the level
of the graph representation, the graph of «’ is obtained from the graph of = by
removing the last vertex together with the possible upcoming arc, for instance:

7 =1{1,5,6) U{2,3,4Y L {8,9} U{7} — =’ ={1,5,6}L{2,3,4} L {8}YL{T}

SN« SN

It is clear that 7’ € IT},, hence the orbit Z, is dense in the component XK'= C B, .
We have:

Proposition 4.3.  If the component K™= is singular, then K™= is singular.
Suppose moreover that n € I;, with |I;)| = max{|[;| : 1 < j < r}, then, K™= is
singular if and only if K™= is singular.

Proof. Notice that it follows from the definition of the tableaux T, T,/ in section
2.3.1 that T is obtained from 7} simply by deleting the box n. Moreover, under
the assumption |I;| = max{|l;| : 1 < j < r}, n lies in the last column of 7.
Then the result follows from [4, Theorem 2.1], which says more generally that, if
T is a standard tableau and 7" is the subtableau obtained by deleting n, then the
singularity of the component KT implies the singularity of K7, and moreover, if
n lies in the last column of T, then the singularity of K” is equivalent to the
singularity of KT . O

We have just studied the situation where we remove from 7 the last number
n, the situation where we remove the first number 1 is quite similar. Let j; €
{1,...,7} be such that 1 € I;, and we may suppose \;, = |I;,| > |[;] for j > j;.
Let \j = X\;, — 1 and X\ = \; for j # ji. Fix u" € End(C"™1) nilpotent
of Jordan form A(u") = (A},...,A]). Let I} = {i—1:1i € I; \ {1}} and
I} ={i—1:i¢€ I} for j # ji, then 7" = (I{,..., I}) belongs to IL,» and it
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defines a Z,»-orbit Z,.» C B,s. At the level of graphs, the graph of 7 is obtained
from the graph of 7 by removing the first vertex and the possible upcoming arc.

7 =1{1,5,6) U{2,3,4 U {8,9) U {7} — = ={1,2,3}{4,5}L{7,8)}LU{6)

/./\./\.\m../\.ﬁ./v\../\.../\.

Clearly 7" € I}, hence Z,~ is dense in the component K'=" C B,». Combining
Propositions 4.1 and 4.3, we derive:

Proposition 4.4.  If the component K=" is singular, then K™= is singular.
Suppose moreover 1 € I; with |I;| = max{|;| : 1 < j < r}, then, K=" is
singular if and only if K™= is singular.

4.3. Removing a connected component

We consider the situation of a partition obtained from 7 by removing a term
in the partition. We suppose © = (Iy,...,1,) € II, with |[;| = A; for all j. Fix
j€{1,...,r} and fix a nilpotent endomorphism @ € End(C"~%) of Jordan form
)\(fl,) = ()\1,. . ~7)\j—1;)\j+17- . '7)\7")‘ Write {1, ce ,n} \ Ij = {k’l < ... < kn—)\j}‘
For j # 7, let fj ={i:k; € I;}. Then 7 = (fl, o ,fj_l,fjH, o ,IAT) is an element
of II;. At the level of graphs, the graph of 7 is obtained from the graph of 7 by
removing a connected component, the one which corresponds to the subset I;. For
example:

m=1{1,5,6}U{2,3,4}U{8,9 U {7} — 7={1,2,3} {56} {4}
——

to remove

/./\./\.\/\./\.e/\/\.../\.

As we suppose 7 € II}, it is clear that 7 € II.. Thus, the partition 7 defines a

component K= C B; which is the closure of the Jordan orbit Z.. We show:
Proposition 4.5.  If the component K'* is singular, then K*= is singular.

Proof. Suppose that K’ is smooth and let us show that X’* is smooth. Recall
that 7 can be seen as a map 7 : {1,...,n} — {0,1,...,n}. We fix a 7-basis
(€1,...,6ey), that is u(e;) = e for all i, with by convention ey = 0. Then
W; =(e; i €1;) (for j =1,...,7) are the Jordan blocks of u. For ¢t € C*, we
consider h; : V' — V defined by (h;)jw, = idw, for j # j and (h)jw, =t - idw, .
Then, H = {h; : t € C*} is a subtorus of rank one of the group Z,. Therefore, it
acts on B, and stabilizes its irreducible components, in particular it stabilizes
K™ . As we suppose that K'= is smooth, we know that the fixed point set
(KT = {F € K= . hF = F Vt € C*} is a smooth subvariety (cf., [1]).
To prove the proposition, it is then sufficient to show that K’* is isomorphic to a
connected component of (K7*)H . This is what we do in the following.
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Let V = @j 4;W; and write @ the restriction of w to 14 (this accords
with the previous notation ). Let By be the variety of u-stable complete flags
of V. We construct a map ¢ : B, — B, as follows. For ¢ = 0,...,n, set
a; = |{1,...,iy N L. Write I, = {ky < ... < l%,\j}, and for a € {0,...,\;} set
Wia = (€4, ¢;,). Hence, (Wjo C Wj1 C ... C W;y,) is the unique u-stable
complete flag of W;. Define ® by

OBy — By, Vo, Vies,) = (Viea, @ Wi, i =0,...,7).

The map & is well defined and algebraic, and its image lies in the fixed point set
(B,) for the action of H on B,. Notice that a flag F' = (V,...,V,) € (B,)?
satisfies V; = (V; N V) @ (V; N W;) for all i. Then, the image of ® can be
characterized as follows:

®(By) = {F=WVo,..., V) € (B :dimV;nW; =a; Vi=0,...,n}
= {Fe (B)":dmV,nW,; <a;and dimV;NV <i—a;¥i=0,...,n}
— {Fe(B,)":dmV,nW,>a and dimV;NV >i—a;Vi=0,...,n}.

Hence ®(B;) is open and closed in (B,), and the map @ is an open and closed
immersion.

The intersection ®(B;) NI is also open and closed in (K=)# | hence it is
aunion CyU...UC,, of connected components of (KT=)H . Tt is easy to see that, by
construction, we have the inclusion ®(Z;) C Z,, which implies ®(K7*) C (KT).
As ®(KT#) is irreducible, we have ®(K'#) C C; for some [ € {1,...,m}. Since
®(KT*) has the same dimension as ®(B;) and since C; is irreducible (because
(KT=)H is smooth), we actually have ®(K*) = C;. Therefore, ® restricts to an
isomorphism between the component K* and a connected component of (K1),
The proof of the proposition is then complete. O

4.4. At the level of Bala-Carter components

In the previous subsections, we have provided inductive criteria for the
singularity of an irreducible component of the form K= C B, with 7 € IT}, that
is, more general than a component of Bala-Carter type. In this subsection, we
translate the previous criteria for a Bala-Carter component.

We consider an element 7 € A, that is, a sequence m = (my,...,m.) such
that the numbers 7y, ..., 7, coincide up to ordering with the Jordan block sizes
A1, ..., . This sequence defines the Bala-Carter component X3¢, According to

subsection 2.3.1, m can be seen as an element of the set I1°, that we also denote
by 7, and the component KE€ then coincides with the component X*=. Through
this identification, we derive the following corollaries from Propositions 4.1-4.5.

Nota: a sequence of nonnegative integers defines a Bala-Carter component
in the appropriate Springer fiber. In the following statements, we do not precise
the underlying Springer fibers in which the components are imbedded.

Corollary 4.6.  Let @ = (7., mp—1,...,m). Then the Bala-Carter components
KBC and KB are isomorphic.



L. FRESSE 223

Corollary 4.7. Let @ = (m,..., 71,7 — 1). If the component KEF is
singular, then KBC is singular. Suppose moreover m, = max{m; : j = 1,...,r},
then KBC is singular if and only if KEBC is singular.

Let " = (m — 1,m9,..., 7). Likewise, if KBS is singular, then KBC is
singular. Moreover, if m = max{m; : j = 1,...,7}, then KBY is singular if and
only if KEC is singular.

Corollary 4.8. Let je {1,...,r} and @ = (m,...,Tj_1, Tj+1, ..., 7). If the
component KBC is singular, then KEC is singular.

5. Singular Bala-Carter components

Let m € A,, that is, a sequence m = (my,...,m) which coincides up to ordering
with the sequence A(u) = (A > ... > ;) of the Jordan block sizes of u. We
associate to 7 the Bala-Carter component KP¢ C B,. The purpose of this section
is to show the implication (<) of Theorem 2.1, namely:

Proposition 5.1.  If 7 > (1,2,2,1) or @ > (2,3,2), then KEC is singular.

First, we construct two families of singular Bala-Carter components. Then,
we derive the proposition by using the results in the previous section.

5.1. Singular components of the form KEC with == (1,p,¢,1)

In [17], J.A. Vargas gives an example of a singular component, which is
KBC for m = (1,2,2,1). Here, we provide a family of singular components which
generalizes this example:

Lemma 5.2. Letp>2, ¢q>2, and 7= (1,p,q,1). Then the component KEC
15 singular.

Proof. Due to Corollary 4.6, we may assume p > q. Moreover we may assume
p > 2, otherwise 7 = (1,2,2,1) and we already know that the component KE€ is
singular by Vargas’s result. The component lies in B, where u € End(CPT92) has
Jordan form A(u) = (p,q,1,1). Due to formula (1), we have dim KB = dim B, =
q+5.

We fix a Jordan basis (eq, ..., €p1q4+2) such that u acts on the basis accord-
ing to the following picture

0 « e <« e <« e -+ < € — €p — Cpirg+l
0 «— e <« €3 — - < g T Epigia

0 — e

0 eppo

Note that, if ¢ = 2, then the sequence (epi3, ..., €p4,) disappears from the second
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line, and the picture becomes

0 «— e « e3 <« e -+ < eyl — € — €3
0 «— e <« ey

0 — e

0 — et

We consider the flag Fy = ((e1,...,€;))iz0,..p+qr2 adapted to the basis, and the
purpose is to show that Fy is a singular point of the component KB€. To do this,
we first check that Fj lies in KB and then we construct ¢+6 linearly independent
vectors of the tangent space of KEB¢ at the point Fj.

Consider B = {g € GL(V) : ge; € (e;,...,€prqt+2)} the subgroup of lower
triangular matrices in the basis. Then the orbit 2 = BF, is an affine open
neighborhood of Fj in the variety of complete flags of CP*4*2. Consider U C B
the subgroup of unipotent matrices and n = {g — I : g € U} its Lie algebra.
The map ¢ : n — Q, x — ([ 4+ x)Fp is an isomorphism of affine varieties and
we consider the subvariety ¢ }(QNKB®) cn. For 1 <k <l <p+q+2,let
E;r € n be the canonical basic element Ejj(ex) = ¢ and Ejx(e;) = 0 for i # k.
The elements £y, for 1 <k <! <p+ g+ 2, form a basis of n.

For t = (t1,...,t;) € C7, we consider the element z; € n defined as follows:

zy(e1) = ti(e2 + ta(ep1 + t3€p12)),
zi(es) = ta(ep1 +tsepia), x(e;) =0fori=3,...,p—1,
zi(ep) = tala(€pt1 + taepia),
zy(epir) = { t3(epto +ts(epra +te(eprgr1 — t4€p+3))) if ¢ > 2,
- ts(epa + ts(epra + toleprs — tacpsa))) if ¢ =2,
zyepra) = { to(eprqr1 — t4€p+3)' if ¢ > 2,
. to(eprs — taepra) if ¢ =2,
zi(e;)) =0for i=p+3,...,p+q,
Te(€prqr1) = tr€pigra and  zy(epiqi2) = 0.
The map C” — n, t — z; is well defined and algebraic. Let T, be the standard
tableau associated to 7 in the sense of section 2.1.4, then the component K2° is the
closure of the subset B for the Zariski topology. A straightforward computation
shows that z; € o1 (QNBI*) whenever t3tstet; # 0 (if ¢ > 2) or tatste(ta+t7) # 0
(if ¢ = 2). Hence p(z;) € QNKBC for all ¢t € C7. In particular, Fy = ¢(0) € KBC.
For i € {1,...,7}, let t© = (t;,...,t;) with ¢; = ¢ and t; = 0 for j # .
Then the curve {x,i;) : t € C} lies in o (2 N KBC) and its tangent vector at
t =0 is an element of Ty ' (2N KEC), the tangent space of ¢~ (Q2NKBC) at 0.
Making ¢ run over {1,...,7}, we get:

-1 BC
By Ep12, Epropits Eprgripto, Eprgroprars € Tow (Q NnKz )

The curves {z; : t = (0,¢,0,1,0,0,0), t € C}, {z; : t = (0,0,0,1,0,¢,0), t € C}
and {z;:t = (0,0,1,0,—1,¢0), t € C} also lie in "1 (Q2NKEC) and pass through
0 for t = 0. Considering their tangent vectors at ¢t = 0, we derive

Epi1ps Eipi2, Eprgr1pr1 € To SO_I(Q N ’CEC)



L. FRESSE 225

(with [ =p+ 3 for ¢ >2 and [ = p+4 for ¢ = 2). Altogether, we get 8 linearly
independent tangent vectors.
If ¢ =2, then we obtain

dim Tr, KB€ = dim Ty o 1(Q N KBC) > 8 > 7 = dim KB

and we are done. If ¢ > 2, then we construct some additional elements in the
tangent space.
Fix k€ {3,...,¢}. For t € C, there is a unique element g, € Z, such that

gile ) = eptrgr1 t+lepriin if k <gq,
o €ptg+1 +leprgra i k=g,

gi(e;) =eforie{p+1,p+2,p+q+2}

As Fy € KBC, we get g,Fy € KBC for all t € C. In fact we see that ¢,Fy = o(y;)
with y; € n defined by

Yt = t(ék:pEZl + (Ep—l—k,p +o Tt Ep+3,p—k+3) + 5k:qu+q+2,p+q+l)a

where 0;—; =1 for i = j and d,—; = 0 otherwise. We infer that
Epikp+ oot Epizp iz €Toe H(QNKES) VEe{3,...,q}.

These tangent vectors are linearly independent of the previous ones we constructed.
Altogether we have g + 6 tangent vectors. It results:

dim T, K2€ = dim Ty 1 (2N KE°) > ¢+ 6 > ¢+ 5 = dim KEC.

Therefore, Fy is a singular point of the component KEBC. O

5.2. Singular components of the form KE¢ with © = (2,p,2)
In [4, §2.3], another example of a singular Bala-Carter component is given,
and this is KBC for © = (2,3,2). More generally, we show:

Lemma 5.3. Let p > 3 and 7 = (2,p,2). Then, the component KBC is
singular.

Proof. The arguments are of the same type as in the proof of Lemma 5.2.
We may suppose that p > 3, since otherwise m = (2,3,2) and the singularity
of KBC follows from [4, §2.3]. The considered component KB2€ lies in B, for
u € End(CP™) nilpotent of Jordan form A(u) = (p,2,2). Due to formula (1),
dim KB€ = dim B, = 6.

We fix a Jordan basis (ej, ..., e,+4), on which u acts as follows:

0 < e «— e <« e -+ < €1 — €y
0 « €2 < Epy2
0 « €3 — €py3

We consider the adapted flag Fy = ({e1, ..., €;))iz0.. p+a. Our purpose is to show
that Fj is a singular point of the component KE®. To do this, as in the proof of
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Lemma 5.2, we show that Fy lies in K2¢, and we construct more than 6 linearly
independent vectors of the tangent space Tr, K5C.

As in the proof of Lemma 5.2, we consider the group B = {g € GL(V) :
ge; € (€i,...,eprq) Vi} and the orbit 2 = BFy, which is an open affine neighbor-
hood of Fy in the variety of complete flags of CP™. We consider the subgroup
U C B of unipotent matrices, and its Lie algebra n = {g — I : g € U}. The
map ¢ :n — Q. x — (I + z)Fy is an isomorphism of algebraic varieties. For
1<k<l<p+4,let Ex(ex) = ¢ and E;j(e;) =0 for i # k, then the elements
Eyx (forall 1 <k <!l<p+4) form the canonical basis of n.

For t = (t1,...,t) € C5, we consider x; € n defined as follows:
zi(e1) = ti(ez + taes),
xi(e2) = toes + ts(es + tats(es + t1(epra + taepis))),
zy(e3) = tats(es + ti(epsa + t26p43)),
x(e;)) =0for i =4,...,p,
Ti(epr1) = ta(epra + taepys),
Ti(epr2) = ta2epis + toleprs — tilsepia),
Ti(eprs) = —titsepia,
zy(€p+a) = 0.

The map C® — n, t — x; is well defined and algebraic. The component KE€ is
the closure of the subset B, where T} is the standard tableau associated to the
sequence 7 (see section 2.1.4). It is straightforward to see that z; € ¢~ *(Q2 N BIx)
whenever titstytsts # 0. Hence x; € ¢~ 1(Q N KEC) for all ¢ € C®. In particular,
FO = QD(O) S ICEC

For i € {1,...,6} and t € C, let t® = (t;,...,t5) with ¢, =t and t; =0
for j # i. The curves {z,s : t € C} (for i = 1,...,6) lie in ¢ *(Q N KE®), and
their tangent vectors at t = 0 provide elements

Fs1, B39, Epropit, Epispro € 1o e (N /CEC)-

The curves {z; : t = (t,—1,1,0,0,1), t € C}, {x; : t = (0,—1,1,¢,0,1), t € C}
and {z; : t = (£,0,0,0,1,0), t € C} also pass through 0 at t = 0. Considering
their tangent vectors at t = 0, we get:

Bz, Eprapits Bprapes € Tow (N KZO).

Altogether, we obtain that 7 linearly independent elements lie in the tangent space
To o~ H QN KEC). Tt results:

dim T, B¢ = dim Ty o QN KBC) > 7 > 6 = dim £EC.

Therefore, Fy is a singular point of KBC. U

5.3. Proof of Proposition 5.1
Consider a sequence m = (my,...,m.) € A, such that

> (1,2,2,1) or w>(2,3,2).
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First, assume 7© > (1,2,2,1), that is, there are 1 < 43 < iy < i3 <
iy < r such that m;,,m, > 1, my,m, > 2. Set @ = (m,, Ty, Wiy, T,) and
#' = (1,7, Tis, 1). Using Lemma 5.2, we get that the Bala-Carter component B¢
associated to 7’ is singular. Using Corollary 4.7, we infer that KBC is singular.
Finally, applying Corollary 4.8, it follows that the component K2 is singular.

Next, assume 7 > (2,3,2). Hence, there are 1 < iy < iy < i3 < r such
that m;,,m, > 2, m, > 3. Similarly as above, we set 7 = (m;,,m;,,m,) and
7' = (2,m,,2). By Lemma 5.3, the component KBC associated to 7’ is singular.
Corollary 4.7 then implies that K2¢ is singular. Finally, using Corollary 4.8, we
infer that the component KE€ is singular.

In each case, we obtain that the component B¢ is singular. The proof of
Proposition 5.1 is then complete.

6. Smooth Bala-Carter components

As in the previous section, we consider a sequence m = (mq,...,m) € A,, and its
corresponding Bala-Carter component KE¢ C B,. Our purpose is now to establish
the implication (=) of Theorem 2.1, namely:

Proposition 6.1.  If KEBC is singular, then = > (1,2,2,1) or m > (2,3,2).

We prove the contraposal: suppose m 2 (1,2,2,1) and 7 % (2,3,2), and
let us show that KE€ is smooth. Of course, if 7 is of the form 7 = (1) (one term
in the sequence), we know that the component is smooth (it is a point). More
generally, if 7 is of the form 7 = (1,...,1,p,1,...,1) (the component is of hook
type) or m = (p,q) (the component is of two-row type), then we know that it is
smooth (cf. [7], [17]). Taking also into account Corollary 4.6, the situations which
remain to be analyzed are the following two ones:

a) m=(p,1,...,1,2,1,...,1,q), and b) 7= (1,...,1,p,1,...,1,q).

In both situations, p,q > 2 are arbitrary, the number of 1’s is arbitrary (can be
zero). Consider situation a), and let us show that the component is smooth in
this case. First suppose p = ¢ = 2: applying [5, Theorem 1.2], we obtain that the
component K¢ is smooth in this case. Next, applying Corollary 4.7, we derive
that KBC is smooth for p,q > 2 arbitrary.

It remains to show that KBC is smooth, whenever 7 accords with situation
b). Again, applying Corollary 4.7, we see that it is sufficient to treat the case
where p = ¢. Applying Corollary 4.8, we see that we may suppose in addition
that the number of 1’s on the left of p coincides with the number of 1’s on the
right and that this number is nonzero. Therefore, it remains to show the following

Proposition 6.2.  Let p > 2 be arbitrary, let m > 1. Set

r=(1,....,1Lp1,....1,p).
—— =
m terms m terms

Then, the Bala-Carter component KB is smooth.
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The remainder of this section is devoted to the proof of Proposition 6.2.

6.1. Setting

In [4, §4.3-4.5], it is proved that the component KEC is smooth, for = =
(1,p,p). The proof of Proposition 6.2 we give here will follow the same pattern.

In the remainder of the section, we consider V = C?**™ and u € End(V)
nilpotent, of Jordan form A(u) = (p,p,1,...,1) (with p > 2, m > 1). Let 7 =
(1,...,1,p,1,...,1,p) be as in the statement of Proposition 6.2, and let XB° C
B, be the corresponding Bala-Carter component. In general, the irreducible
components of B, are parameterized by standard tableaux and we denote by KT
the component associated to the tableau T' (cf. section 2.1.2). In particular, the
component KBC coincides with K= where T is the following standard tableau

1 m—+2 m—+3 cee m-+p
2m+p+2 2m+p+3 -+ 2m+42p
m—+1
T, =
m-+p+1
2m+p+1

(cf. section 2.1.4). The component admits BI= as a dense open subset (cf. section
2.1.2). Due to formula (1),

(2m +2)(2m+1)

dim £B¢ = dim B, = >

+p—1=2m*+3m+p.

6.2. Special flags F}

In this subsection, the purpose is to produce a set of special elements
F; € B, with the property that it will be sufficient to check the smoothness
of the component KBC at these particular points.

We fix a basis (eq, ..., epto,) of V', on which u acts as follows:
€1, .., C2am42 € keru,
u(eamas) = e1, uleomyis) = €2 and u(ezmri) = €amri2 Vi € {5,...,2p}.

We can also describe the action of u on the basis with the following tableau 7y:

1 2m+3 2m+5 -+ 2m42p—1
2 2m+4 2m+46 - 2m~+2p
To = 3
2m—+2

We have u(e;) = 0 if ¢ lies in the first column of 7y, and u(e;) = e;, where j is
the number on the left of 7 in 7y, otherwise.

We consider tableaux which are obtained by permuting the entries of 7.
For a permutation o € Sgp19,,, we denote by o(7p) the tableau obtained from 7,
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after replacing each entry ¢ by ;. The tableau o(7) is said to be row-increasing
if its entries increase from left to right along the rows. Let S, = {0 € Sy,iom :
o~ !(7p) is row-increasing}.

For o € Sy, 19, we consider the flag F, = ((es,, ..., €0,))iz0..n- 1t is casy
to see that F, € B, if and only if 0 € S,,. We have (cf. [3, Lemma 1.3]):

Lemma 6.3.  An irreducible component KT C B, is smooth if and only if every
flag of the form F, (with o € S, ) lying in KT is a smooth point.

According to this lemma, to determine if a component is smooth, it is
sufficient to study the smoothness of the special points of the form F,. In the case
of the component KBC which we are concerned with, the set of special points to
consider can be reduced.

Let D denote the set of tuples

d=(dy <...<dps1) with d; e {m+2,...,m+p+i} for all ¢,
and such that {p+m,....,p+2m + 1} N{dy,...,dni1}| > m. For d € D, we
define a flag F; € B, as follows. Write {m +2,...,2p+2m} \{d1,...,dpt1} =

{is, ..., i9p} with i3 < ... <g,. Let 74 be the following tableau:
1 i3 45 v d2p—1
ia dg - g
m+1
T =
d 4
dm+1
The tableau 7, is row-increasing, hence it can be written 7, = o,'(79) with

oq € S,. We define Fy = F;,,. Then, we have:

Lemma 6.4.  The component KB€ is smooth if and only if every flag Fy (with
d € D) such that Fy € KEC is a smooth point of KBC.

Proof. The implication (=) is immediate. To prove the second implication, we
rely on Lemma 6.3. Recall that Z, = {g € GL(V) : gug™ = u} is the stabilizer of
u. Note that, if F, F’ € KB© are such that F’ € Z,F is a smooth point of KBC,
then F is also a smooth point of X2C. Then, to complete our proof, it is sufficient
to show that the closure of the Z,-orbit of every flag of the form F, (with o € S,,)
lying in KB¢ contains a flag of the form Fy (with d € D).

Let g, € GL(V) (t € C) be defined by gi(e2) = e +tey, gi(e;) = e; +te;y
for i € {2m +4,...,2m + 2p} even, and ¢;(e;) = ¢; otherwise. We have ¢; € Z,,.
Notice that lim;_ g;Fy = F,» where ¢’ € S, is such that

o7t =min{o; ', 0.}, o) = max{o; ", 0.}

forall i € {1,2m+3,...,2m+ 2p — 1} odd, and

o V=0 forie{3,...,2m+2}.

7
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Let g, € GL(V) (t € C) be defined by ¢;(€am+i3) = €amis + tea, gi(e;) =
e; +te;y for i € {2m +5,...,2m + 2p — 1} odd, and g;(e;) = ¢; otherwise.
Likewise, g, € Z, and lim;_,, g, F, = F,» for o’ € S, such that

-1 -1 -1 -1 -1 -1
o5 - = min{o, ,O’2m+3}, 02m+3—max{02 aU2m+3}:

0—;_1 = min{ai_1> Ui_Jrll}a Uﬁi = max{az-_l, Oi_Jrll}

for all 1 € {2m +4,...,2m + 2p — 2} even, and
ot =071 forie{1,3,4,...,2m+2,2m + 2p}.

For 1 <i < j < 2m+ 2 such that (i,7) # (1,2), let A" = h, € GL(V)
(t € C) be defined by h.(e;) = e; + te; and hy(e;) = ¢ for I # j. Then hy € Z,,,
and lim; .. i F, = F,, with ¢’ € S,, such that

o ' =min{o; 0}, o

,0; "l =max{o; 07 '}, and o] ' =o' for I ¢ {i,j}.

We assume F, € KB¢. Combining the operations (lim;_.o g¢), (lim; .o g})

and (lim_, o hgi’j )), we transform F, into a flag F,, with ¢’ such that

oyt <ot <o} forallie {2m+3,...,2m+2p — 1},

oy <oyt < <an .

In particular, F,, € Z,F,. As we suppose F, € KB we get F,, € KB°. Let us
show that ¢’ = o, for some d € D, which will complete the proof.

Denote ¢; = o} ' fori € {1,....,m+1},d; =0, fori e {m+2,...,2m+
2}, and i; = o}, for j € {3,...,2p}. The tableau o'~ !(r) is as follows:

c1 i3 I5 - G2p—1
ia dg - i2p
1—1 Cm+1
o' (1) =
dy
dm+1

Moreover, we have ¢; < ... < cpy1 <di < ... <dpp1 and ¢y <z < ... <lgp.

Following section 2.3.1, the sequence m = (my,...,7,) induces a standard
partition of {1,...,n}, which we also denote by m, and the component KEC is
the closure of the standard orbit Z,. By definition of the orbit Z,, any flag
F=Wo,...,Vamyoep) € Z, satisfies

Vine1 C keru,
dim Vyipri Nkeru >m+1+14 Vie {1,...,m+ 1},
and Vopypi1 C ’lfl(vmﬂv—l)-
By lower semi-continuity of the map F +— rankuy,,v,, these three properties are

satisfied more generally for all F' € K2C. In particular, F,r = (V{,..., Vi 0,)
satisfies them. As V) ., C keru, using the definition of the flag F,/, we get

e, oooyemp b NA{L, ... ,om+ 1} =dimV,,,; Nkeru =m + 1,
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hence ¢; =i for all i. Similarly, for all : € {1,...,m+ 1} we get
m+1+{di,...,dpa} N {1,...om+p+i}[=dimV,, ., Nkeru>m+1+1,

hence d; < m + p + 4. Moreover, as V3., C u~'(V,,,, 1), any Jordan block
of the induced map UV o SV = 0 has size 1, which implies that the entries
m+p,...,2m +p+ 1 lie in different rows of the tableau ¢’~(7y). In particular,
at most 2 among these m + 2 numbers can lie in the first two rows of the tableau,
therefore |{dy,...,dpi1} N{m+p,....2m+p+1}| > m. It follows d € D, and

finally o’ = 04. The proof of the lemma is now complete. O

6.3. Proof of Proposition 6.2

According to Lemma 6.4, to show that the component K2¢ is smooth, it is
sufficient to check the smoothness at the points of the form Fj;. Thus, Proposition
6.2 follows from the next proposition.

Proposition 6.5.  For all d € D, we have F; € KB®, and moreover Fy is a
smooth point of KBC.

Our purpose is then to establish Proposition 6.5. To do this, we employ
the same technique as in the proof of [4, Proposition 4.3]. Let us outline our
proof. For d € D, recall that Fy = ({e5,1),- - - €0y(:)) )i=o0,....2m+2p , Where the basis
(€1,...,€9p42m) and the permutation a; € Szp+2m7have been introduced in section
6.2. We consider the Borel subgroup

B={9€GL(V) : gesy(i) € (Coyi),- -+ Cog(2ptrom)) Vi}

and the orbit Q; = BF,;. The orbit {2, is an open subset of the variety of complete
flags of V', and it is isomorphic to an affine space: for F' = (Vp, ..., Vapiom) € Q4,
there is a unique basis (71, ..., N2pt+om) such that V; = (ny,...,n;) and

2m+2p

Wi = Coui) + D, i Couls (7)

j=i+1

for some ¢;; € C. The maps I’ +— ¢;; are algebraic and the product map F —
(¢i.j)1<icj<apiom is an isomorphism from € to the affine space CP+m)2p+2m=1)
Then, we construct a closed immersion ®y4 : C2™* #3742 _ O, with the following

two properties:

(A) For t = (t1,ty,...) € C2 T3P ith ¢; # 0 for all i, one has ®4(t) € B

(B) @4(0,...,0) = Fy.
By (A), we get that ®; is an isomorphism on a locally closed subset of the
component KB€. Since dimKB® = 2m? + 3m + p (see section 6.1), the image
of ®, is actually an open subset of KB°. By (B), we get that the flag F lies in
the image of @4, hence it lies in KB and is a smooth point.

To lead our construction, we need the preliminary construction summed up

in the following lemma, which we quote from [4, §4.4].
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Lemma 6.6. For t = (t3,...,t,41) € CP~1, there are vectors vq,..., vy, de-
pending algebraically on t, with the following properties:
(a) vi = ey, V2 = €3, V; — €amii € (€amtitls---,Cpram) forall i € {3,...,2p}.

(b) (vi,...,v;) is u-stable for all i € {1,...,2p}.

(c) For i € {3,....p+ 1}, u(v;) = vi_o + tyv;_1. In particular v; € keru'"", and
if t; #0 for all j, then v; & keru'=2.

(d) Denoting t) =t =0 and t; =t _,+1t; for j€{3,...,p+ 1}, we have

Vi — €omyi — t;€2m+i+1 - <62m+i+27 Ce 762p+2m> Vi € {3, ..., p + 1},

Vi — €2m4i — t/2p_i+262m+i+l € (Camtit2s -+ Copyom) Vi€ {p+2,...,2p—1}.

(e) If t =(0,...,0), then v; = egpmy; for all i € {3,...,2p}.

Proof. We consider the subspace generated by the basis vectors ey, es, €913, .- .,
eam+2p- The action of u on these vectors is represented by the following picture:

0 « e « eang3 < Eapmqs — 0 €am+2p—1
0 < e « €anpa < Copge — v €o2m+2p -

In particular, note that u restricts to an isomorphism from the subspace E; :=
(€am+3, - -+, €amyap) ONtO Ey 1= (e1, €2, €2m13,-..,ECami2p—2). Let @ : Ey — E,
be its inverse, that is (e;) = egmiipe for i € {1,2} and du(e;) = e;o for
i€{2m+3,...,2m+ 2p — 2}. We then put v; = ey, vy = ey, and by induction
v; = U(v;_o +tiv;_y) forall 1 € {3,....,p+1}.

For i € {p+1,...,2p}, we define vectors ('UJ(»i))lngZ’ in the following manner.
First, we set v](-pH) =wv;, Vje{l,...,p+1}. Then for i > p+2, we set vgi) =eq,
véi) = ey, and by induction: v]@ = ﬂ(vj(-i:;)) if j>3. Forie{p+2,...,2p}, we
put v; = UZ@.
The fact that the vectors v;, for + = 1,...,2p, are well defined and satisfy

properties (a)—(e) of the lemma then follows from [4, Lemmas 4.3-4.4]. O

We are ready to prove Proposition 6.5.

Proof of Proposition 6.5.

The constructions will rely on the Jordan basis (e, ..., ept,) introduced
in section 6.2. We also consider the subspaces E = (ej,e2), F' = (€3,...,€m+1)
and G = (ep12,...,6€ms2). Let np C End(F) be the subspace of strictly lower
triangular maps, i.e., X € End(F) such that Xe; € (ej11,...,€eny1) for all
i=3,...,m+1. Let ng C End(G) be the subspace of strictly lower triangular
maps. Let L(E, F), L(F,G) be the spaces of linear maps from E to F and from
F to G, respectively.

Let d = (dy,...,dpny1) € D and let Fy be the corresponding flag. The
purpose of the construction is to associate to a tuple of variables t € C2m*+3metp
a certain basis (n1,...,Mp+2m) of V satisfying relation (7), such that the map
Oyt — (M, M))iz0.. 2m+2p Will fulfill the properties (A) and (B) above. We
distinguish two situations:



L. FRESSE 233

1) dl Z p + m,
We describe the tuple of variables in each case. In case (1), the tuple of variables
t is taken of the form

EZ (Xa Y7 H7 K751at37 s 7tp+1ay17y/17 cee 7ym+1ay;n+1)7

where X € np, Y €ng, H € L(E,F), K € L(F,G) and s1,1;,y;,y; € C. In case
(2), the tuple t is taken of the form

l_f: (X7 Y7 H7 K) Slyt?n EREIS atdl—m—i-lvtdl—m-‘r?n CIE 7tp+27y17y1a s 7ym+17y':n+1)7

where X, Y, H, K are as above, s1,;,y;,y; € C. In fact, in all cases:
teng xng x L(E,F) x L(F,G) x Cpr2m+L)

and it is straightforward to check that the space np x ng x L(E, F) x L(F,G) %
Cr+2m+1) hag dimension 2m? + 3m + p, that is, the same dimension as the
component KBC.

In case (2), we set in addition ¢4, ;12 = —y1y;. In both cases, we consider
the vectors vy, ..., vq, associated to the tuple (¢3,...,%,11) in the sense of Lemma
6.6. Weput f; = e;+Xe;+Ke; fori € {3,... ,m+1} and fo, = epmy1qj+Yemiryj
for j € {1,...,m +1}. We also put f; = e; + s1ea+ (I + X + K)He; and
fa=ea+ (I + X + K)Hey, where I is the identity endomorphism of V. In both
cases, put

n;=f; forall i e {3,...,m+1}.

We will define in each case the remaining vectors 71, M2, Nm+2, - - - s Nopram - 1t will
follow from the definition that 7; — e i) € (€sy(it1)s - - -+ Coy(2ptam)) for all i, and
the so-obtained map ¥, : C2m*+3mip _, Qq, t — (M, ---M))izo,..2p+2m Will be
algebraic. In addition, we will verify the following four properties:

a) @d(c2m2+3m+p) C By:

b) the map P, is a closed immersion;

c) ®4(t) € Bl whenever all numbers t;,y;,; are nonzero;

d) @4(0,...,0) = Fy.
As a conclusion, ®4(C¥™*+3m+p) o C2m*+3m+4P ig an open neighborhood of the flag

Fy in the component KBC therefore Fy is a smooth point of KBC: the proof will
be complete.

(1) We suppose d; > p+ m.

By definition of the set D, the tuple d satisfies d; < dy < ... < dppq1 <
2m + p + 1. Hence, there is a unique k € {0,...m + 1} such that p+m + k ¢
{dy,...,dpn+1}. Consequently the indices di,...,d,+1 and the indices is, ..., iz,
involved in the definition of o, are given by:

dj=p+m+j—1Yje{l,....k} and d;j =p+m+j Vje{k+1,...,m+1},

iy =m—1+l Yl € {3,...,p}, ip11 = p+m+k, and i, = 2m+1 VI € {p+2,...,2p}.
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The indices are organized as follows:
i3 < .. <y <dy <..o<dp <ipp < dpgr << dpppr <lpga << g

Forl e {1,...,p}, j €{l,...,m+1}, we define a number z;; by setting =, ; =y,

and by induction x;; = —tjox1q; for I =2,...,p—1, and x1; = —(t3 — $1)72.
We put
m+1 m+1
m=f+ 2 viife, m=fo+ D vafy,
j=1 j=1
m—+1

Ny, =V + Z IlJ‘fd]. Vi e {3, - ,p},
j=1

na; = fa; + Yjvper Vi €{1,... Kk},
m+1

— /
Miper = Upt1 + )y yjfdj?
j=k+1

Ny, = fa; ¥i€{k+1,....om+1}, and n;, =v Vie{p+2,...,2p}.
Let us show properties a) — d).

a) Note that for i € {1,...,m + 1,dk41,...,dns1}, we have 1; € keru, which
implies u(n;) € (m,...,n;). Using Lemma 6.6 (c) and the definition of z;;, we
have:

m—+1 m—+1

u(vs) = o1 +tsva = (e1 + s1e2 + 32 @1fa;) + (s — s1)(e2 + X2 @2, fq)),
j=1 i=1

hence u(n;,) = u(vs) € (M, ..., Nmy1). Similarly, for [ € {4,...,p+1}:

m—+1 m—+1
u(vy) = vi—g + tvimy = (Vi—2 + Y Ti—eifa,) (v + Y0 w1 fa),
i=1 =1

hence u(n;,) = w(v) € (m,...,m;,) for [ € {4,...,p}, and u(n;) € Cu(vys1) C
(m,...,m;) for i € {dy, ..., dp,ips1}. Notice that vy, ..., v401 € (M1, Domipt1) -
Then, for [ € {p+2,...,2p}, we get u(n;,) = vi—a+tv_1 € (1, ..., n;,). Therefore,
we have u(n;) € (m1,...,n;) for all i. It follows ®4(t) € B, .

b) We show that &4 is a closed immersion, and to do this, we show that the al-
gebra morphism @ : Clg;; : 1 <i < j < 2p+2m| — C[X,Y, H, K, s1,t;,y;, ;]
associated to ®4 is surjective. The functions ¢;; are those involved in the ex-
pression of the basis 7y,. .., M2p+2m according to formula (7). Then, we see that
the coefficients of the matrices H, X, K,Y are recovered by considering ¢;; for
ie{l,2}, je{3,...om+1},ori,j€{3,...,m+1},or i € {3,...,m+ 1},
j € {di,....;dns1}, or i,j € {di,...,dns1}, respectively. Therefore, they be-
long to Im®}. We have s; = ¢12 € Im®);. By Lemma 6.6(d), we have
t = ¢iir,, € Im®% for all [ € {3,...,p+1}. Due to the definition of ¢ given in
Lemma 6.6, we infer that ¢; € Im ®; forall [ € {3,...,p+1}. Considering ¢, 4; ,
we see that y; € Im @} for all j. We have y; = ¢q,,,, € Im®} for j < k, and
moreover considering ¢;,,, 4, we see that y; € Im®} for all j > k. Finally, we
obtain that @} is surjective.
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c) Suppose that all numbers ts,...,t,41,7; are nonzero, and let us show that
®,(t) € Bl=. Let u; denote the restriction of u to the subspace (n;,...,n;), and
let A(u;) be the sequence of its Jordan block sizes. First, notice that 1y, ..., 9my1 €
keru, hence for all i € {1,....,m + 1}, Aw;) = (1,...,1). Next, we have
cither " (insp) = i (vper) GE b > 0) or 6P (insy) = @ H(vper) (if
k = 0). By Lemma 6.6 (c), u*~!(v,11) # 0. It follows Aumip) = (p,1,...,1)
and necessarily A(u;) = (i —m,1,...,1) forall i € {m +2,...,m+ p}. Also, as
fais-- s fam, € keru, we have
Mu) = (p,1,...,...;1) forallie {m+p+1,....2m+p+1}.

Finally, as A(ugm+2p) = AMu) = (p,p,1,...,1), we derive A(u;) = (p,i — 2m —
p,1,...,1) forall i € {2m+p+2,...,2m + 2p}. For all i, the sequence A(u;)
indeed coincides with the lengths of the rows of the subtableau of T, of entries
1,...,i. Therefore, ®4(t) € Bl.

d) follows from Lemma 6.6 (e) and the definition of the vectors ;.
(2) We suppose d; < p+m.

We always have d; > m + 2. In particular, in this case, we have p > 3.
Due to the definition of D, we have {da,...,dn1} C{p+m,...,p+2m+1}, so
that there are exactly two numbers h,k € {0,...,m + 1} with h < k such that
p+m+hp+m+k¢{d,... ,dns1}. Then, the indices d; and 7; are given by

dij=p+m+j—2Vje{2,...,h+1}, dj=p+m+j—1Vje{h+2,... k}
di=p+m+j Viel{k+1,....m+1},
and, letting d; = m + ¢,
u=m-—141 VZ€{3,...,C}, u=m++I VlG{C+1,...,p—1},
ip=m+p+h, d,pi=m+p+k, y=2m+I1 Vie{p+2,...,2p}.
The indices are then organized as follows:
13 < ... <l <dp <lpep1 < ... <lp1 <dy <...<dpy1 <ip<dpya<...

<dp <pyr < dpyr < oo <dpgr <lpyo < ... < lgp.

For | € {1,...,c}, we define a number z; by setting z. = y;, and by induction
;= —tyoxyyy for 1 €{2,...,c— 1}, and x; = —(t3 — s1)z2. Then, we put:
m=f+z1fa, Mm=fr+22fa,
m, =v+xifa, YLE{3,...,¢cty Mgy = fa, + YiVer1,
M, =+ tipov Ve {e+1,...,p—1},
Na; = fa, +Yj0p + Yivpi1 Vi €1{2,...,h+1},

m+1
Ni, = Up + tpr2Upi1 + Z ?ijd]-;
Jj=h+2
] m+1
na; = [a, +y;‘7]p+1 Vie{h+2,...,k}, M = Vpy1 + ; y;fdja
j=k+1

Na, = fa, Vje{k+1,...om+1}, and n, =v Vie{p+2,...,2p}.
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We show properties a) — d

).
a) Let us check that u(n;) € (m1,...,m;) for all i. First, notice that ny,...,9n41 €
keru. Similarly as in case (1), using Lemma 6.6 (c), we have:

u(vs) = v1 + t3v2 = (e1 + s1ea + 21 fa,) + (83 — s1)(e2 + 22 fay) € (M- M),
and for [ € {4,...,c+ 1}:

u(vy) = vi—g + tvim1 = (Ve + 2o fa,) F (v + 221 fay) € (00 1 <0 <),
Using that z. =y, and teio = tg,—mi2 = —1y;, We get:

’LL(UC+2) =V + tc+2/Uc+l = (Uc + xcfd1) - yl(fdl + yiUchl) € <771 1<i < dl>

Moreover, u(v;) = vj_g + tivj—y = n;,_, for I € {c+3,...,p+ 1}. Then, using
in addition that u(fs;) = 0 for all j, we get: wu(n;) € (n,...,m) for all i €
{di,... dms1,03, ... ipr1}. Observe that vy, ..., vpe1 € (1, Mipn—1)- Apply-
ing Lemma 6.6 (b), we derive that wu(n;) € (m1,...,n;) also for i € {ip4a,... 02},
which completes the proof of property a).

b) To show that the map ®, is a closed immersion, as in case (1), we show that
its associated algebra morphism % is surjective. Exactly as in case (1), we obtain
that the coefficients of the matrices X,Y, H, K lie in the image of ®%. We have
s1 = ¢1a € Im®5. Let t] be the numbers introduced in Lemma 6.6 (d). For
l € {3,...,p}, we get t] = t;p+2_(2p_l+2) = iy, 119yisy_1:5 Dy applying Lemma
6.6 (d). Similarly, we have t, ., = ¢i, ., .., and ¢, + 1,10 = &;,4,,, - Then, in view
of the definition of the numbers t;, we infer that ¢, € Im ®} forall [ € {3,...,p+2}.
We see that 7; € Im @} for all [ € {1,...,c}, by considering O1.dy > P24, and ¢, 4,
for [ > 3. Thus in particular y; = z. € Im®%. Also, y| = Ody i € Im @Y. We
have y; = ¢q,;, € Im @} for all j € {2,...,h+1}, while for j > h+1 we see that
y; € Im @} by considering ¢;, q,. Similarly, for j € {2,...,m + 1}, we get that
y; € Im @} by considering either ¢4, ;,,, (if j < k) or ¢;,,, 4, (for j > k). Finally,
we have shown that @} is surjective.

c¢) Suppose that all numbers ts, ..., t,12, Y1, Y}, 5 are nonzero, and let us show that
®(t) € BI*. As in case (1), we denote by u; the restriction of u to the subspace
(M1, ...,mi), and by A(u;) its Jordan form. As in case (1), since n1,...,0ms1 €
ker u, we have A(u;) = (1,...,1) foralli € {1,...,m+1}. We have v~ (v,,1) # 0
by Lemma 6.6 (¢), which implies u?~*(1,1,) # 0, therefore A(u;) = (i—m,1,...,1)
for all ¢ € {m+2,...,m + p}. Notice that keru C (m,...,Nm+pt+1), and
since dimkeru = 2m + 2, we have necessarily A(ugmip+1) = (p,1,...,...,1)
(with 2m + 1 terms 1) and consequently A(w;) is of the form (p,1,...,1) for
all i € {m+2,...,2m + p + 1}. Finally, as in case (1), since A ugpiom) =
AMu) = (p,p,1,...,1), we derive that \(u;) = (p,i — 2m — p,1,...,1) for all
i€ {2m+p+2,...,2p+ 2m}. For all i, the sequence A(u;) coincides with
the lengths of the rows of the subtableau of T, of entries 1,...,i. Therefore,
D4(t) € By~

d) follows from Lemma 6.6 (e) and the definition of the vectors ny, ..., Noptom-

The proof of Proposition 6.5 is then complete. 0
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7. Components as iterated fiber bundles over projective spaces

Recall that, for a standard tableau 7', we denote by T* its transpose (that is,
the rows of 7™ coincide with the columns of T"). To the tableaux 7" and T,
we associate the components K7 and K", imbedded in the appropriate Springer
fibers B, and B,-. In this section, we consider the situation where X7 contains
a dense Jordan orbit, and try to derive properties for K?". The purpose of the
section is to show Theorem 2.7, which states that in this situation, K’  is an
iterated fiber bundle with a sequence of projective spaces as its base. The proof
is done by induction, and uses the combinatorial description of components with
a dense Jordan orbit, provided by Proposition 2.6.

7.1. Concatenation of standard tableaux

In this subsection, we show a preliminary result, saying that if the standard
tableau T is obtained as the concatenation (which we will call the sum) of two
standard tableaux T}, 75, then the component K7 is isomorphic to the product of
the components K1, K*2. We start with the definition of the sum of two standard
tableaux.

Let Y1,Y5 be two Young diagrams with ny; and ny boxes, respectively. We
define the sum Y = Y] + Y5 as the Young diagram with n; 4+ ns boxes such that
for all 7, the length of the j-th row of Y is the sum of the lengths of the j-th
rows of Y] and Y;. Now, let T}, T; be two standard tableaux of shape Y; and Y,
respectively. We define the sum 7' = T; 4+ T, as the standard tableau of shape Y
such that for all 7, the j-th row of T contains the entries of the j-th row of T3,
and the entries of the j-th row of 75 increased by n;. For instance:

2] 2

7

8

Nejiep

—_

If T1 = and T2 = then T = T1 + T2 =

3
2147

‘Cﬂ‘»-lk W |

To the tableaux 17,715, T', we associate respective components K7, K72, T
imbedded in the appropriate Springer fibers.

Proposition 7.1.  Suppose T =Ty +T,. Then, KT = KT x K2,

Proof. Let V. = C™*™ and let u € End(V) be nilpotent of Jordan form
Y (u) =Y, so that the component KT is imbedded in the Springer fiber B,. For
a u-stable subspace W C V', we denote by Y(uw) and Y (ujy,w) the Young
diagrams representing the Jordan forms of the maps induced by u on W and
V/W , respectively. Let G,,(V) be the set of m-dimensional u-stable subspaces of
V. Our first step is to show that the set

A={WeG, (V) :Y(yw)=Y1 and Y(uyw)=Ya}

is a single point.

We show this by induction on n; + n, with immediate initialization if
ni +no = 0. Assume n; +ny > 0. As in the proof of Proposition 4.1, we
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denote by V the space of linear forms ¢ : V — C and by @ : V — V the dual
nilpotent map of u. If W C V is a subspace, let W+ = {¢ € V : W C ker o}
be its dual space. Let A = {W € G,,(V) : Y(iyw) = Y> and Yty w) = Y}
Notice that W € A if and only if W+ € A. Therefore, up to considering A
instead of A, we may assume that the length of the first column of Y; is bigger
than or equal to the length of the first column of Y;. Thus, the lengths of the
first columns of Y} and Y are equal, which implies that every W € A satisfies
dim ker(ujw) = dimkeru, hence keru C W. Let r = dimkeru. Let Y/ be the
Young diagram obtained from Y7 by deleting the first column. Let V' = V/keru
and let v € End(V’) be the nilpotent map induced by w. Thus Y (u') = Y] + V5.
Let A'={W € Gp, (V') : Y(ujy,) = Y] and Y(uy ) = Yo}. It is easy to see
that W € A if and only if W/keru € A’. By induction hypothesis, A" is single
point. It results that A is a single point, as it was claimed.

Denote by W; the unique element of A.

For | € {1,2} and j € {1,...,m}, let Y]T’ be the shape of the subtableau
of T; of entries 1,...,7. Alternatively, for 0 < i < 7 < ny + ng, let Y]:Z be the
shape of the rectification by jeu de taquin of the skew subtableau of T' of entries
i+1,...,7 (we refer to [6] for the definition of jeu de taquin). By [8, Theorem 3.3],
the set {F = (Vo,..., Viyqny) € KT 0 Y (v v;) = Y}, } s a nonempty open subset

of the component K. On the other hand, by definition of 7', we have Y7, i = YT1

for all j € {1,...,n1} and Yﬁn = Yffm forall j € {n1 +1,....,n1 + no}. 1
follows that {F € KT :V,,, € A} is a nonempty open subset of KT, and we infer

that V,,, = Wy for all (Vp, ..., Vi4n,) € KT.

Let u; = wyy, and up = ujyw, be the nilpotent maps induced by u. Let
By (resp. Bs) be the variety of complete flags of Wy (resp. of V/W;), and let
B., C By (resp. By, C Bs) be the subvariety of u;-stable (resp. uy-stable) flags.
Thus the components KT', K2 are imbedded in B,, and B,, respectively. The
map

P {F €B,: Vi = Wl} - Bm X BU2> (‘/0’ s 7Vn1+n2) = ((V)] =0 (V/Wl)] nl)

is an isomorphism of algebraic varieties. Hence, it induces an isomorphism of KT
onto its image. Let &1, ®5 be the projections of ® on both terms. We have

{FeK":Y(yy,) = YjTl, Vi=1,...,n} Cc 71 (K™)

while {F € K" : Y(up,) = YjTl, Vj =1,...,n1} is a nonempty open subset of
KT. Therefore, ®;(K*) C K. Similarly, we have
{FEK:TIY(U‘V]./VM) Y2 Vj:n1+1,...,n1+n2}C@;l(KT2)

—niy?

while {F € KT : Y(up,v,,) = Y2, , Vi =n1+1,...,n1 + ny} is a nonempty
open subset of KT. Therefore, <I>2(/CT) C K2, Tt results ®(KT) c K* x K2,
The product K7t x K2 is an irreducible variety, and due to formula (1), it has the
same dimension as K. Hence, we actually have the equality ®(KT) = KTt x K72,
We have finally obtained that ® restricts to an isomorphism between KT and the

product Kt x K2, The proof of the proposition is then complete. O
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7.2. Proof of Theorem 2.7
The proof relies on Proposition 7.1 and the following additional preliminary
result (see [5, Proposition 6.1]).

Lemma 7.2. Let T be a standard tableau of entries 1,...,n, and let T" be the
subtableau of entries 1,...,n— 1. Let KT, KT be the components corresponding
to T,T" in the appropriate Springer fibers. Assume that n lies in the last column
of T. Let k denote the length of the last column of T'. Then KT is a locally trivial
fiber bundle of base the projective space P*=1, of fiber isomorphic to KT .

Proof of Lemma 7.2. Let s be the nilpotent index of w (which coincides with
the number of columns of T'). We then have k = dim(V/keru*~!). In the case
where n lies in the last column of 7', it follows from the definition of X7 that
keru*~t C V,,_; for all F'= (Vp,...,V,) € KT. Then, we consider the map

o KT =P (Vi,..., V) = Vo keru®™!

and we show that it is a locally trivial fiber bundle of fiber K" (see [5, Proposition
6.1], or [4, Theorem 2.1]). O

Now, let us prove Theorem 2.7. We fix V = C" and a nilpotent endomor-
phism u € End(V). Let A(u) = (A1,...,\;) be the sizes of its Jordan blocks and
let Y(u) be the corresponding Young diagram (i.e., of rows of sizes Aj,...,\.).
Let A*(u) = (A],...,AY) be the conjugate partition of n. Let u* € End(V) be
nilpotent, such that u,u* have conjugate Jordan forms, hence A(u*) = A\*(u). Let
Y (u*) be the Young diagram corresponding to w*. If T is a standard tableau
of shape Y (u), then its transposed tableau 7" has shape Y (u*). Hence, to the
irreducible component K C B,, we associate the component K~ C B,-. We
suppose that KT contains a dense Jordan orbit. Our purpose is to show that K7~
is an iterated fiber bundle of base (P!,... Pt . P! ... P» 1), We reason
by induction on n, with immediate initialization for n = 1. Suppose the property
holds until the rank n — 1 > 1 and let us show it for n.

By Proposition 2.6, the tableau T is of the form T = T, for some 7 € II..
Set m = (Iy,...,1,), where |[;| = \; and 1U...UIL ={1,...,n}. We distinguish
two cases, depending on whether 1,n belong to the same subset I; or not.

(1) Suppose there is j € {1,...,r} such that 1,n € [;.

Then, we have I, < I; for all k # j (see section 2.3.2). By definition of
the set II., this implies that |I;| = min{|Iy| : £k = 1,...,7}. In other words,
A; is the length of the minimal row of the tableau 7). By definition of T, (see
section 2.3.1), n is the last entry of the A;-th column of 7}, hence it lies in the
last row of T;. By consequent, n lies in the last column of the transposed tableau
T = (Tﬂ)*-

Note that the last column of 7% has length A,.. Let (7*)" be the subtableau
of T of entries 1,...,n — 1. By Lemma 7.2, there is a locally trivial fiber bundle
KT" — P! of fiber isomorphic to KT,

Let X = A\, — 1 and for k # r, let A} = \;. Similarly as in section 4.2, we
consider v € End(C"™') of Jordan form A(u') = (N{,...,\.). Set I} = I; \ {n},
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and [}, = I for k # j. Let #’ = (I],...,1]). As in section 4.2, we see that
7’ € II.,. Moreover, the tableau T} is the subtableau of T} of entries 1,...,n—1.
It follows that (7™)" coincides with the transposed tableau (7/)*. Then, by
induction hypothesis, the component K" is an iterated fiber bundle of base
(PL,...,PM—L Pt ... PM~2). Therefore, KT~ is an iterated fiber bundle of
the desired base.

(2) Suppose there are j,k € {1,...,r}, j# k such that 1 € I;, n € .

We set in this case ny = maxI;. As n ¢ I;, we have n; < n. Again
according to the definition of the set II!, the sequence 7 has no crossing, which
implies that for all [, we have either I, C {1,...,n;} or I; C {n; +1,...,n}.
We consider the two subsequences m = (I, : = 1,...,r, I, C {1,...,n1}) and
mo=(o(L):l=1,....,r, [ C{n1+1,...,n}), where

d:{ni+1,....,n} —={1,...,n—nq}
is defined by ¢(i) = i —ny;. Let uy € End(C™) and uy € End(C" ™) be
nilpotent of Jordan forms A(ui) = (N : 0 = 1,...,r, I C {1,...,n1}) and
Mug) = (N :l=1,....r, ; C {ny +1,...,n}), respectively. Then, we clearly
have m € II}, and m, € II},_.

Let Ty =T, and Ty = Ty, be the standard tableaux associated to m and
7o, and let (77)* and (T3)* be their respective transposes. From the definition of
the tableaux T}, Ty, , Ty, , it is easy to see that the transpose T* = (T,)* is in fact
the sum T* = (T})*+(T»)*. By Proposition 7.1, it follows that the component K7~
is isomorphic to the product K™ x (72" Moreover, by induction hypothesis,
KT" is an iterated fiber bundle of base (P!,... ,P*~!); where | runs over {l =
L,...,r: I c {1,...,n}}. Similarly, £(™2" is an iterated fiber bundle of base
(P, ...,PA=1), for [ running over {{ =1,...,r: I; C {ny +1,...,n}}. We infer
that KT~ is an iterated fiber bundle of the desired base.

The proof of Theorem 2.7 is then complete.
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Index of the notation
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